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MECHANICS, SOUND, AND LIGHT 


THE prevailing practice i in 1 giving ing uction in. Physio ae 
2 - “to. undergraduate students in American colleges and _ 
; cuniversities isa judicious combination of the text-book and — ee 


: - the lecture. systems. — This is particularly true for a first. 2 o 


course covering the entire subject, and laying a foundation : 


of general principles for more adyanced study by special 


os “courses: and. laboratory work. This practice the author 


has followed in teaching large classes for many y years ; but, : 
» finding no, book which meets Bis. needs, he has felt impellec : 
ache ‘Bis own | text The  progent volume is an by 


ne the ‘Lanett: ve ‘gihees ee s emplor aulag’ tote 


- The: result: igs. a ‘text-book. and not. a treatise. on P hysics. 


N ee anys has a ben made to seen soap ae ae 


| PREFA cE. 


“important service in a Mechiantoay Sound, and Light, renders | 
a more. thorough study of it imperative. | 


teacher. Ii leaves room for the personal equation in in- a 


| Sere by aQ text-book of principles. , 


The book i is not. intended. to take the place of the. living: Te! | 


} ‘struction ; : but if will relieve the student of a large part ‘of . 
Nate the labor of taking notes; and, itis hoped, will secure for | : 
om: more accurate statements. than he would be likely to 5 

os obtain. from listening to. lectures without the aid, afforded eo 


ie Th: many cases the method. of th he calculus has set. eae” ee 
Be - ployed without its formal symbols. The course in Physics ee 
aT aprenenited by this, book i is Suppose to > Proveile the 2 ae 
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IN TRODUCTION. 


ne ae Bhyuies: Defined. — Physics formerly comprised the : 
ae ae of all the phenomena of nature. In more recent _ 
times it has abandoned the history of organized life. on. 
o : the. one hand, and the study of celestial phenomena. on. the 
other; and it is now restricted. to the study of the general 
) properties - of. matter, ‘particularly to those phenomena 
which involve | changes. in the energy - associated wi 
without, altering the essential constitution “OL! 


: Te wel nature of ate is: ion, tos us. WwW 
something about its: properties, that “it is. conserved in: 
he - quantity, that it. ‘apparently occupies space and aff ects” 
our senses. It is. preéminently. the vehicle of ‘Energy, the 
— ~ capability which one body possesses of producing motior 
or effecting changes i in another body. 
Modern | Physios is me erponitoe of the se rien 3 


ay ee | MECHANTOS. 


i =) denne boundapies. ‘Tt overléaps thie: a ‘metes ‘and: pounds” | 
set for it in scientific classification and enters the domain 
ae of its nearest. neighbors. Since. all natural. phenomena, in- a 
-volve ¢ energy, | and ‘Physics is largely a study of energy, it 
is evident that every natural science furnishes abundant — 
ues ‘material for physical. investigation. _ A science is classified 
in accordance with the chief aims to which itis devoted, 
Lone Phos Chemistry studies the atomic organization and struct- a 
ure of the molecule. It endeavors to ascertain how thes 
Hae so-called elements enter into the composition — of both: ore! 
“2 -ganie and, inorganic bodies, and the laws governing all ieere 
- those | inner changes in matter which affect its properties a 
: : The combustion of pathos, the, ns eee 


"INTRODUCTION. ee ere 


‘end. the ae are “moving along the ‘converging lines of Fae 

_ experimental research. : Ande 
_ But energy may be. transferred Stony: one body ¢ ta sane oe 
os - other, and may be transformed into the various forms which ae 
oh TG HS, capable of assuming , without any changes i in the cone 
stitution of matter. * Phystes has, therefore, a province! 930. 
es independent of. shoiatt7s: ‘physiology, and other ee ae 
ae bronches.: 7 PES 


| 3. ‘The Method of Physics, — a science is Sharsotses © ey 
_ ized no less by the method essential to it than by its aim. 
- = The aim of Physics i is to. ascertain the causal connection _ e 
ge between related. phenomena. ‘Such study i is. justified by op 
eles the accumulated experience of the human race, that under 

the same conditions the same results flow from the same. 
Poke SCO ISES, "= Tn other words, the events of nature are n yt 
_. fortuitous. — _ This principle ; is embodied i in. the ceproastiny: 
the constancy of ‘the order of nature. eee cee Le 
- But to ascertain the causes of physical Shénomenk a and 
re laws a in : oan 5 fortes, i is your essen 


cee ee - | MECHANIOS. 


: oe Fundamental Units of Measurement: - — { Ginoe ‘all | 


hage the phenomena. of nature occur in matter, and are pre- : 


sented to us in téme and space relations, physical : measure- 


ments involve. the choosing of three fundamental units, 


ee vit the. unit of length, the unit: of mass, and. the unit of | 


jay time. This: particular selection. is, however, a matter of a 


i ie convenience rather than necessity, and rests upon. several 
 gonsiderations. which ‘properly, determine the choice 2 

| these fundamental quantities. Cae 
ALL other units employed in Phys sics are ‘defined j in ee 


therefore, 


| ce terms of those of. length, mass, and time. They are, cos 
called dermal mints, in distinction fom the ae 


INTRODUCTION. ey oo ou - ne 
: os os a ae ; . “Foot in Metres, eS | Metre in Feet. ie . os 
soe” Bwedet 2 wo be NE gb 3° 0,2969010 2 8.868126 9° 
bef IAMNOVER SG c'6 oct eae! ee OL 2990947 a S ti . 8487 
: eine ea al BE ON aia a QOD LBBOT gee og ON 8 496810 
Hesse’ Be a eS OLBBIBOOE GS va) ATOR cee 
aes Wiirtemberg ee EL Ve 09864908 ye oe BM QOB ES. Se 
pany ee ee OERSLQOE Hes ok 531197 a 


: By. Act ap : Conbress: of the ‘United States’ in “1866 the oe 
a ~ metre 1 was ‘defined to be 89. 37 inches. — a 
The metre was intended to be the ten-millionth at oh 
a an earth-quadrant from the equator to the pole. Ibis now oe 
“known that such a quadrant is about 10, 002,015 metres. 
ooo This: difference between the ideal and the legal metre illus 
| _ trates the. difference between a ae and: a presteat a 


8 6. “The Unit of ‘Mass, ~ : - Mass i is a quantity “ob ‘matter 
in a body. The unit of mass in the C. G.S. system is the — 
grains. Theoretically: it is the 1 mass s of a » cubic eentimetr 


eee la 4° CG: “ Poastically ve is ‘the. 1.1000th park of: a ‘anitaee 

= mass: of platinum’ preserved in the archives at Paris’ and. me 
~ ealled. the kilogramme des archives. ‘The theoretical and 
practical definitions again turn out to. be not absolutely : 
identical. National prototypes of the metre and the kilo- 
- gramme, made by an International Commission, are preserved : 
: in the Bure eau of Weights and Measures in Washington. 
. oe genus was selected ¢ as ; the unit of at sa site of: 


| MECHANE I os. 


es 7, “The Unit of Time.— The “anit af tine aniversally.. 
ee employed i is the second of mean solar. time. » An apparent 


Peers he day i is the interval between two successive transits of. 


pee thee sun’s centre across. the meridian of any place. But. os 
fue the! apparent solar day varies in length from day to (Cl ae 
throughout: the ‘year by reason of the varying speed of the © 


earth in its orbit. Hence the mean or average length. of Re 


o ae the apparent solar days throughout the year is taken. | 


: This i is divided into 86,400 equal parts, each of which; is a ce 
2 ee of 1 mean ‘Solar time. Re = Pa 


ee “en General: Subdivisions of the 9 Subject. a, is een : 
: venient: to make two m general 4 divisions oF the be ence mati ati 


: ERROR ee eee 


 Dynamice’ is peace in iabeordanes with the two methods ae 
— in which force is recognized as. acting, viz. : | 


a. As preventing motion or chahize: af motion. 
b As producing motion or change: of motion. 


er - Dynamics, therefore, includes Statics, i in which aquilthe ee 
-. zium under the se action of two or more forces | Pe 
considered; and_ ns . ee ec ae 
Kinetics, in which the relation | of forces to motion is eee 


studied. 


ae Kinetics, Sete 


Our chief attention will be given t to ) Kinematios and ee 


OC IROHANIOB. 0 


eae» soo 


KIN NEMATICS. 


s a: “Motion 1M, and M., 38). _ The niece o fae “ 
: : ointenn of points or min nute tater hea 1s thei relati nye ne 


oe arate TICS. 


eee “40. ‘The Path. _ The succession of postions of a mate ee 
a vial particle is called its path or trajectory. The pathofa = 
~- material particle must always be continuous. Therecan 
be no abrupt change of velocity or of the direction of moe ee 
os tion; such abrupt change would imply the action of an in- | ree : 
finite force. By abrupt change is meant one occurringin 
zero time. Two consecutive portions of the path ofa point ob eye 
a. would then come together at an angle. Such a change — 
would require an "Infinite for ce. B ut if the: angle. igi 
rounded off with a small arc, then time is involved i in Me as 
eg change and a finite force may effect it. _ ae se 
_- If any point of a path be selected, the. particle will pass ee 
ae through that point at least once during the motion. — > eee 
“may pass. ‘through it” more than | once | if the | = s mS 
supine aes Bee ee ras fees 
: Mathematical curves: may be ‘diseautiimous: ‘put a ma. 
terial particle. cannot traverse. a discontinuous path while i 
; taining continuous: existence i in time and | ee, : 


. | vol pate is 
ihe : SS spkiical: perce ihe curve at the! point. ‘The : 
ay ‘direction of the motion then. change es. from point to point - 
along the curve. The rate of change of direction per unit — ) 
length. of the. curve is called the curvature. ‘This. may be | | 
either | ape or vi ariable. | Te is constant ina circle or. a 


ee 10 pee ee | MECIANIOS. 


"Consider the ervature between two contiguous points 
WP and Q igs Dy." Let 6 be the angle be 
tween the two radii PO and QO, and let s- 

_ pe the are PQ. Then @ is also the angle 

: between the tangents: at P and Q, and this. | 


radius. a . Then 


: angle is the entire change in direction in. 
on “passing from one point to the other. heck « 
curvature is therefore Of. Let | r Oe the es 


| KINEMA TICs, aD : ee a 8 


motion. “The velocity along the ine j Is he constant. space ee 
ce ae traversed in the unit of time. 
i ~ 4 —— ~ a “ ne Let ‘the: ‘distance — OM = oe “go - 
Ben 5 26) ig 2); be described in the) - 
time: t this. distaice ‘Boilie: measured. along the path. OX os 
ae a from the point 0; where the pent 4 is ab the. time ta 0 ma oe oe 


Fig. Be: 


Then S os Cosas (8S 


4 


‘From which | e 7 : pe — a : : : ee . . a @) ee 


or the velocity is “tie constant ratio of the space to the = a 
time employed in describing it. At may be represented _ ae 
ae = a the pate 0A traversed i in ee unit of ea ses 


-“MECHANI os, 


phe abes ope ~ Geometrically this velocity may be - saprsatitad: by the 
Poe Tne’ ILA laid off from M toward X. The velocity at the 
time tis the distance which the body would describe if it — 
: should: continue to move pe he y from that instant t for a <-> 
ee unit OF time. ee eee oe a ee 
heroine Phe: practical | unit bof velocity is ‘the ‘velocity of one com - 
oe f : timet tre per second. : PE ee 7 


ek 43. “agedleration: <\ : _ When a particle ‘travetees a right “a 
a line with variable velocity, a case of special interest pre-_ . 
oe gents. itself where equal. changes ‘of velocity take place | Anes 
a equal intervals of time. The motion is then uniformly os 


ae Seteeed and. the constant henge. of : 


KINEMATICS. = eee eis ieee ee 


Viccieraen may be ‘either positive or negative. Anas 


negative acceleration is a retardation. ee 


PROBLEMS. 


oo “te Tf a “ody start ‘from ‘rest with a uniform acceleration of ee 
— 2 metres per second, find its velocity at the end of 3 minutes... 008" 


Oe A body starts with a velocity of 300 metres per second. if it” | 


ot ae comes to rest in 1 minute 25 seconds, find the uniform negative . : pe Ee 


| ss Rodeloration, | | es 
Abody has an 1 initial velocity of 6 metr es. per i eecona: find its fe ee a 


ee volo at the end of 1, 2, 3, and 6 seconds tresnead ely 4 if a oayals eee 


“14, Some described in 1 Uniformly 2 Adosierated: Mc be oF 


° tons in. uniformly accelerated motion the equivalent 


-yelocity, or the velocity. with which a ‘uniformly moving | 
e particle would. describe the same. space in the same time, | 


: nae Pal to the half sum of the initial and final velocities. 


| ROS | if = ee | MECHANICS. 


AB; thet “ha: mean 1 equivalent velocity” is ed, the. line | 


s drawn. midway between A and But ed is equal to 
oy Sf the half sum of AB and UMN, or the mean | relouity 1 is. 


0, fet v 


"Moreover, each instantaneous velocity y multiplied by ae 


ao ae small time-interval dt, during which the. velocity may 


| ee : be assumed to be constant, is ds, the small space described 


Vs during: time db This space is one of. the narrow strips” ee 


oe making up the triangle. ‘Hence the entire space described — wedte 


oe -daene the time t is numerically equal to the area ‘of the ie 


7 ncreetaly | which i is S phe. se cae in : Satation, OR 


KINEMATICS. 7 os oe Bes 


| 15. ‘Second Method: ies the ‘whole time t be divided on 
: into a very large number n of a time-intervals : i ee 
Then - nT = t. | = oe cee ke 
If the par ticle starts from rest, the velocities at the end PO 
se OF the several small time-intervals are co ce 
™ Ce Car: 2ar, 8 BOT, eet is NAT. oe 
et thos time-intervals are sufficiently small the Toloaity earn 
. daria each interval may be assumed constant. ‘Then the. Ce 
on spaces described i in the successive intervals are oS 
3 | ar’, 2ar°, | Bar nar fee 
fees The entire © space is the sum of these elementary spaces, hohe 
Sar 2 +2 on Sa ea MY EE ee 9 BEE 
ass To find ¢ the sum of the series in ‘tis paronthiats apply te e 
ae “following theorem : : When n is. indefinitely y large the sum 
a ob the mth powers. of the natural numbers. 4, 2 3, 1 ats to - 
; n is. qin ioe ere 


: > where of course mis s the exponent Be 


: 7 To find the sum. of the ser ies 


7 ee ees os ot, where | | 


ve =i ek diel 


eee | Mle cooffcients with « even n subscripts are zero. "Hence ee ag oe 


ee ae Sate 


n* 


: - : | : : 2 Therefore: 4 4 g +8 B+ os ase 9? : 


and oe ae ear °g = hat, 


del, 


PROBLEMS. 


oo a Te: a body siithy uniform: acceleration acquire a velocity’ a 10°: 
ws mated. a second i in moving. a distance of 25 metre 3 from rest, find the os 


fle acceleration. — 


2. In what time will a body moving with a uniform acceleration i: 


ea 


AOE 9 metres a second traverse 250 metres? 


ee A cannon ball has a muzzle velocity of 400 metres a ecundl; ; os “ 
“the: length of the. ae traversed ee the ball is 38 } metres. Find @oo8 ee 


_KINES ATICS, | 
| ‘Tf the body starts with. an initial veloc ity 0 OF , then 
* me woes a tgt 
| 7 P= vy" Fog. 
seth tg. 


‘The plus sign is applicable to motion downward and the 
oe minus sign to projection ope 3 : a 


"PROBLEMS. 


| oa A particle has a unit orm acceleration of 20 ems. a second, and ee 
yo an ‘nitial vélocity of 30 cms. a second. Find (a) the velocity after 
16 seconds; (a) the time required tor travel 300 cms. aCe) the change ieee 
: in velocity in. traversing that distance. 
2. A body is. projected upward with any waloetty, and : tind'd ! ae boa 
note the times during which it is Fospectively. above and below the, 


middle point of its path find the value of 5 


BP Bw body. dropped from the top of a tower 20 meires. ‘High 
Ha enched the bottom of a well within the tower in 3.seconds; find the 
adept of | the well. The acceleration. of gravity. is 9.8. ‘metres per 


“folowing thes proteus ee han be iyeae 
Eo Oy Ba find the time of ascent. When ‘the part 
“reaches ¢ the het Paint, ve = fe Hence aN 


ae os he | MECILANICS. 


OS Bbely. rough a Hetobt i es Pharefore, - neplédting atmos: 


ee pheric resistance, that is, allowing the particle to move a 


peed freely, it will return to the point of projection with the i in- : 


S - itial velocity, in the opposite direction. 


2) ‘To find the time when the particle will io at. a given. i ae 


: height ght. Substitute the given height for s in ‘the third 0 
equation. This gives an equation of the second degree 
- with two roots. The physical interpretation is that foe oe 
ee "particle will be at the given elevation once while aseend- a 


ing and ¢ again when descending. 


"PROBLEMS. 


_KINEMA TICS. Oe Ss SPS ae BB 


"Met. us now. - consider. the composition of two uniform os 
| © ule: motions. taking , : | 7 Hate 
place along different right 
«Hines, Tee the particle be ° 
subject to auniform motion — 
along the line OX (Fig.5), 
: Syl: at the same time this — 
~ Ine is displaced parallel. 
tO itself, so that the point — 
Or moves  untfornily along 
| oY, a 
In the fae t ‘the particle - 
hae 4 moving along OX arrives: = : 
ee nthe: “point 2, and 


a Pees 


ae a | But oxi is spaced to the pov position ox, and 
i 00 att 


oe “MECHANICS, — 


ae sides are ne Wonee. ‘the: angles of the two inanelos - 


Le at O are equal, and the aivechone OM and OM. coin- 
woes cide. The path of the point Mis therefore a stra ight lines sr 
3 The motion ° is, | moreover, uniform, From the same bg 


8 simailax triangles, 


om i OP 
Ol ~ OP 7 


The: spaces. odted along the ma onal are © propartional a 


ms 4 to the times, or the motion is aniform:, 


We see, therefore, that. if the two motions: which’ are 


oe = applied to a particle at the same time are represented. byeo eg 
the adjacent sides of a parallelogram, then the resultant 
motion will be represented. by the diagonal of the parallel- oe 


drawn antes the inteieotion of these t two 2 sides. Bes 


ae i de e ee t the 6 paallopas 
oe and cea yeas 


KINEMATICS. op es 
The ithe MO is called the Gemanal sum a. ce two” es 
magnitudes MA and MB. Since this method may ob- 
viodcly be extended to any number of motions by means 
of a polygon of motions, we have the general law for. thé & 
composition of motions, that the ma gnitude of the resultant EES 
motion is the g geometrical sum of the magnitudes of the com i 
. ponent motions. 1 | ; a ae 


20. Given Two Motions and the Angle between them, : ce 
. find their Resultant.— | 
Let the two Given MOlONM 90 ae 
P.and: Q, he represented | Ce 
by the lines OA and OB 
respectively Cig. De and < 
let AOBbe the givenangle — 
POS. Complete the parallel. 
- ogram. It is required 0 2 
A aad the value oF the resultant R  epennted Ly 4 
agonal : 00. ae he 


“Fig. Be 


“08 = dai TO—204- AC DS a 


ae Substitating the values of the lines, and mnenberng ‘that : 
oe the Bogle Ai is the supplement of 6, we have | ee 


B= =P'+ eae ame oO 


| MBOITAD NI os, 


; ‘@may ‘be made. Zero ow rotating OA around « any r point in” 


es itas 0 or A. TE the: rotation. is around O the lines | OA ee 
and OB finally coincide when 0=0. If OA is rated a 


a about A, then when 6=0, OA is parallel to OB.” 
Caen When O= 90. Then cos 6= 0, and. 
| R= =P'4+@ or B= VPEG. Ag 
“When es 180°. _ Then COs oan. B= P+ 


| _ = 2p V, and fi= LS OQ. | , | oe. 
Again in this case 0: may Ke made 180° bys rotating OA” i 


 sguntar. clockwise around either O or A. In he first 
. <Rase aaak motions are © oppositely directed along the pete ; 


- i: Then, 


KIN EMA TI Cs. 


a rectangulat direations: iS of more “frequent ‘ocourrence a 


: than any other case. Let AD be 


ES velocity v (Fig. 8) to be re- Ox- ans —yD 


solved into rectangular compo- 
nents. Let AB and AC be the | 
~ two rectangular directions. Then: : |. 

the two components required ¢ are 

ABand AQ 7 


‘Let a and 8 be ‘the direction ee ae a 


SBS 


“stipe which ie makes: with the two axes pose oS nae ey 


ARS =veoosa . : — om 
ere v COs ee v sin Dee 


Ge to ‘and ‘the rectangular component of. a yoloetty i 


any direction, multiply the given ‘Welouity Pye the ¢ cosine eof. 


ae oe direction angle. | 


- | ) aa ‘Extension of the Parallelogram of ‘Velocities. es 
The ¢ cormpeeition and. resolution of motions and bra: ti 


thet dine, ss apie’ othe qompunente are S the’s same e fingtlok: 
oo both onmpotionta may bea function of the Sanus of 


E im jtations they may vy y vary. as ‘the | sine or cosine ‘oft an an wngle 
which i is a nepertions! © to the > ae as, in 1 sinsle 2 arenas 


"MECITANTOS. a6 


& Pe ations as , adjacent ae will, be the position of the par- m . 


ticle : at the end of the time considered, but the particle eo 


Le will not take the path of the ee to arrive at the : 


ees 


Thef following topic Ww vill illustrate the principle 


Bias nae | “a3, Path of | a Projectile. ee Te. - 
duce the problem to its simplest form. 


B: 
{ 
ae ae 
a © 
i 
' 
} 
! 
' 
} 
{ 
5 
| 
i] 
| 
I 


we shall assume that the projectile 
meets with no resistance from the _ 

ee, atmosphere. _ Let v be the velocity Cy 
projection in the direction OX (Fig. | 


SR QD... This, motion, which ig. uniform, 


must be compounded with a uniformly : 
s accelerated moon: .e a vertica Ade 
oe vpeetion OY, oe et 


| KINEMA TICS. an 


or ihe ordinates are » proportional to “the. sq uares of ‘the ae 
abscissas. This is a property characteristic of a parabola, 
Equation (15) denotes & par ‘abola referred to a tangent oF ce 

and a conjugate. diameter. The path of the projectile. ig Oe 
then a parabola tangent to the » direction of the initial ne) ok ag Ey 

: motion and having its axis vertical. ee Oe Ae 


ae 24. To. find ‘the Greatest Hisvation and the Ronde | ae 
—(W., I, 201). — To discuss the motion of a projected = oe eee 
ticle it is more. conven-— ; 
 ient to refer it to rece | — 
. tangular, axes. Let Oz | 
eo ig. 10) be the hori- L 
- gontal axis passing — 
| through the point of — 
ve projection O,andlet Oy “| ~ 
be the vertical through | 
0. Let a be the angle | : 
between | the | direction - Se 
vot projection « and the hioueontal axis. The s yeloeity of pro- : 
jection » » may be resolyed into »cosa_ horizontal, ‘and 
2 op sina vertical. We have then to. combine | sy uniform 
oe ~ motion v COS a horizontally and a uniformly retarded. ‘mo-" 
ee tion along the vertical, with the initial velocity v sin a and - 
: ee | the acceleration —; g due to ery The equations, of the 
. ~ motion : are ged Cee eae ee 


= ot cos. a 


eo ke 2B rs = . ou ; Me | MBCHANIOS, ee 


‘The summit of the « curve is me dotemuiiied if we COn- 


. eae that at that point | the vertical ‘component of the a ’ 
ak : motion is zero, | be ek 


. phe vertical velocity 2 at any time é is 


9 en mgt: 


| Place this equal to: zero and 


. “ee - woe 

“'Substitate. this value of f in. the general, expressions : for " : 

wand g y above P(e ae sf ies Shea Ee 
: me sin a cos a gt sin 12a | a nde 


7 mucncee as 


PROBLEMS. 


1 A piece of anaes under are at a Aiea of 15 rhetres 


ae from a wall 7 metres high, burst, and a fragment of it, originally i eae = 
contact with the gr wee just grazed the wall and fell 3 metres be- 
ee yond it on the opposite side. Find how high it rose inthe air, 
oe Oe Ae body be proj jected with a 3 ‘velocity of 33. metres” a second : 


“ | from a: height 22 metres above the ground at an angle of elevation of Bee 
ee eames 30° with the horizontal, find when and where ‘it will ‘strike the: gr round. a 


- 25...Motion on an  tnolinea Plane, This problem is. oo 
ton called Galileo’ fs inclined plane, since he made Wsé.of Ib 6 

for the purpose of diminishing the effective component of 

ed the acceleration of gravity in determining the laws of falling oe 


Bodies. Let the material part ticle be: at Oe | the > piste, 
ig. 11), the angle of ee Ae 
elevation of which. ig: ae 
g. The acceleration a ee Ce 
: g to which. the particle ee 
is + eee isinaver- | 
j while te a 


-celer: tion gq: ‘Jato two vr obpnioeats one hornet £6. the’ ‘plane 
which i is. s ineffective in ee mottony 8 and the other 


os eee “ ae 
cs From the figure | sin + = a " Henee when the ody fa oe 
: - the er entire @ length of the plane | | 
ee | oy = 2971 = agh. Pee 
ee “The -velopity aiained: in descending the ‘entire. length 0" 
a ge the plane is the. same as in . falling ‘down, the vertical : ae 
a height, of the plane. | | eee. ice oes ae 
| With the same conditions the second equation (as) gives ooh eae 


lait, 


CRINEMATION, = 


Tht the acceleration down A Oi is gsin ACD. ; But by > : oo 
‘similar triangles. nas Pe a 

| is: angle ACD = a othe sacs OBD. 

i AC. 

Th efc e@ gS 1 ACD = ety 

ee erefore - ch in eae 7 


| 7 Substituting | donde 


on eee Se Dat 
| Therefore ee Tee a constant. 


a The time of dacoant down any chord through Ai ig Ehere: a 2 : 
a fore a constant and equal to one time. of falling down the oe 
eae ne diameter. — : 


a Bee ‘Uniform ‘Otroular Motion cn and Tt, Gee 
eae Hitherto, with the exception of the parabolic. path of a 
projectile, the velocity has been. assumed. to vary in. mag- 
| nitude only ; in other words, the acceleration, has been con- 
- fined toa single direction. But the velocity may vary also 
din* ‘direction. — ‘Tf the particle has a uniform rectilinear 
motion the acceleration is zero. Ut its velbolty ¢ changes in 1 
magnitude without any change — eae ee 
in direction, then the accelera- 4_ ee oR 
tion is positive or_ negative 
.- along the lire of motion, “Ty oo 82 be C 
however, the direction of thee ee, 
ee motion changes, then the par- fas Troe (ena 

ticle has az acceleration One ne. | 
component of which i is ats right 


ae BQ oe ae ia “MECHANICS. 


ae ‘Agddleration should theréfore be wetended to mean rate of - 
cee change of velocity in any direction in relation to the path. 
-Tn uniform circular motion the speed of the particle | 
‘measured. along the circumference is constant, while the 
- acceleration is alga constant, and is directed toward the — 
ves tac. C@ntpes: Tt is Lion to find the value of this entree ° 
ae acceleration. ee eg | a — 
| oS eUet v hs the velocity atone the Mg 
Co D eceiiemace Then if.AD: Cig vies 
D° oe be traversed i in the inter val t 
ADH 4t. a 
rae Ne, The nee of motion from AG, ie ae 
soos “which i is the direction of the path ; abe 
fA, to AD i is AH. It will be noted, Bas 

however, that the ‘direction of the... 
motion at D is not AD, but ‘the 
ah tangent: to. the circle through Di 
us eae change | in , tettion: between 
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a ‘Tf Ti is ‘the period of the complete revolution of the , 
“point, then 7 


Darr | An 


v ss ar nad: y? a 
"Substituting this value 6f: vy’ in G1), and 7 
7a Ap ee 4 
fa 


Since a radius connecting the point and the centre de ones 


seribes the angle 2 Qer in. the period, q, the ratio ie =a). is 


a called the angular velocit a ‘Equation a8) ay, therefore 
beak? be written | 


fee or. . | 


PROBLEMS. 


peers A mass of 1 om. moves uniformly ‘round a “circle 40 ems. 
a diameter ‘at. the. rate. of 24. revolutions a minute. - Compt te’ th 

: coeleration toward the centre. gered 1 ich aa A A BE ha 
Two equal. masses, A. and By are connected bra a Setting: Phe. 
spa A describes a circle of radius 1 metre with uniform speed. on 
the sur face of a smooth horizontal table, v while the. other mass B is : 
“suspended against gre wity by. the string, , which passes: ‘through a a 
small, smooth: hole at the centre of the table. Find the eben 8 of 
eS assuming the : acceleration of gravity t to be 980 cms. PST, second. 


call 


a : oil eons 8 Hamonio Motion or and 12.1 19; :D, 7 
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| oe a a grant distariee 3 in i the mane af the freee ‘Tei is the. | 
-. eomponent of the uniform circular motion at right angles to 

oe. the | line of sight; or it is the motion of the intersection of 
ee ae diameter of the circle and a perpendicular from the mov- 
ing point on this diameter. | The simple harmonic motion 7 
“ds along a ‘straight line with a maximum velocity at its ae 
pie i middle point. ‘na zero at the extremities. ee 
ce She ‘satellites. of Jupiter revolve in orbits which coin: 

: os olde: very nearly with the plane of the ecliptic, or in a 

Pom Plane which passes early. through the earth. Hence they. 

Ss ee appear to travel slowly packs 0% 
: ad and forward in ce a 
aN straight lines. with simple ‘Tar: ee 
A\ monic motion eine 
| If the circle QAR Gig. 15) 
“represents the circle in which — 
Mee point i is moving g) OR its as s 


sie : ae Fading aN the Sp nts 
b the. soe a aes ot the e pols 3 1 ‘ 
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The period of the motion is s the time ofa , complete revo | 
- lution of the point around the circle of reference. oe ee ee 
Motion from left to right is positive, and from right to TEge 
left negative. Displacement to the right. of the middle a 
point is positive, and to the left negative. 9 ie Ee es 
The phase is the fraction of a whole. period whioh ‘has aor 
elapsed since the particle last passed through the nade ee 
~ of its range in the positive direction. | eer 
When the particle i is at @ itis s said to be ab its greatest ete 
positive elongation. ae Hee geen 
The epoch is the interval which: must elapee from’ the Pee 
_ point of reckoning time till the particle arrives at zero 
oS elongation going in the ‘positive direction. In angular oe 
> measure it is the angle described on the circle of selene 
ae during the time. interval defined 2 as ‘the ‘epoch. ee 


29. _ Acceleration i in 1 Simple Harmonic: Motion propor- 


- ee in ‘the civéle of saleraiee Gig. OR Mess es 
16). The d isplacement i is the line . 2 - So a“ eat TS 
oe OC. The: acceleration toward i Ne 


the contre. is 5 Tarsi since. the. par- of 


. Oo Bole ts is moving ‘uniformly around 2 Cee 5 oe 
“ce the ‘cikele. The problem isto Voor eh 

a resolve this centripetal accelera- pout, Ceara 
tion into” two rectangular. com- : 


ee ae . |": MECHANTOS. 

paar 7” X COS a 

f= pilin x sin 6. 

oe ; qe r 
2 “Call the. two displacements along. the two axes e rand y 
- respectively; then | ae 


“cos 86 = = S , sin 6 ond 


* Therefore 


4 - or. the we components ‘of 1 the centripetal =coalatation: ee 
: ude to the 4 TRpleeemients of the a poet Seon the ee 


| KINEMATIOS. | 


. auxiliary eed into two components parallel to the! AXES 2 
of X and Y. | cote 

‘Represent the velocity at Bi in the anes by BE. fore eee 
| plete the right triangle. BHF, Then, since BH is a_ 

tangent, the angle # equals 6. Hence BE, ue compo ae 
nent parallel to the axis, is 


Ves V sind. 


RARIBO a 328 ope ak = Voos@. 


BUG As oo Pat. 
eee el aay 


| ‘Therefore Gan oe Vo= ae sin Q 


al ees When os O= = a sin. 1 8 = = “4, and ¢ cos 0 = 0. 


co When one component of the palciog isa os ihaxiiunns oh 
: other is a minimum. | The maximum velocity. in simple 
harmonic motion is the same as s the uniform welooity i in the 
- | circle of reference. Cee 
“oo Tt-is important to obsetv’: ‘that while the acceleration : 
es along. the X axis” ig proportional to cos @, the velocity is. 
Tey proportional to sin 6. When the point is at the middle _ 
Co sok its, range or cour se the acceleration is zero, ‘but the - 
- velocity is a maximum; on the other hand, at the greatest 
- elongation. the acceleration is a maximum, and the velocity 
ig zero. ‘Starting at the extreme positive. elongation at 4 
the acceleration decreases Spent toward the ce tre. 


Seo ae MCHA vI0s. 


“ae a ae could - drilled ees its , contre to the opposite: 


| side, then, neglecting resistance of the air and the rotation — 


on the earth’s axis, a heavy body dropped into the hole 
i vould: descend. with a diminishing acceleration and acon- — 
-stantly increasing velocity till it “reached the centre; the | 
acceleration would then become negative, and. the velocity seers 
of the body would decrease, till at the opposite surface it 
fae WwW ould again come to rest, and would. retrace its. course, ta 
executing simple harmonic oscillations. Such is the motion — 


oe of a point on a tuning fork ora pianoforte wire, and such 


: is the motion of. individual particles of air through which — 


an oe simple fundamental tone. is passing. ~The variations of ole 
_ electric pressure in the circuit of an alternating current, ee 


dynamo follow approximately the s same law of change. Eareet ae 
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a fixed value, an the diagonal a the parallelogram remains 
of constant length, and makes constant angles with OA 
and OB. The point ( therefore moves uniformly around a2 eo) 
~ cirele of radius OO, and the point ¢ executes simple har- fee 

~ monic motion of the same period as a and 6. rua 

Moreover, be equals. Oa, since - they are the projections Sl odtael a 

on oY. of the cel parallel lines BC and OA. Hence ne rr ne 
00 =. Ob + be= Ob + Oa. eae 


) “But Oa, 0b, 4 Od are the instantaneous valsies of the | 
: displacements of A, B,and Cat any time ¢. The motion 
of ¢ is therefore the resultant of the motions of a and’. 
Sea Lb ise simple harmonic motion of the same period as that rae 
- of the component motions. The resulting amplitude is 

the diagonal of the parallelogram constructed on the two | 
- component amplitudes, and making an angle with | ouch, a 
other equal to their fixed difference of phase. EE Et 

le Leb a: parallelogram of cardboard, OACB, be cut ‘out 
‘and. be pivoted ab. 0 80 as to tum freely counter. clockwise. 
AS the cardboard moves uniformly around, the magnitudes 
2 of the projections: of the two sides OA and OB Bod the 
diagonal 0c. fluctuate according toa ‘simple periodic law. 
Pera rrred te. resultant of. the simple periodic motions, OL. which | 
S oe OA and OB. are the amplitudes, and which have a fixed — 
a oe phase- difference equal. to. the « angle AOB, is. the simple : 
harmonic motion of which OC is ae amplitude. es | 
oa ‘The proposition is. independent. of the angle eeprasen. 
ing the fixed difference OL phase, : and therefore holds good 
when this difference is zero. . In this Laat c case not teniy 
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eel: the” two acnplitades of. ‘the ‘iene motions are 
A equal to each other, then the resulting amplitude equals 
twice the amplitude of either multiplied by the! cosine 208 . 
ieee half the difference of phase (20). o 
eels. When, this difference of phage is half a period or my then ee 
eee the resultant is zero. — : cant 
When the two periods are neatly he not gilts canal ae 
oo White the amplitudes are still supposed equal, then the 
oe resulting amplitude passes slowly from twice that of either aw 
to zero and back again, in a tie equal to that required for te 
_. the faster to gain a complete oscillation on the slower. 
Enis conclusion. has ‘iepore pales in sound ee 
os and i physical Poe: oe eo) ee 


D., 99) on —Let the two ) uniform cir euler: motions he 
| ees opposite - “die fe 
oe rections around 
. 2) ireles of. equal — 
oe Bad (Pigs 10,0": 
- and let. them be _ 
of the | same 2 De ae 
- riod. See 
Pas “Reselve “the aba 
_ : aye cir cular ‘mo: : 
mes ts Siomsinto simple 
ce ge oe Po. harmonic -com- — : 
ti paral allel to AB. and OD. ec now y the two. :cironian 


sp mn ein ses ca hel sh ak kash Sel ay So Sn tt ae nts St Se et wt 


s 


fae ‘and of the’ same ae and Chase, ete rosultaiit | 


isa simple harmonic motion of the same period as the 
circular motions, and the semplitude is twice oe common et 


radius of the circles. | 


The resultant harmonic motion is in ‘dhe. Hane of sym- ee 


ee metey with respect to the two circular motions. Thecom- 


~ ponents C'D differ in phase by. half a period when veferr ed ee ie 


to the plane of symmetry, while the components AB are : 


in the same phase with respect. to the plane of sy mmetry. os ie 
- When the two circular motions have the same period, Be, 


plane of symmetry. can always be found, and the resultant os 
‘simpleharmonic ee eae a ) 


“motion will be 0 


parallel to this 
oe = Plane: (Fig. 20).. 


If the periods — 


ie “of the two. cir ae 


‘cular motions / ee eae Le 
are not precisely Oi eer ee ee Bere men hae 


e o equal, then one \.- Po ey Lf ae : / 
of the. oiroular eS em ay | 


motions — OMNES Ee AO EE BO ee 


ee pletes: a revolu- an oe 7 : 
eee GOW: before fie 


| other, and— the. a a mee : 
3 _ Bese of E ajmmietny F rEvolves in nthe direction of the snl 


oe oe oe : | MECHANIOS. 


ee viz, . that: any sinaple: haensnic nation may ‘be eed | 
oe into. two. uniform cireular motions in opposite directions, of ° 
We a the same period as the simple harmonic motion, and. with | 
ee radii — to hall its ee aay 3 | 


83, “General Equations of Simple Harmonis Motion.— “ 
Let 2 be the displacement par- 


“gliel to-AB Gig 21). Teds” 


: required to find the value of — 


ted his—: displacement. | Let. the. on 
ae point J in the posaary: circle be 


: at PP. 
| |‘Then Ee a els 08, and 


; ae a = = a sin | (e + ta) a } 2 Se : : 2 
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We may therefore write ae arse 
| spe Dope: 
w= =a sin * idee ts 

= a a a o=asin wt. | 
| But. itt is often necessary tor: reckon tines or thé angle QS Soe 

| from some other point than D, which corresponds aoe 
= displacement of zero. This is for the purpose of expressing ee 
difference of phase when. two or more simple harmonic 

: motions are compounded, | ‘Let time be reckoned from. thes: ay an 
fixed” ‘yadius OF; the angle EOD is called the ‘apock ee ae 
‘The angle 6 then. ‘becomes EOP. Hence: | : 


gaa sin ee a 


ae ae er nT a sin = Ft —e). : 


"Since the number of ore oscillations per second im i 


ne is the reciproc al of the © period rT or n me we e have Ae 
oe = ab sin C rent - — =. 


- Similaaly y we e may \ Wr ite 
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KIN BTICS. 


34, “Definition of Kinetios. (te sia T 52; Bo 66). ae : 


— Hitherto motion has been considered in the abstract, ‘inde-. ep 


pendently of the idea of matter and of the forces: acting ‘ 
ie in. Kinetics. the forces ae producing: the motion - 


ee ee ae a : oe hee o 


“unit mass. “Call it: 8. Then d ane s are series of sia 


noe other, or d= 


¢ 


nee. 36. Momentum. The quantity, of motion at a waed oe 
body 2 moving without. rotation is considered to be made upe | 
of its mass | and its velocity ponjointly. aes is called mo | 
: mentum. | | a 
; Momentum = — mu. 


a "The. whole motion of a body is the sum of the motions ee 
of its several. parts. If the mass be doubled without | { 
: changing the velocity, or if the v elocity be doubled withe 0. 
out changing: the mass, then in both cases: the « qui antity of oe 
motion i is ‘doubled. -_ es 


: = 


. ‘Since t in uniform motion v= = - we have. m0 = = ee ete 


A | Speed ; is the rate of ee displacements momentum is 
‘the rate of 3 mass: t Geplacestent: tt OS ee 


an. Force. — Our conception of: a is « doubtless de- 
ae from ‘muscular. : action. But. great caution. should | 
"ver din transferring to the objective physical world 
s derived. from our sensations. cere er 
said to act on a body, when any hanes ‘pogitee 
> of seh or motion. | Fores is. known, Py, the | 3 


ti n 


— yom 
The ex pression m * 0 


ae that total force equals the time-rate of change of momen: 
Pee eae tum. This 1s sometimes called une: acceleration f mo- 
ee “mentum. a | | | | 


ne circle of radius ry with uniform velocity 2, is ue sy and is ce 


ne e - directed toward the conitre: of ‘the. ely cle ; ‘that 1s 6 say, it i 
: _ depends upon a change of direction of the maotion, 1 not ae 
ar change see ve ond Ts PEN cone 


me oe 
= mm : from which iti is seen oo 


oak The “rate: of change of. qhoméntum oF a failing body is . ee 
oo gonstang, and in an vertical direction. | But ‘the rate : Se 
OE: change of the momentum of a mass M, describing a on 


KINETICS. Pe een ABS 


it produces. Hence we / may substitute force for accelera- 
- tion - in ai preceding propositions, ie on ee 


PROBLEMS. 


ee “What is the acceleration when a fore of 36 dynes acts: on a ee 
i ‘aaa of 4 ems. ? “How far will the mass move in 10 seconds? — a 
a re ae: s force of 60 dynes a acts on a body for one minute and i impar (es, 
bite a velocity of 900 ems. as second. . What-i is the mass of the | body ? be oes 
-. 8. A mass of 500 gms. is whirled around at the end of a string 
20 cms. long 3 3 times a. ‘second. aa one is. the: tension of the string, ae 
| neglenting gravity? ene ute ne 
a Forces: of 20, 30, 40 ion nes a on ‘@ mass. et 60. gms. ; the 
ut eet between the first two is 45°, and. that between the last two 60°. ae 
i Find the space passed over in 10 seconds. en. fe 
ee Da An engine winds a cage weighing’ 3, 000 kilos. ap a shaft at. ag 
; uniform speed of 10. metres 2. second © what is the tension in the: 
rope? What, if the cage move with: a uniform acceleration of 10 : 
metres a second? | | Rectits: 
Be. An elevator starts to descend avith’s an 1 deceleration’ of 8 y metres 
Bocond ‘Find the g pressure:e on its floor of a man weighing o : ary ee 


: ee gonidag: ‘ha ‘are - expre sasod| in ON ewious alee o 
hos laws. These are to be regarded. as. physical : AXIOMS; whi ch : 
are not. bnseg be oe rigorous | demonstration, yo are. 
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ee areeced: os au takes Be in the: direction of the : 
straight line in which the force acts. : 
renee “Law IIE—To every action there is alw ays an n equal and 
> sontuary reaction ; ; or the mutual actions oe two bodies are. 
ae aay equal and oppositely directed. 5 
—.. Newton defined the total motion oe a “body. ae ths term 
oo . momentum. By! chang ge of motion” we. should, therefore, 
ee invariably understand change of momentum. | cm 
Further, since the effect: produced by a force depend: ce. 
pas upon the time during which it acts as well as upon the 
magnitude of the force, a impressed force” should always ae 
oe ‘urtexpreted as meaning impulse. os eae ore 
net 39, Discussion of the First Law of Motion 2(T. and T, nes 
65-69 ; D., 6; Bs: 70). — The first. law asserts” that. uni- 
rm motion in a » Senet) line is as much the , neta neal 2 


W ae seeétheds. on i peel totapliyiical grounds - 
ly . tase circular motion is. the only perfect « one.. : 
m m rest must be ‘taken | to. mean rest with sane Ls 
| - Absolute rest, no 
shoe motion, is 5 unlelGwi in nature. “While, 
" ae ule is at ee y sa re peprct to one @ hed» or to eee 


ae matic closing of one valve opens — 
oo another one leading into an air. 
- ghamber. | This latter valve opens 
a under greater pressure than that 
: odie to the head. of water in the 
oe pipe: leading: from the. ‘source. oars 


‘KINETICS. ae : Fe ae ie ae co 


“Matter has no power in itself to change: Hs coaliaon e . 
rest or of motion. Fr urther, it offers resistance to any such > 


change i in proportion to the mass which it contains. This 


| two-phased property of matter is expressed by. the term 


inertia, and the first law of motion is poen described « as — 


the law of iner ‘tid. 


40. ‘Inertia Hiustrated. porn Win a eam oe Water in 


ay pipe is suddenly stopped by the closing of a valve, the =. 
shock which follows is due to the inertia of the mass of 206 
water which tends to keep it moving. This effect is 9 
utilized j in the hydr aulic ram. The shock due to the anitos oe 


a 
eet 


Hence a part of the water may == (sit 
be lifted to a higher level than oe ee 
_ the source of supply) 0 0c OD 
a Ine earthquake shocks: ‘aoouin Bees 


ne panied by gyratory movements of _  NeEZ 


othe ground, heavy chimneys and. Ps 


isolated | columns are ‘sometimes 00 ee pee 


ee left twisted } around on their foune. os er a 
a dations. | The i iner tia of the TABS ee Serene 
the -chimne r oF sei n ean Lee 
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steady y ‘oul ieeniward. ¢ on B will cause ; the, string to bre ak 
above A, because the tension of the upper string is equal | 
to the weight of A in addition to the pull on Bo ae: 
ee “Tg, however, a sudden pull be applied to B the string | . 
will invariably break below A. The inertia of the weight — 


a aot stress, reaches the Upper one. 


ae - momentum takes place. The second law shows. us first 


oe is so great that the lower. string breaks before the : es 


aes al Discussion or the Second Law a 58). = - The | 
| fist law defines the condition under which a change of 


OW a force. may be measured. a Change of motion se 


stated this law i in 1 the. following language : rs “ The shri nd e : 


"proportional to the impressed force.” Maxwell has pes eS 
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. algo nae if er6. or more ee act ae ona A bods cath “uP 
-produces its own change of momentum m independently a. : 
the others. | a 

| We may. therefore saply the same prin ciples 2 com- - o 
pound forces that we have already employed for compound- Oe 

- ing motions. Forces may. be compounded intoa resultant’ 

~ or resolved into components by means of the parallelogr i 

or triangle of forces in the same manner as motions. The 

resultant of any number of concurring forces 3 is to be found fe. 
ae by the same. geometrical | process as "the resultant of ¢ el Ce 
ie number of simultaneous velocities es Bad. qT, 67 1). 


as ot 42. Discussion of the Third Law au. and M., 77). — = . 
: The third law expresses the fact that all action of force is. 
ce a dual character. | ‘All action between bodies or ‘the u 
: "parts ofa system of bodies is of the nature ofa stress. A- : 
stress is always a two-sided phenomenon. — Every foree, ine 
fact, is one of a pair of equal and opposite ones — one | 
omponent, that is, of a stress, either like the ‘stre 388 
exerted by a stretched elastic cord, which pulls the ‘two 
oe to. > which iti is attached with pie force in opposite 


galled 3 a pressure? i ; | : ae 
ae _ When « an elastic cr sopports a _ weight the ro on 
Z A 
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= the exertion of ie mag sinetie Suraction is fond: to be i in na. os 
state of strain. The magnet cannot exert a pull onthe 

ae, iron any greater than. thei iron exerts on the magnet. IEwo .: 

~ men a at the opposite ends of a rope. The stress in 

othe rope is obviously i in both directions. It is no less cer-. 

_ tainly so when one end of the rope is tied to a Post while, ae 

oot one man pulls at the other end. — ee ee ee 
The same principle applies in cases where motion ensues. tag 
The. centripetal. force, which causes a rotating body to. 
des eribe a circle with uniform velocity, is. applied: to the. = 
ae rotating body through the intermediary of the connection, © 
visible or invisible, of the body with the centre. Corre 
sponding to this is the opposite phase of this stress or the 
- reaction, called the centrifugal force. ‘This isnotaforce 
acting on the rotating body, but the. reaction which the — 
tating body: exerts on the centre. ‘The centripetal. and: 
1 crifugal forces are the opposite phases. of the. stress 
between the rotating body and the centre of rotation. cy 
When any miitual action takes place between. two Boilies | 
the momenta g generated in: opposite directions | are equal; ae 
it the s velocities are not equal unless the masses are equal. a 
" Vith ‘unequal | masses the velocities are ‘inversely, as the 
Masses. While, therefore, the ‘momentum of the gun is. 
equal to that. of the bullet, its velocity i is very. much less. 
| Considered : ne with eek! to one sk atria of a saree : 
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ee re inelastic. mass of 900 kilos. es moving ‘with a vélocity of 30 a aree: 
metres a second, meets an equal and: similar mass moving 10 metres. — . 

a second in the opposite direction. Bind the velocity of the total 
mass ane enpaeh ; | | | ef. 


"43. Work defined (B., 88; M. and M., 101; Dy BOs oF 
Stewart's: Conservation of Energy). —“W ork is the nit ee 
of producing a change of configuration in-a. systemeine “>: 
opposition to a force which resists that change.” se Thus re 
when a weight-is lifted from the earth a Ae in the con- — Bop oe 
‘figuration of the weight and the earth is produced i in oppo- a 

sition to the force oF gravity which resists the changes a 
Work is measured by the product of the force and the oe 
. displacement. produced in the direction of the force. . The one 
amount of work is. expressed as the product. of two num 
oe = ets, which eprenent ceepecely a. foree. and a ‘space, a 
i Wee Bagge es ee ee 
oo = ands since e force equal the o prodineto of. mass s and acceleration, 


28 When’ the displacement oduoed fs is nok: in n the tine of 
 aétion of: the eee, bate makes an angle a b with that direc- 
tion, then | pe eae 


We Bec GO 1s var! 


eee “This may ‘be desorbed. as the product of ‘the "bors: and 
y pe. component of the displace ment in the direction pian 
2 o awhieh: the force actg; or the product of the displacement | 

and the component of the force in the direction of the dis- 
| placement. | In, one case it is. the product: of the force and 
the etiective | epee: in the other: the product 
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~ “The unit’ for tha: ‘measurement of work in ‘the. ©. Gs. i. 
ae a ‘aystem’ is. the erg. It is the work done oy a dyne through a 
a as a distance of one centimetre. a oe es 2 
oe - Gravity gives to a gramme a velocity of paprodi mately ce. 
ad 980 cms. per second. of is therefore equal to 980 dynes. is | 
Hence if one gramme be lifted vertically. one om., the 
work done against gravity is 980 ergs; or, one erg of work os 
is done in lifting sig gramme one cm. he ee 
hs Since. work: is the oe of force and distance, it fol ae 
lows that | : bg es es 


ae 


s | 


: ee Porea’s is § the Linear rate of doing gt work. The multiples of 

the ¢ erg sometimes employ ed. are ee 

| ee os meealere, or 10° ergs. eee 
| : Sn ‘The joule, Ore. lig ergs ue io aie 


} activity ty is ‘the time-rate ahd cing work, , a me 


2 this into watts iti is , necessary 60 multiply the poe 
eeu between « a | foot end § a | CTs thet ies a 
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SS thet: a may be represented dinate bya ab | area. 

7, Thus. when the force is of constant value the work done | 
_may be represented by the area of a rectangle, one side of 
which is numerically equal to the force and the: e adjacent a 

“Se Sgide to the distance, or the component. — cre 

~ of the distance i in the direction of the le 
- for ee (Fig. 23). - : : . Ape 
If the force increases o ZerO. . ee eee 

| . final value F, then the work done a ed Se fea 
during this increase is the product of: fe lke Be i. 
the mean value of the force and the displacement. ‘It may Dog tases 

*, then. be Tepresentod by the area of a right triangle (Fig. 24), | 
i in which the “base | is‘ “the effective ; 
. displacement, and the altitude the | 
final value of the force F; for work 
oo then equals. 4 F's cos a, which j is” the 
oe : area, of the triangle. Ene aA ° 
nin “XS But in’ many” cases, as” inde 
yi CAS cylinder ofa steam-engine, the foree 
sie pressure varies according to a more complex law. ee TE: Dp 
is the pressure: per unit: area, of. the Piston, and Ai is 3 th a 
ree area, then the total pressure is P= = pA. ae 
eo “Let now: 2 be a small distance through whieh the piston 
es moves: while the pressure p remains constant, then’ the : 
8 work done 0 by the ¢ gas avin expansion 1 Is. Maral wa eae 


: But Mei is. 5 thie: increase in the volume of the g gas as which : 
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‘The: tétel work. done. ee a ie expansion. of fe . 
5 gas may be. represented by the area of the figure ABba 
cares Gig. 28) 3 in which the ordinates of the curve ‘AB are the — 
o successive values of the pressure, a 
and the abscissas: represent, the-cor 
responding volumesofthegas. Take 
any small element of this arpa abo Es 
- Aa. Then the length of this strip ies 
is the instantaneous pressure p, and 

“ts. width is the indefinitely small 
oe : change of volume v. Hence its area | 
ek dg “the element of. tha work done w,and the sum of all 
such elements is the total v work done by the g gas 6. Auring ee 
ern | ‘This 3 is s the: area 1 ABba. Ba ee te ce 
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«ower of doing wore or ae overcoming. "resistance, o aos 
aie ‘means of a proper ‘motor mechanism. It possesses some- aa 
ee thing which it did not have at the lower level. oy oe 
_ Work may be done upon a storage battery by means of ae 
Rog steam-engine and a dynamo-machine, The charged bat- 
tery then has conferred “upon ts the power of doing work | ce es 
by the capacity which it has of furnishing a current ce 
e electricity to run an electric motor. It may churn the air. seh 
by a fan, operate a printing press, run a street ¢ car, or no ey 
. pel : an electric launch. | : , oc. 

Consider some examples of a Somewiat different chins es 

| ‘abtee” ‘Work is done upon a cannon. ball’ by means eee 
ae ‘the | pressure | of the gases arising from the explosion. of the 
powder. The ball acquires | a high speed. It. acquires — 
more than that. It now ‘possesses the capacity of over- 
coming resistance. By virtue of its mass and its motion — 
it may demolish fortifications, pierce’ armor, or r imbed. itself : 
~ in the nickel-iron. plates of an ironclad. ee Ee 
cee ‘When work is done. by the steam. on the. piston’ of an 
engine, the heavy flywheel is. made. to revolve on its axis. 
ne Work i is done upon it to give at motion. ALE: the steam is 
os shut off the engine will continue to revolve and. may d 
he work to. the extent. 16. which the 1 massive > flyw wheel ow 
possesses the ‘power of doing it. aa, ea. 
vee ip all: these cases. while work: is being: done: ‘upon, the? 
a ot « energy. is ‘transferred. from the a active agent or the. 


Ss said t to. possess ‘energ gy. me “Strictly ne the availa - 
is the } power of doing work or of 1g phy 
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the tet of transferring g energy from | one 2 body « or - system to 
i another. : | 


oe 46. Potential Energy. — Th the first three ‘lndtintions Po a 
. oo the last section the body acquiring the energy exertg 
ee foree or pr essure. The compressed gas presses. against the 7 
o> “piston 3 the for ce of gravity pulls the weight of the pile-— 
ey deiver downward against the detent bolas. its and. the <-. 27 
electric. pressure - of the battery is ready to. produce. Bye 
current as soon as the circuit is closed. ‘During the trans- 
fer of energy from the working agent work is done against : 
this force or pressure. ‘The energy thus acquired is called 
ae potential energy. Potential energy is energy.of.stress. Ib 


ee 


Ag otten called d speray of pontion ¢ or static energy. 
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sure, nas partly kinetlo,33 as roe but the: avork! that if es 
does in the cylinder of an engine consists entirely in the 

immediate conversion of potential energy into kinetie 20% 
_ energy, or energy of stress into energy of motion. Where- 
ever the motion is with the force. speed increases, or poten- ce 
tial energy becomes kinetic; when the motion is against a oe 
the force kinetic energy becomes ‘potential. — 'Phus da 

| bullet be fired vertically upward, the motion is against the ee 

- force of gravity, and the potential energy increases at 
oo the expense of the kinetic; when the ‘bullet reaches ‘its ue 

greatest elevation its energy is all potential. After that. Wee 
- it descends, the motion is with the force, and the potential fee 
| rest is again converted into the kinetic. form. San Gee Sere 
oo FT he earth travels around the sun in an elliptical cei 
vith the sun at one focus. When the earth is nearest the 
“sun, or at. perihelion, it has its greatest orbital velocity 
and greatest energy of motion. | “he it recedes from ° 
sun and passes | toward. aphelion, its acceleration tows 
the sun is not perpendicular to its path. This. accelers 
tion. may be resolved. into. a. normal. and a tangential cc site 
: ponent. The first ‘produces the curvature of. the’ orbit, 
while the tangential component is a negative acceleration — 
a from: perihelion to aphelion. ~The speed of the earth there- te 
fore diminishes, and its kinetic energy decreases, all the | 
way from perihelion. to aphelion. — But its potential energy 
_ atthe same time increases because the distance from the sun 
nereases. ; “At ein the | kinetic onetey a is a minim 


Bee 
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a represent different physical concepts. 4 ‘When ore is 
ws as done on a body, so as to increase its av ‘ailable energy, t the 
= ae quantity of work done is” equal to the gain in. energy. 

_ Energy is therefore measured by work, and the unit. on 
: measurement is the erg, the same as the unit of. work. e 
The measure of. energy a requires two factors, one of 
o which only 3 isa stress. Energy is always the product of 
one of several pairs of factors. | These pairs do not we - a 
fee include force. Force is the space-rate of transferring : 
. oe energy, and is not. the energy liself. Energy cannot be 
“o> ereated, increased, or diminished by any natural or me- 
Bee chanical process. Force may. be — to 0 any: extent 


ree is manifested ey during this "transfer, 


49, ee Kinetic Energy in. terra’ of Mass and Velocity. 
In: uniformly acceler a motion | 


But. mass mu “plied by eceleration _ is “fowde The 

second member of the last equation is therefore the pr od- 
uct “Or: force and distance, , ( ork. It represents” the 
work done. ‘upon “a mass m- ‘to give to it the velocity v. 
while working through the space s; and as the energy 
stored up is measured by the work done i in ‘its pr oduction, — 
it. follows. that ‘the energy. of the mass” 1m, s maving with a 


. : m Ce — 0). Therefore 
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_ The same expression for the kinetic energy may be > 
-reached in another way. Ifa force F actson a massm 
oe during an interval of time t, then the measure of the effect ae 
ce a is ee impulse, or Ft. | | hs 
By the second law of motion inipulie't is inbastred 7 ths reg ee 


change of momentum. If the initial and final velocities 


a of mm are Yq and V, then the change in: “momentum is: . 


Ft= m ( v nah: 


In uniformly accelerated motion the - mean velocity is. a 


= 4 @ + re Iti is also + ae Hence 


2 [= = 40 + wy >. eg er, oO ve 
. _Mutigly (a) and © together, member by member, and | 
“we. have | ae ae es 
ae ee Fs= = im (o? a9 = jm? — yn. eee ‘ 
— Bute again Fs is ; the work done or the energy accumulated. 
in the moving mass. _ The increase in the kinetic energy is. 
therefore one-half the product: of the mass and the differ-. 
ence of the squares of the initial and final velocities. Te 
ae, initial yell is ‘2eT0, then Pee eas 
ay oo Fs: =4 jm Ge a oft he 
> Ddefore. oe ae i eee 
A See oe "PROBLEMS. ASE on te 
o oh fuck wei igkin e9, 000. kilos. “moves ee alone oa a level oe : 
out with a velocity of 20° metres a second. ‘Compate: its AES ( 
- energy. Maar Mics ee at : oe 
Age “Conipate the ldnstic e energy of a ‘ball havi a mass. of iB gms 
: and. peli of oe metres, seat second with that of fee gun tro 
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| Gon of energy. is as : follows : pM “The total energy of ¢ any or 

- material system is a quantity which can neither be in- 7 | 
me -oreased | nor diminished by any action between the parts: 2 
me of the system, though it. may be transformed into any of - 


the forms of which energy is susceptible.” If some agent 


= external to the system does work upon it, then its energy... 
> Gs increased. by the amount of work done; if the system — 
eee does work on any external resisting agent, then the Sys 
. tem loses energy equal i in amount to the work done by it. | 
Bote But if we include the given system and. the external agent o 
in one larger system, the energy of the total system is _ 


neither increased nor -decreaged. by any action between v : 
By t : into” account: different parts of the oe 


pub. in. the way. to > discover the relations of such actions an 
new branches of Seienee 2) eee Ge es 
: The: een doctrine Poentghed” ay shonlatey) is the 
ai ee sonservation ee matters See une “ 
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id Bi. “Transformations of Hnergy. - sites W hile energy is in- 
; destructible it may assume almost innumerable forms, either 


potential or kinetic. A few examples of the conversion =~ 


- from energy potential to energy kinetic, or the reverse, — 
have already been given. Butall phy ysical processes involve 


energy changes. Ne ceaseless series of such changes is 


therefore taking place in the - orderly course of nature. 


Moreover, all machines are only instruments forthe trans. 


formation of energy and the turning of it to account in 


effecting useful processes. A clock ora watch when wound _ 
up possesses a small store of potential. energy which it — 


| gradually expends i in doing the work of turning the mechan- | 


ism against friction and the resistance of the air,and pro- 
hoe ducing the sound of ticking. The striking mechanism oF 


- a tower clock receives its io of energy for a week’s 
a ‘service 1 in the course of an hour. It. distributes it over an Kad 


ne entire week, and sends it out hour by hour. over. an area - 
LOE. many square. ‘miles. The. university | clock | ‘requires: 
134, 000. foot-pounds or 1816 x 10° e ergs of energy to wind 

: its. striking side. It soependl it by. 484 strokes daily 

incl iding. the chimes, or | a total. of 8388 strokes during 

the: week. A watch i in the: same. ti me divides ‘up the energy” 

en given to it by. daily windings: into over 3, 000, 000 ticks. a 

An example of a different, character i is the energy in the 
fom of chemical separation. which i is put into a rifle car- 
- tridge. ‘The pull of the trigger operates to convert it into 
the kinetic ¢ energy of the bullet. The momentum } is equally 
aided | between the ‘ballet and the gun, but. not ‘80 with 
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nearly all the energy whiat ine oar possesses is ite. ae he 
of the solar system. It comes to us through the medium 
rae of the ether as kinetic energy. Tits absorption. converts | 
Cie peat into heat and warms the earth In the marvelous chem- _ 
istry going on in every leaf and plant, through the agency | 
of the chlorophyll, it decomposes the carbon dioxide ‘of 4 
oe the air and water, and is stored up in the cellulose and AP ta Rd 
woody fibre as potential energy. In this form it. may serve — 
as food’ for man and animal, or may remain for ages 0 
securely locked up in the earth as coal and oil to. furnish, oo 
| oo fuel for future generations. _ | es 
Jn combustion or decay it again assumes the kinetic form 7 
ands dissipated beyond recovery as heat. — ee ee 
ot warms the tropical. ocean, lifts it. in invisible watery 
vapor, transports it to. distant continents, and pours it 
down as rain on mountains and elevated. plains. Thence’. 
at descends § as streams, and becomes the energy. of water ee 
plies, 6 ae 
The potential energy “of ‘he cheimically, connie fal 
and. oxygen may become mechanical power by means of 
the boiler and. the engine. The potential energy of the ae 
elevated. body of water may. become mechanical. energy. by a 
descending and driving the turbine wheel. By meansofa 
dynamo-electric. machine this. mechanical energy ma; ? be- oe 
come the kinetic energy of an electric current. The con- 
ductor, or the ether surrounding the conductor, conveys i ‘ 
tor distant points where electric lamps again convert it into — 
light, or motors utilize it for. any of the purposes to which — 
power is applied. ‘Jt is worthy of notice that electricity 
tself is not energy, but i is oe the medium aby which Rihe 
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BQ. The Availability of moerey. — If the ue fees 
ons of energy are attentively considered it will appear = 
that the final form which it invariably assumes is diffused 
_ heat. Whenever the attempt is made to convert kinetic > 
- into potential energy, as by pumping water into an elevated oe 
reservoir, or by storing it up as energy of chemical separa- wee ed 
‘tion in a. storage battery , the conversion is. aly ays incom- 2 ae 
plete and partial, ee oe | a 
It is impossi ble by : any means “at. our creer to effect - 

a complete conversion of kinetic energy into the potential = 
form. Some of it always. escapes as heat, either through is 
friction, radiation, conduction, the heating of electric con- 
ductors, or by some of the means by which energy escapes pecs 
during conversion and transmission. But energy in the 
ao Form. of diffused heat is not available for further use, A te 
- heat-engine requires a hot body and a cold body in order 
sy that heat-energy may be utilized while peeing, fom. he: aes 
hotter body. to the cooler ones (023% hs. ok ae 
In the same. way. all the processes. of chats: exhibit: 
. -— energy-changes on the way Exc om. the | more available. to ‘the. 
less available state., : ea en os 
eae ~ Potential energy. is the ‘ehly. wvailable forms. ah always 
ee tends to revert to the kinetic type, but j in such a way that — oe 
only a portion of the kinetic. energy is available to effect. 
useful changes either in nature or art. Hence, the energy 
Sof the solar sy stem ts = becoming all the time less and. Jess : 

Q available. cA es | ee ee 
e No. grander survey: “of the material. universe, epoca 


a 


ae period 8 faintly. iminots}- it possesses S uly the: cpborent | 
quality: of gravitation, and therefore of potential energy. 
“6 Slowly. the ao extended mass gravitates toward its 
- centre of mass. ‘The parts of the system fall toward one - 
another, and its potential energy thereby begins to suffer Se 
| conversion. into the kinetic energy of heat and light. As” eee 
~ long as the falling together and the contraction of the — 
mass continue, so long iy energy of position transformed 
“into energy of motion. It is easily demonstrable that the 
a 2s temperature of the contracting mass continues to. rise. as 
ee long ¢ as it remains gaseous. | The radiation of. energy into 2 
space then goes on. The contraction of the mass means, 
therefore, +h8. dispersion | of. the energy. ~The potential oh teas 
| energy of the diffused nebulous. matter i is convertible and 
able ;. the. converted Kinetic | energy’ radiated into eis 
Danian meee | is chiefly unavailable. eS Ua a 
Of this energy radiated from the sun the ‘earth pe ee 
@ es about one two-thousand-two-hundred-millionth. part 
apo) oe And of this small fraction the portion. stor ed S 
pit ‘vegetation and coal is only an ‘infinitesimal ‘parks 
ture. is” therefore. prodigal. of: energy, ‘not economical; _ 
and the small store that the earth does retain ‘ultimately 
becomes diffused. and. radiated heat. ec ee 
ni i s thus apparent t that the energy of the solar system : 


| A270 


: Unavailable. energy i is galled. Enirvp ye “The inevitable Me 
: spine is at ones # tends toward a a y maximum. 1 ue i 
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‘took place. e In the beginning.” then, points _ the vid | 
when all energy was available. | . 
With no less cer oe phy sical science e points toa time — 
when entropy shall be a maximum. All the processes : 
of nature 1 must then cease. | | pegngtt Re 


"PROBLEMS. 


ls AY mass s of 20 Klos: moving with a velocity of 16 metres ‘pee 

second, overtakes 2 second mass of 32 kilos. moving with a velocity 
of 12 metres per second; find the common velocity. after impact. 

ae the loss of kinetic energy, both bodies being inelastic. — 
To a vertical axle revolving 100 times per minut e there'is at-. 
ao ach at its lower end a mass. of 75 kilos. by means of acord 1.5 eee 
ie -metres long. What angle does the cord make with the vertic bas ae see 
ie Bie is the tension in the cord ? ) oe 
epee aa. tooth i in the blade of a reaper describes ah simple hatnidnia. ae 
Ae le of 4 cms. amplitude in a period of one-seventh of a second. 
What is its maximum ‘Toleeity. and its maximum acceler ation per 

oe ‘second ? | | | a8 
eo the ‘Find the velocity. with which a : bade stiould be projected. do 
oc inclined plane, so that the time of descending the plane shall 
the’ same. as 3 the ime of falling through she: vertical Heigl at of ‘the re 
_ Plane. at re 7 as rein gins 


a Ves 
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aoe 53. ‘The Moment of a Force. — : 66 The mom nent af: any . is 
~ physical agency is the numerical | measure of its impor- 


tance.” The moment of a force with respect to.a point is | 


the measure of the tendency of the force to produce rota- 
/ Mon, about the point. - Iti is measured by the product. of thes. 


ie Tine: representing the force and - 
the length of the perpendicylar 
drawn: front the point to the di- out 


SS So Becton :. of the force. Let. Ones 
SR = pm 3 : (Fig. 26). be the point about 
| Fi tee ~ which the body acted upon by ; 

cars Sh. the | force AB i is. constrained. to 
rotate. , The moment Ig then : a 
: Gare Ex 00= AB) x oc. Cee 
This ib double the area ‘of the triangle A (RO. “The ae 
OC is called the acting distance or lever arm, and the point 
Ois the origin of moments. — ‘The moment of a force pro- 

aust rotation a one, direction is s positive, and the ‘mo- 


: ee ne ee 


be a PROBLEMS. 7 oe 
ee ABCD i is a square ‘of 5 5 metres on each side. Forces of 50, 60, — - 
and 70 dynes act along AB, AQ, and AD, Find the moment of . 
_ each force about D. | | | ee 
9, Find the moment of eac th of the fovees in problem - pee the ne | 
in middle point of AC. eae a 


> Bae The Moment of the esuiaat Squats the 2 Alge- - 

4 braic. Sum of the Moments of the Components. ds - Let a 

.. the origin O fall outside - : 

oy the angle included between 

the lines representing the. 

~ two forces Pand:Q. °The- 1: 

ee - moments are. all ‘then of | 

the’ same sign. C omplete Ye 

a the figure as. shown in the. 0: 
ee diagram (Fig. O7).°).Then- 

ee Ps qe and ie are the acting — nee ee 
8 Histances. of the two. poe and their e retltant, 


“AE _ ABS se Gy 
ye is the s same sway : 


_ AG. 
ag 0" 
AG 


“Also 


T ‘Theaore a 


ao c of “eal and pr nes: | | 
| ON ore! AG = AK + AE oe ee 
itute the values of A G, AP, and AE, and 


sinalt ply” 
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oe The moment’ at the. resultant equals the sum of the oe 
7 - moments of the components. | : ae Se gs 
Jf. 0 lay within the angle BAC, one of the iomionta: 
ae would be of a different sign from the others. In that case 
the moment of & would equal the arithmetical difference = 
“ok, the. other two moments. a ae 
Cece. ‘Since the proposition is true for oe forces and: their : 
a resultant, it is also true for this resultant and a third force, a 
and 50 on ‘indefinitely. Tt. is, perenne true for any 
4 number of concurring forces. ee ee 
; se: case of particular import ance. occurs sviion the origin - = 
. 03 is on the line of the resultant or this line produced. :* s .%. 
The moment of the resultant i is then zero; andthe sum 
fee ot the positive moments is equal to the sum of the negative 2 : 
moments, or the tendency to rotate in one direction oqwale” : 
the tendency to rotate. AD: the other direction. — : The equa- 7 
tion of ere is then written by Paws, the algebraic see 


£ t any line - in a "Wed is. deal the resultant: es all the. 
le asses through ‘this line if ‘there is no ‘rotation. — 
Hence the sum of all the 1 moments with respect ti to a a point 

1 this fixed line j is | ZELO. EE eae aE He 


a 55. ‘Parallel Forces, — First, ‘two fortes. ‘Lee P and i 

be two. parallel forces in. the same direction i in Fig. 28, 
and in OED directions in Fig. 29, Then by: Art. 2005. 
she res P Pt Ge in the first case, pos P- as ngs in the 
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“then & since thie. origin is on the line of the resultant, the = 

moment of the resultant j is ZEXO, or | 

“Px DC Qx H0= 0. 

co. Whence. ae er Be a%8. ‘ : 

hs BOO. 

“a A CC 

fis ae 

Q.-, AO. 


But 


: Therefore 


7 or ‘the Tines joining ‘the points of application of thie: ia m a o 
| ae _ forces with that of the resultant 2 eae 
are inversely proportional t to the ole 
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Second. an wy nutter of ‘nanallel fra ces. Let re be any a 
: number of parallel forces, .P, P’,. 2%, ete. Then | ? 
| R=P+P' +P" + ete, 
each foree with its. proper sign. 

os Let 0 be: any point on a right line cutting the directions ae 
vie of the parallel forces at right angles, side let eat alte Ne 
ete, be the distances from cies intersections of the forces a 
with this line to the point 0. Also let X be the distance - a 
ot O from the intersection of the resultant fie with the oe 
ee ‘same line. ‘Then from the principle of moments — . 
| RRS Pr + + Pra! 4. Pig! . ete: 
ale os | This may de written | ie ee 
| : ee ~ BX=2Pa_ | | oe 
where the: ‘symbol 2 Ss "means the: sum of such terms as,” a 
I the terms being of the same form. o 


PS Apratos $i tne of eles of Oa eelneté 


"PROBLEMS. 


ch iu he stick of Aidbar'o of uniform ‘cross-section i is f Garded hy. these.” 5 
men, one at. one end and two by means of a bar placed crosswise 
under the stick. Where must : the bar be placed that each man may ae 
aYTy one-third the weight? ARTS Ges Rag ea | ae 
2. A horizontal ar AB, 3 metres ‘lone haa’ one Send! B ‘attached 
to. the vertical side of a building The other end Ais supported, by Se 
ied-to it. and to. ‘the building a a a point 4 metres bo 


on _ 56. Couples. — When hee two para nal forces: are 
ce : equal and oppositely directed, their resultant i ig zero. Such 
a pair of forces constitute a couple. Their resultant is 
zero so far as motion of translation is concerned, in which - 
all points of the body move in par allel straight lines, 2) eee 
any line drawn within the body remains fixed with respec ee 
to the Oe and moves parallel to itself. : 


If now Ri is zero ne first member of the equation is ie Boat 
- finity ; ; therefore BC is. infinite chee ralue, since AB ig ROE es 
ee Zero. : The resultant i is zero, ane its ‘point of ‘application 3 is “ati 
a oe an infinite distance. | | i: eo a 
ae Such a pair of forces may cause a body t 0 tevolie atdund: 
Lede an axis. The moment of a couple is the product of one of - 
the forces and the pernendioulas distance between their 
fee lines of action. — eek ae ee 
One couple is. in ‘equilibram vith another’ wien - the 
SS ~ moment of the one equals” the: moment. of the other, and - 
ee their directions of rotation @ are > opposite, oe 


“PROBLEMS. 


pa! AS “Four foreds are. represented in. diveotion, ‘magnitude, and tine 2 
eter ‘e action byt the sides of a square taken in order; prove that the sum 
A ot tate moments about every point of the square is a constant. Se 
a, Pro ROVE: that, the forces in. \ the last peoblent are © equivalent te ao 
ong eens | Pee es 
eer) “Prove th at. t 


he » moment tof this seouple is numeric ivally panalio: 


| MBORANT 08. 


‘conditions of casitbetines a two fares dag 6 tum ey 


the lever in opposite directions about the fulcrum. 


oe For this purpose it is necessary to recall that a result- 
oe ant is a single force which will produce the same effects — 


OSes the several forces compounded. Hence if a force be 


applied to the body equal to the resultant of all the forces 
~~ acting and opposite to it in direction, then equilibrium must 
ensue. For if we assume the several forces replaced by 
(their resultant and a force applied equal and opposite to 


2 this resultant along the same straight line, the: final re- . 


sultant would be zero, or no motion would ensue. Each 


force would then be equal and opposite in “direction. to. oe 
Ae the resultant ; of all the others. oe : ee 
“Let two. ‘ecighis, P ad 


Ge oe eee W (Fig ig . 80), be applied oe 
, fe two ends. of ‘the lever, — 


—R | edat the point of application a 
“of their: resultant. by a cord. 
passing: over a pulley with- 
Ly out friction, and. carrying a 
I < eomtter.. weight - Pe. Wee 


Lg Aas Then the: several weights 
will bo | in » equilibria. Either A, 2B or ¢ NOY ae ae - 


* and let the lever be support- oe 


EI NETICS - 


ee — b aap ley te 5 : A C 
gad oes 
ae Pw" 4B 


or effort aad eight are inversely as their acting distanoed. Pee 
Tf Wis the effort, the lever belongs s to the second order. a 


If P+ W is the effort, the lever is of the third order. _ 
The relation of effort and weight, “expressed above, 


poe applies to the several orders alike. ‘ 


BS. ‘Prindiple . of the ‘Lever by the Theory of Work. | 


— - Sippies the system, represented by Fig. 31, to suffer a ch RY 


small displacement, so that A 


ses and B take the positions A’ and 


| Rte Then. the positive work 


done on one side by W equals 
the negative work done on the | 


e other ‘side against Pe: | 
Then . the vertical. Giaplace: oe 
ments of PP. and. WwW are ACsin — ae ge ihe 
ACA! and BC sin ACA! penneotivaly “Phess are. ‘dhe 
: working distances. of: P and Ee fer, the small | eclee 
eae Hence the relation ih pg AEA Ba SE atte 


op x AG sin AGz ees Wx BOsin 0A! 


ms ee cnueling out the « common n factor, Oe 


ME OMANI os. 


89. The Inclined Plane. sa Since Goseleritione are | - 
‘proportional to forces, the — 
relation already found to os 
exist bétween the accelera- 
tion of gravity in free fall _ 

and the acceleration down — 
an inclined plane also ap.) |: 
plies to effort and weight, io 
when the effort is applied 
parallel to the face of the’. 
ae & | plane AC (Fig? 82) nag 
ity gf ‘is the acceleration mt paella to the > face of .. plane, 


omg = mg s ee 


my S ace Ws sin a. a ae oe 
a ae or. Pi : 


a M Sor ‘againat. pany: a oe : es eo. 
lifting Ww dhyough. BO. ; Hence ree ee : 


: tion, or 


KINETICS. ahaa! : a 78 et 


plane: rat equal ay component of Ue in the same dizeo- ae 


P GOs oe W sin a 

£f- sin a A 
Hence ee == tan i= rr Sas 

W cos a bh 


te the principle of w is: oni then the distance | 


es worked. over must be multiplied by the component of the = 
force in the direction of the displacement. to find the work Pe Sa hel ad 
done. Again assuming that the weight is moved from. ee 


es the bottom to the p of the plane, we have | 
ao ee Pees als Wh. | 


Bie ee oe =f. 
“es Flenge, 0 pt l= Wh, ” 
pk as s before. Se eee 
The juclined: plane serves toi increase thet tine ook ‘doing. 
given. amount of work, or. conv ersely of decreasing the. 
ite of doing the work, that i is, decre asing the power re- 
¢ uired. In the approaches. to. the St. Gotthard tunnel the — 
_ necess’ ary rise to reach a given elevation is. distributed — 
over a long spiral | inclined ‘plane, lying partly within the — 
- mountain asa tunnel and partly on its face, and of such — 


length that the power required to. lift the train is reduced : 
‘to that. w hich. the engines can su apply ae 


60. The Sonate of the he alenoe a and AB, 76) 


“edge” ‘on agate plates. : At enol oni 3 ig s suspended a seale joo 


cae: Pan, and the two Pans should be of equal weight. 


‘Let the three polite’ oe oe, 


“B, and no (Fig. 34) be in - 


, the same straight line. A 

od and B are the knifeedges Se 
ae ee ‘supporting the scale pans, 
fe end: Oise the knife« dge 

3 on which. rests the beam. 


mae ade “phe: centre of gravity” of e 
| the beam is at G,and the — 
weight of the beam is uw. 


ee ee. a weight P be. placed ie 

| nid? P. - Pp in the other. These weights — 

of the ] pans. _ The two arms of the balance 

qual to each other. Then, upon producing a — 

ement, so that the beam takes the position — 
3, the two. lever arms remain equal to each other, $0 
P and P have equal moments and counterbalance. 
h other. They may ‘therefore be omitted. from the 
juation of equilibrium. — Té is “necessary then to. take 
into account only the moments of the small. excess weight 
pi and the weight: of the beam w. These pr oduce rotation 
in. “opposite directions: around the: fixed ‘point: O. as the 
origin: of: moments. — ee a 
f The sensibility of. the halancs,. fs 5 propostibaal ib th 2 
angular. displacement. of 1 the beam with a given sma dif. 

: ference ; P in the load. es eae 


| KINETICS. Ce 


| ree fares be galled 2 If | 1 is ‘the jenpeh of each arm of : 
a the balance, t then BL eaves l cos @ and GD equals r sin 6. : 
| Substituting 
Pp x Leos 6 = eer | 
From which da, ee i tee 
| gin nnn ta . o. pl 
cos @ wr 


The ingens af the angular displacement, or vif the angle ce ae 
is small the sensibility, varies (lirectly as the length of the ae ee 
a beam, and inversely as the weight of the beam anda the dis- 
tance between its centre of gravity and the knife-edge or | o 
axis of suspension. 7 : os Pub agicie PSN 
Jf the three points, A, B, © are ee in the » same oe calieh foe 

eo ine, the sensibility changes with the load. When Ci ig) 
above AB, the sensibility is diminished ; for when the. 3 
S beam ig displaced. the lever arm of. the higher end. of the | 
balance beam becomes longer than that of the lower end, ; 
nd. the moments of the two weights PB. and P become. un- 
equal : to each other. : The. differe ence in moments increases _ 
with P and tends to diminish heey et a 
os When Cis below. AB the sensibility j is. jaar: ‘The 
o> lever ; arm of the lower end of the beam. becomes. greater — 
ae than the other, and the difference i in moments incre eases 0. 
ee The deflection of the beam under load. raises the point 
eee C with respect to the line AB. Hence increase of load may 
pe “oduce first, an increase and then a decrease, of sensibility. or 


c e—2 The } e process sof cone 


a 78 ee ox “MECHANICS. 


Let oh bbily. of weight 2! hee first ispentad: oom mn and 
: ‘counterbalanced by a weight win the other scale pan. 
- Then let it be placed in, iB and counterbalanced by — 
weight w”. | eee fe Sot ee 

a phen for the first operation . 
te 


For the second — 


To aa Zoe = In" BENG et Sea Oye 
: Multiplying tog vether (a) and (b) member iy. member : - 


- Waet=l iwlw". 


‘Therefore ee te Mw! wl, we! wl 


_ When the two are ‘very nearly of. the same Siena and 


ee differs but ius froma nee the t true e weight may be ae ; | 


he le féchand p: pan ie muse: ibs added 1 to Saray ries in nae 
rigl hand Pen wit must. be added to secure a balance, aoa 


ay cre w) = = 7 w, 
d Wr: — =! Ht) W+ en 


IN ETIOS 8 2 ee eG 


‘PROBLEM. 


Left Ar mo aa Right Arm, 
Wes 200, gms. : WW! + 008073 
Wr 0005 2 . W== 200 


; Find the ratio of 7 to 7. 


62. Centre of Inertia (A. and B., 44). —If we con- 
nade any system of equal material particles, their centre of — 

_ tmertia is the point whose distance from any plane is the hod stieg 
average | distance of the several particles from that plane, a 
- When the body or system consists of a finite number oF ee 
parts which are not equal, but the masses of which are _ ay: 
_... known, then the “istance of the centre of inertia of thé 
_. whole body from ny plane may be found by taking the 
_ sum of the products of the several masses by their respec- 
tive distances from the plane and dividing by the sum of | 
the masses. The distance of the centre of inertia is thus _ 
ae the: average distance of all the masses from the plane 
7 : Conoeive now the sy: stem OL: particles to be acted. on by. 
a system of parallel forces proportional to the masses of — 
othe particles. — Then if the particles be ‘supposed collected. 
at the centre of inertia, or centre of mass, and to be acted. 
on by the resultant of all the parallel forces, the same mo- 
tion will be produced | as if all the separate forces acted on _ 
a 2 the: ‘separate | particles. ~The motion | will: be motion moe 
os ne anslation without. rotation. ee soe oe Be : 
When the par allel forces. are due to gravity t the: poin 
oO ve is vonlied | the contre of gravity ye The centre 


abrielly 1 pare sash a anc 
a tuting the bo 


| 80 Se ae “MECHANICS. 


system of aes fron a given une. may be expressed | in oe 
the form of a general formula, | 


: ‘Tt may be demonstrated as follows : Let JEM’ Gig. 35) | 

2 eee be the plane of reference. Let 
the particles m,, Mey be situated abe 
A and B, distant respectively 2, 
and 2, from the plane. Let (be 
the centre of mass of the twopar- 
ticles ; ; that is, the centre of two.” 
parallel forces at A and B propor- 
tional to m and m,. - Through Ces 
ee draw DE par allel to FG; Fand 
yu. Gare the points of intersection Oe 
a ae coe the perpendiculars from 7 o 
ea ia WHER the ‘plane. "Let wbethe 
er woes f distance of Q from the plane eae 


a) | . coe 


ey a aes icra cae ig 
1 


a 


ae om “Ba. _BE 

as 2 AC AD” 
ty x AD= = My x BE. Le [eres 
AD= =a, — 2, and BE= = t— Day oe eee 
Mm @— 2s = Me @—®. | oS a 
2 2 - m= = =M Br + bah @a i o Hebe 


RIN ETIOS 600 008 GS BER a 


Tf in the figure the plane of reference should pass 


through C, x would be zero. In general when the plane of | 
reference passes through the centre of inertia, sO that A 
is zero, we have | 
ma == 0}. 


63. “‘Géntre of Inertia ae a Triangle, 2 ict the triangle . 
& he of uniform thickness and density. Divide it into — 
very large n umber of small areas by equidistant tities 
drawn parallel to the base. From the De C ig ig. 86) 
- draw CD to the middle point 
of the base. It passes through’ 


- the middle points of all the nar- 


| TOW. elements of the triangle, 
which are their centres of in- 


a ertia. Their centres of inertia 
“co alb He on: the ‘line’ CD, -and. 
therefore the centre of inertia — 
Ae cok the entire triangle must lie 
“e on. the same line. | “Let, it. be at 


Ga ‘The PE oblem . is to > find the distance of 6 from the 


apex: Oo 


The areas abt the email, aisins of the triangle, bogie: " 


| nie: at the apex, are strictly. as 7 5, -ebes But. no - 


error will be introduced by assuming eins areas, and 
ee therefore their masses, to be represented by the numbers 


ce i,2 8, etc, . For pues he. hee bee additions so 
> Beas C “The areas ; would ‘fue: 5 strictly as 51,2 ay 2 “ete. aS 


: aoe since stare is an _ infinite spumber | of Sateen n “of 


Bed et ee aes | MBOHANIOS. 


| ‘the. sec sotied order. ‘The « error ae then by adding in an. 

~ infinite number of these excess triangles is only an infini- 

tesimally small quantity of the jirst order, and this is. 
ne gligible i in comparison with the finite area of the large 


on) 
os triang le. 
: “Te m is the mass a the first small area, the series of 
ao masses will be represented: ey the numbers | 


Rey 


fre 


. Let the iy ine of oe be drawn irdiieh co perpen 
ue dictilar to CD. Then the produc ts mu will be represented 
by the series | 


ni "My my Bt ee PN, 


: Sma 2 22 OF tee ey 
| Henes CG Ge or 1 = : ue is + a. 
ee ‘ am ; a a +2 2: ast 3 eS : n) oe 
: S | Apply to: nee summing of the two series the formula of : 
; Vege oe ym 1S : 0 | 
Ane bB: med i . in which m is s the exponent 


Phen 124.984 8? oe be 


sie Wt me ees = ee 


diameter equal to the 1 


‘KINE TIOs. 


3. ‘A Goon cireular late has a eiccune hole cut in. it t with a) 
‘adius of the plate, the two 
Find the centre of inertia of the remainder. 
4. A square is described on the base of an isosceles ight 
- What is the ratio of the altitude of the triangle to its base hel the 
centre of inertia of the whole figure is at the middle point of the 


tangent. 


base! ? 


distance between their ver tices. 


64, Centre of Inertia ofa Be eumid: 7 tie py ‘vainid = 
a Conceive it to be divided into small 
sections by a very large number n of equidistant planes | : 
| Let g. be the centre of inertia iN 

of the section at the base, and draw a 
. Cy (Fig. 87). Since the sections of 
-... the pyramid are similar figure 
line Cy passes through the centre — 


indy have any base. — 


- drawn parallel to the Base: 
s, the 


of inertia of all these elementary 
areas. 


Then, since the ele- 


Be TE two ty anoles have ne same Bice and ¢ equ wal | altitndes, fee 
that the distance ‘between their centres. ot inertia is one- third the 


: The centre of inertia of the 
oo avhole® pyramid must therefore lie 
ee on this same ine.» Let it beat @ 
ceo Ter find: CE suppose a plane oo 
foe referen ce drawn through C' perpen- 

ee dicular 40 (Cg: 


circles. being fe 


trian gle. 


Fig, 37. a : 


mentary areas ‘of, equal thickness ah density. a are e simi oh 


oo Nae figures, these areas. are proportional to the square of 8 
their homologous dimensions. - 
are propertonst to their distances from. G, that 1s, foe 


4 Q, By = ‘e Ne a 


oe AE. now ‘the mass of the first section. at ¢ be represented 
by My, then the masses of all the sections may he, » Rep Ee 


“sented. by, the | series 


‘The homologous dimensions | : 


Bhar | MECHANTOS. 


The reduc: of these: masses ie their respective diss 
tances from the plane of reference will be the series: be 
Cee: | 132, 2m, 3m, eg Me Te oi 

Acces 0G = 2X em ein = a 

; lm a 7 8 4 se 

: “The centte of ieee of the pyramid i ig therefore on n the : 
ae ine drawn from the apex to the centre of. inertia of thes 
ce hase, and thre e-four ths of the distance from the apex down LS, : 


| 65. Wodiant of Inertia (A. aa Bi, 56: 7 46. me When . 
oc body rotates every point of it describes a circle around _ 
a line called the axis of rotation. _ Every point of the body _ 
a then has its own velocity in its circle of rotation, and this — 
ae velocity i is proportional to the distance of the particle from’: ~ 
a ~ the axis of rotation. — Hence to. express: the speed with — | 
which a body rotates, it is sufficient to give the velocity — 
of any one point together with its distance from the axis.” — 
~The distance chosen: to express the velocity of rotation, or 
the angular velocity 'y, as this is called, is unity. _ Hence the ee 
angular velocity of a peas? 1e linear 
2 : ‘ saeetiy 2 of a Pent ee : 


KINETICS. pee ae . pe Bb! ioe 


The angular selea repre ddouts the. | anal: turned — | 

_ through per second by the whole body, as well as the — 
idistance travelled . by a particle at unit distance from es 
- the axis in the same time. It must not be overlooked that. oe 
the angle considered ds. alw ee ee in er cular 

S measure, ee | : cee 
Angular velocity n may ao variable: eae ue weleration are 
is then the time-rate of change of angular velocity. Let 2 
oe ‘represent angular i acceler ation. ‘Then | | 


eo where @, ‘ig the ‘nial and o the final: ang ine velocity, the ee 
ce change being uniform throughout the period 4, oe 
= the initial velocity i is zero, then 


aa’ = y 
ae ae re 


“But? 7 = 4 the linear acceleration of a | point at a dis 


“Hence 


; tance e ftom the @ axis. 


a= ee or as = arg a 


a a “the! anular ‘ageleration: is the’ Nneat acceleration of Be 
a Me particle situated. at unit distance: from. the < ‘axisy ve ee i 
Let the particle m (Fig. 88) be at A, a distance : r fom 
a “the: axis, and. let. its angular velocity, be @.- Then. its 
Se _ linear velocity i is 70. But. kinetic energy is. half the prod- 
-- uct of the mass and. the square of. the velo ‘The kinetic 
energy 0 of the © particle is therefore a : : 
: a : w obra 


eo 80 eee So MECHA NICs. 


. ‘Sinte ihe angular velocity is ae same for all Hoints of 
the body, o* is a constant and may ‘be taken out from the 
sign of summation. The quantity 3m’ is called the 

moment of inertia of the body. It measures the i import tance 
oe of the body’s inertia with respect to rotation. It is pro- 
portional to the kinetic energy of rotation. The work done 
upon a body to give itan angular velocity w is therefore pro- 
portional to the moment oe inertia of the body. — 
energy of rotation of a body whose angular: velocity i is. 
- depends not only upon its mass, but upon the manner in ae 
which that mass is disposed about the axis. Geis ew 
If the entire mass of the body is supposed collected at ani 
ea - distance k from the axis and so situated that the moment me 
ae of inertia remains unchanged, then | | | 


et ‘ ae Ymrt= lem = Mie. a4 ee 
‘The ‘distands: be is called the radius of gyranine : The ee 
: jumment 0 of inertia } is austell represented by the letter de a 


: 66. “The Moment of Inertia and Abgalar Accelera- : 
tion, — = The moment of inertia may ‘be- defined | as” the: 2 
“moment of the couple required to. ‘produce unit angular 
weeleration, As shown in the last section, the Hinsae- 
acceleration aofa particle distant: r from the axis is r times 
che 3 wes accelers ation ¢ or Ere Since foree: is the product : 


. KINETICS. phe ey: 


If now a is és unity , then the moment of the couple producing 
— unit angular acceleration i is Lmr*, or r the moment of inertia. 
"Also 


sees gn ‘which dis the lever arm at which the force F He to nae eae 
a produce the rotation. Be : 


_ PROBLEM. 


; The weight of a fly-wheel i is Mf gms. Let it be considered entirely ‘ 
— inthe rim at a distance 7 from the centre. If a foree of # dynes — 
acts steadily upon t the wheel at an arm of 6 ems., show that the. - 

- angular. velocity o after 2 seconds from the commencement ue: a 
eo motion will be. ee 
| Fo 
Mr 


oo 67. ‘The ancient of Inertia ofa Thin Rod. “het the 
2 axis of rotation be at right angles to the. length of thes: 
rod through its middle point. Conceive — each half of 

. the rod to "be divided into n equal ¢ divisions, each of mass 
: is Me ‘Then the moment. of. inertia of the entire rod. will be. | 


Ta 2m (+ $248 i mt) = ome 


ene But the mass of ‘the: rod is. 2mm. | Hence, if ee is the a 
. ne entire Rs, ae a 


The Tength 1 lof the rod i is 2n or n= = — ,and 2? mae _Sub- 


8 gorawres. 


supposed to bisect t tivo: oppoaite ae mt te iene. the: . 

- moment of inertia for each elementary rod will be the ex- 

cee pression | above. If then m is the mass of each elementary 
Tee rod or. strip and a the length of the rod, or the bisected : 
Dee side of the rectangle, is 


7 . i yt a 
ee Py = ot 
[3 = ue 


ace Te is the. other nee of the rec tangle, the moment of a 
a - inertia HOR 8 an axis s bisecting the sides bi | 
ae oe eo 
oe The moment “of. inertia? of a. rectangle ieee an axis 
through its centre of figure and | perpendicular t to its plane ; 
gs son larger. pei mia A da | : Be 


‘The ; deeatty is sie gt se 


se = propactiond + to “thelr r ate : 
HOUIe we: Shall have for the- 


ae negate to. De. ® uniform. 
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ee ee oe ey, oe | 
| ‘Therefore Boa i — :s a 


Since a cylinder is made up of such rings, the moment 
of inertia of the cylinder about its axis- also equals : nee 
ua ain which M i 1S eo mass of the cy linder and r its: Be 


edict. aoe | 3 ; ao : 
(by) LO find the moment of aera as a eae al 
i “shell or ring about its axis, let r and 7 be the external ands 55 
~~ internal rai ; let M be the mass of the shell or ring and. roe 
: M’ and MM” the masses of the cy linders of radi 7 ‘and. ea 
ae “respectively. ‘Then the moment of inertia of ‘the ring is Be : 

i ee Tes — ure. roe 
Now Mi arld nd MY = arld, i being ihe eng nd | 
fs @ the ie density of the pteoere “Substitute and 


r= 7A o 


a Bat M the mass soft the cylindrical shell, is 5 ld cr — “1 : ce 
eal then ee =o: i +7). : Se coc : | 

a Ce). ‘The moment of seria. of a “pighes cone, e, around | 

: “the afixis of figure, may. be obtained i in. a sitilar’ Way. : 

ee ‘Divide the cone into thin cir rcular lamine by equidistant 

- Lae weeded to the } hans The radii of these circles are - 


POD es MECHANICS. 


7 he moments of inertia ‘of the cfroular pees are 


i : Wee OQ -- . ™m 
m Moe a ee SS ar a ag 
ae ee 9 OO 


+ id ; a 


(th : . an WW. 
| Henee Tl=% (At+ 4 Bb Saket ag te ee ee 


g Bi. 


Sub stituting | a for - and 
T= 2uit= =. Mr, 


: it pis the radias of the ede 


PROBLEMS. 


Find the moment of inertia of a grindstone 1 metre in diameter > 

a a 10 ems. thick, density 2. 1. | The axis is sous) its centre e and en 
a perpendicular toftsplane. : oe 

see Goo Find the. Kinetic energy. of tthe 3 same stone when. rotating 5 res 
: - times} in 6. secotids: ” oo 
Pe BE homogetisous Cy Ainder Get mass m 4 wading: @: aie seround af 
ny axis: coinciding with the axis of the eylinder ; a fine - a 
thread is wrapped round it, and a mass m! is attached to the end... 
Show that when the mass a! has descended through the hei oht h the. 
ingular velo of the cylinder, neglecting friction, is. given n by the y 
mention we - BOE Te) 


oe be the conive of fone 
| ea or centr @ of mags . : . 
_ of the bod: lys sand sup- 
i pose: the - moment of 
[Es Anertia: of the: body 

eo ahout the axis GY. to. 
be. known, and let. tte 


KINEPICS,. 00 00 Ee Ea 


Let an element of the mass m be at B. OX, AY, GZ. 
are rectangular axes. Then the figure GUBA is a rece. 
| tangle. In the triangle AB G | | : | 
part &— 28d cos AGB. 
Since the angle at Ci is a right angle, | 
| rcs AGB = 2 
Therefore ies ee cE 2d, 
| and . a np? == mr + med? — Qedina. 
For ev very element of the mass a similar equation can. be 7 
- written. Therefore summing up for the entire body, | 
ae Smp* = Sm + Smid — 24: S'mex. | 
- But by Art. 62 when the plane of reference, which is. 
“Here the plane ZG-Y, passes through the centre of inertia, 


Sma is zero. The last term of the above equation is then 


- gero, or the sum of all the positive products mz is equal to & 


the sum of all the negative ones. Hence if Lis the moment a 
: of inertia about the axis thro ugh A, | Ro 


eee oe I, + Ma, 

since - sm m equals: the entire’ mass of the: body, ic 
_ Therefore the moment of inertia about: any é axis exceeds : 
the moment of. inertia about a ‘parallel axis through tl 
centre. of inertia ‘by a quantity equal | to the product. of 
the mass of the “body and the square of the distance 


between the two “axes, or. by. a ‘quantity equal ‘to. ‘the 


, “moment of inertia which the body would have about the 
axis through A if its mass were e all aggregated at its centre 
of pravity & ee ee ee tate at eee 


GQ oe sed oe MECUANICS. ae 


ems. ‘Find the j increase in the moment of inertia Lot the bar due to , | 
2 the addition of the cylinders. ! 7 | 


70. ‘The Ideal Simple I Pantalum®: — By an ideal sim nb 
pendulum i is meant one in which the entire mass is sup- | 
mete? _ posed collected ata point =~ 

and suspended byan in- 
extensible thread without. ae 
weight. Let the mass m be - ee ; 
suspended from A (Fig. 
40) by the thread of length 
1. In the position WB the. 
acceleration BG may ben 
resolved. into two compo- 
| cr nents, the. one in the direc- s 
: _ tion: Ss length. of hae . 


one ‘The lattor i is. : 
ake BOafegsin 2. 
eo : Tf the angle BAN=6- 

: is | small, sin a zy be oe 


_ KINETICS. — 


In simple harmonic motion. 


Then ee eli, f= Ha, and Pak seas 
| VE : 


os This is te general formula a the period of oseilla- e 


oe tion in simple harmonic ser But for the pendulum | 


J paren Jy 


oe For the simple pendulum therefore a 


a 


(Hence — T= Qar ih | | 


7 This j is the period of a pore or double swing. | a For 28 


eo a a single vibration ) 


etl to. tha square: roots sof the lengths. oe ae : ay 
i vy is one e second | 2 


oe : : game a ee 
T= = 3, 14159 and is 9. 8696. uke 
. = 99. 29 nae ee 
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| approximation that the sine of} an ‘angle is Sanat to the — 
angle itself, the vibrations are isochronous, or the period 
remains the s same W vhile the sania diminishes. 


PROBLEMS. 


_ ee Find the period of oscillation ofa pendulum 6 metres long ots 
ata place where g is 980. a _ 
2. TF the length of the seconds pendulum i is 99. Ald oms., what Is 
the value ofg? | : 
- $.. A seconds pendulum is lengthened i per cent. “How much os: 

does it lose a day? — | “ | 

‘- 4. A pendulum beating eae eas at one pints is ce any to. another i 
station where it. gains 10. seconds a akg Compare the values OF. 
gravity. & at cape two placa: yes ae rr ee 


ie The 5‘ Oeanpouind’c or ‘Physical Pendulum, - — het Ae aay 
ass of a » heavy pendulum, including its suspension, be Mw one 
a Rey lca let the centre of inertia of this mass 
a fe. at a distance be from. the axis of sus- 

pension A (Fig. 41). Then the total force 

a of gravity, or the weight of the pendul gin, = 
\ is My, and the lever arm for. the centre of! 

; J ratetion A is BM, or Asin Bees is 

\- The moment of the force # peolne rob = 
a hares \ tion § is therefore 7 S ee le 


: mas 
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This is a length 6 35) dives same as linear tangential velocity — 
“divided by angular velocity. The equation may be con-— 
sidered then as a general formula for the length of the 


- ideal simple pendulum which will oscillate in the same 
time as the real compound pendulum. That this is true ee 
may be demonstrated by supposing the mass JZ all col- 


lected. at a point at a distance 1 from .A, so situated that 


— the time of oscillation as a simple pendulum is the same as 
that of the compound physical pendulum. Then the r for 


each particle becomes 7, and h also becomes d for the ag: oo 
- gregated mass. Hence | | Det a aes ag 
| mr" = 3m ie Me 


“Mh Mt ~ MT To Lg ee ee 


The length Lis called the length of the equiv: alent simple. ae 


- pendulum, or the pendulum viet ating in the same time as 


oe. the actual physical pendulum. It is found by dividing 


the moment of inertia of the pendulum about “he | axis of 


suspension by the product of its mass and the distance | 


a between its” centre ‘of mass and the axis of suspension. | ee 
ce By, substitution in the, formula oF the. last -artiole; the 
period becomes — Le ae SESS: 


ice a 


gk Be 


oe “The: numer: tor fob the. Eoaition. under ne silica | sign | ie A 

ge. moment Ok inertia about the axis” around which the 
pendulum. must ose illate, and the denominator i is the stat- 
teal moment, or the maximum moment of the couple 


producing: rotation, - Ww when the: lever | | arm is. A or when : 


| ‘point sélled Chel cece: of oscillation. Tt is of course the 
point at which the whole mass must be collected so as 
to form the equivalent sim ple pendulum, and the body oscil- 


lates as if its whole mass were concentrated there. It igs 


~ also called the centre of percussion, because, if the pen 


ee dulum be started by a blow at this point, it will swing . 


~ without any jar on its supports. A bat is an inverted 
_ pendulum, and drives the ball best without jarring the 
hands: if it strikes the Lo at the centre of peruano ; 


"72, ‘The Reversibility of the Pendulum. — Let F Fig. 49 eo. 


: ‘Tepre esent, a. physical pendulum consisting of a uniform 


rectangle or bar. Also. let A be the axis of re 


|| centre of oscillation, 
Applying the. principle of ey moment of Me 
oS inertia about a pene axis (Art. $8), ee 
: | ae it a Mii he. 


 aiaiabaier eee eiceasreetaater } 


5. gman Soe te aes ect 


=) ee for the : axis through Ag A Ge aes 
fap - Suppose. the pe endulum i Be: coveined: god : 
| J 2 geung: from an axis through O, and let bes. 
_ the length of the equivalent simple pendelee Jes 
pre: for this. axis. : af hen y o 
Cee Us dime i + a r(l- = “By 
= Ham * es ca 
m the first equation — oe 
_ l= = & 4 M 2, 
pee —M h d=h). 


ale i in 2 the ‘second eq ati 1 an. 


suspension, Ge the centre of mass, and o athe io 
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or the length of the equivalent simple pendulum is the 
~same whether the pendulum be swung from A or from. 
O. If the length is the same the time of oscillation is 
also the same. This conclusion is independent of the 
form of the compound pendulmn, or the an angenent of | 
its mass about the axis. | ay 7 ic 

» The length of the equiv alent simple pendulum j is volen 
“the distance between the tw oO axes about which it awings 
in. the same time. | | 


: 73. Kater’s Reversible Pendulum v.. A; 238). a The oe. 
- reversible posers devised by Captain Kater utilizes the 
a principle of the interchangeability of the centres of sis. 
ee pension and oscillation. A brass bar, carrying at oneof 
~ its extremities a heavy lens-shaped weight, has fixed in ib 
- two knife-edges facing each other. One of these knife. 
ne edges is near one end of the bar and the other is next fo 
ee the heavy weight at the other end, the weight. being oute i < 
Le pide.” ‘Between. the two is a smaller weight. adjustable by | 
ee means ofa tangent serew.. This weight i is adjusted till the 
oe time of vibration of the pendulum is the | same | whichever 
BoB: knife-edge serves as the axis of suspension. ; ‘The length ft 
; Con ok: the. equivalent simple pendulum. is then. ‘rigorously oe : 
ing known | and is equal to the distance: between the. two : 
parallel knife-edges. _ oA oe ee at es 
Coco TE ts time ® af vibration is  aenetly determined by ‘the 
ae method of coincidences, the length of the pendulum. giving | 
seconds in air can be determined. ‘The mean, of the results : 
of Roda, Biot, and Peirce i is. . ee eae ee 
ae I oh 998.92 mm. ee Bee 
at Paris as an elevation of 72 metres; ; this is for a v 
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14. ror for ‘Minimum Period: of Oscillation. . ~— if ne 


the pendulum isa: uniform bar or rod, then for the — 
axis of suspension at one end A (Hig. 43) the centre — 


of oscillation is at O; and for an axis at the other 


o| end A’, the centre of oscillation is at 0’. The time 
Vor oscillation about these four axes is the same. If 
| the: axis passed through G the time of | ‘oscillation 7 


would be infinite, for ae h is zero, and therefore i bes 


is infinite. — The period of oscillation. decreases as 


the axis is shifted from G toward 0’, and on further . o 
shifting to A the time is the same as at Oo. Tf the Pee 


axis could. be further removed from G@ the period — 


a Fe ee would continue to increase. It must therefore pee ee 
ee ‘through a minimum between 0’ and A. fae 


eee find this ir pent we have in Article 2 
oe Le Babyy :- ee 
1 constant, since Ee is. the moment of inertia about. are 
xis: ‘through the centre of ARS, perpendicular to > the 
ength of the bar. ee 
Then ha — A)-is a. “constant. OE es 
ut when. the product of two ‘factors & is a “constant i thet x 

‘8 m is ice when they: are. ae to each other | 
‘Their. sum ° : ere ean ae 
ee cee he dda 
and ti is s therefore Teast whea Ee oe Be ne eee Mute ours 
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~ CHAPTER Vi 
"MECHANICS OF FLUIDS. 


75. No Statical Friction in Fluids. — i he term finia a 
applies both to liquids and gases. A perfect fluid would 2.9008" 
offer no resistance to a  ghéaring stress ; but owing ta vis. 
fe cosity no fluid is without. shearing stress. The cha racter- a 
ee ‘istic property ofa fluid is to flow. Viscosity is a resistance ae 
oe to flow due to internal friction of the particles of the fluid rs 
Cn . against one another. A. fluid possesses no ri igidity, butis. — 
oo deformed by any force, however small. Ether, water, oil, 
molasses, Canada balsam, sealing-wax, shoemaker’s | wax, 
are examples of fluids of progressively g greater and greater 
. viscosity. Shoemaker’s 's wax, which acts” like a solid when | 
struck with a blow, deports itself like a liquid because the 
deformation | of a mass of it continues. SO long: as the dis- 
-— torting force” continues to act on it. It accommodates, : 
: af itself. to. an irregular, : sinuous | channel and flows slowly oy . 
down: it. Corks placed under a layer of shoemaker’s wax 
on water gr: adually come through the wax to. the surface. 
Bullets placed on top of the wax settle through it. Masses 
ny wood in the wax” eons: settle into the # Penton f 
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that all Auid pressure, hen the fluid § is at rest, is Horiial 
to the surface of the fluid. If this pressure were oblique 
it could be resolved into a normal and a tangential com- 
ponent, and the latter would produce motion of the fluid. 
Since action and reaction are opposite in direction the stress _ 
between any two liquid surfaces in contact, or between a_ 
liquid and the walls of the nen vessel, must be. 
normal to both. — | | : ed , 

- When fluids are in motion there exists a tangential force. 


of friction. Hence the middle of a stream moves faster 
than the sides. A glacier moves down its channel in the 


 gamg manner. Tangential friction between two fluid sur- . 
pees 18. due to viscosity. 


"76. -Pascal’s Law. — In Gidoussing the conditions of oe 


‘equilibrtum of liquids itis often. asefil to conceive small | 


_ to consider such ; por tions as separ ately recognizable without. a 
| altering their relations to the surrounding mass. | ay 
7 Conceive the small oube ¢ Fig. 4d) to es 


portions to become solidified without change of density, oo. 


: J become solid without change OF volume. ne 
=| Then the | pressure on: each’ face. of this 
| cube is the same, whichever | eae 
i turned, provided. the: fluid i is at rest, and is. awe 
"* not acted on by any forces except those 


- applied fo its surface. “TE the forces on any pair of opposite x 


a ee of the cube were seca ‘their difference cit 


MECHANICS OF FL ieee ASS OR ae 


on opposite sides of any one che: aad any difference be 


tween adjacent cubes i in opposite directions w ould produce 


motion, which is contrary to the hypothesis of the liquid 


at rest. Hence, expressly eliminating the influence of . 


gravity, the pressure throughout the mass of a liquid at- 


rest 1s everywhere the same. ‘This 3 is known. as Pascal's a 


Principle. | : oi | | ie p 
It follows that an increase of pre sgSUTe on any plane i Is: 


hs transmitted to every other point in the fluid. ee 
- Pressure applied to any area of a confined fluid j is tr ans oo 


- mitted to every other equal area, either of the fluid or the 


walls of the containing chamber, without diminution. re 
This is the principle ce the transmission. of pressure. Thc) 4 


is the principle applied in the Hydraulic Press, which is. ae 
_ employed for compression purposes, for making lead pipe — 


S ~ pn ae SSSSs SH Sy I SESS SSS : : tenes ee ae 
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(ils 


by foriing the Toad through a die, aiid fox the! purpose ‘of , 
working: cranes to lift heavy : masses of metal, and the like. 
| ee consists yore at two Fyhindets of ditt iareut aie: 
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in ais : worked: by the lever: i Ww. ater is ‘thus awk from | 

. the surrounding reservoir, and is forced through the pipe 
OOO to the: large cylinder V, where it acts on the ‘plunger A, 
The mechanical advantage of the machine is the ratio of | 
exee the CTOSS-8E etions: of the ‘plungers — a and 4, $0 that “Bee 


pressure of Pp dynes on it balances po — dynes on Ay But ae 

what Is ained j in power: is s lost i in speed for the plunger a ; 
on a ie 

must tr avel ~ times as far a as the one in AL The work 7 


oS done on @ is Le equal to ‘that done by A if tition 4 is 2 

ee neglected. There is no. gain of. energy, | but the: liquid — | 

- acts aS a practically incompressible medium for the renee, “yee 
ission of pressure. : ny ey Fn Bite stil 


7. “Pressure the same at all Points of a “Florincntal’” ‘ : 
Plane. io the fds is: not f eoightlors, Paseal’s Saeie: os 


“Th The | 
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are the same in all: ditestiong: Bae while this. is true ie faa 
every horizontal plane, the value of the force changes from a 
es to plane pecatise of the weight of the liquid. 


Bs The Free Surface of.a Liquid Horizont al. iam ~ Con a 
“les a particle m at some _ | 

point B (Fig. 4 6) of the free 

7 surf face AB 3D, which we may 
suppose is not horizont al. 
~The vertical foree on m is — 
mg, represented by BW. Re- 

solve this into two compo- 

: nents, one normal and the | 
* other » tangential to the ‘sur- | vec a 
5 face” at B. The latter component BC will cause ew 
particle to move. But by hypothesis the liquid is at rest. 
| : Henee ahere can be no tangential component. But this 
eo tangential component disappears only when 
Se the surface is horizontal. Ther efore, the free 2 
 SE===" surface of a liquid is a horizontal surface, and 
Pe dae sor the lines of force due to gravity: are. every- 
ee wher normal to ae eee 


Fig. 46, ; 


ou os Oe 79. Pressure. Varies” ‘Giraotiy: as. the | me ae 
a Co pes oa) “Depth. — The pressure at every point: in an. | 
Ge ecg incompressible fluid due to its weight is pron os: 
Pe akong aet portional to the depth beneath the surface. _ 
aes "Fea For consider two vertical cylinders of liquid 

oe ee - with their upper ends in the surface ‘of the 
guid at rest Fig. eos Let. the length of a ben times 
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es on that ab ie Ae the come presdure, is Balanced: as | 
the weight of the GO umn of liquid. The pressure on the 
> plane at a depth » is therefore x times as great as at a 

oe deen. unity, 9 or r the p press sures are. proportional to depths. | 


“80. ‘two , Liguids in Communicating Tubes. — et ee 
- two liquids of different density be placed _ 
in the two limbs of a bent tube (Fig ig. 48). 

- Then their heights above the horizontal ae 
plane drawn throwigh their surface of sepa- 

— vation are inversely as their densities. For 

[| let their heights be / and A/ and their den- 

[i]. sities d and d’ respectively. Then since 
|| 1,2 the pressure is everywhere thesameon the = 
; horizontal. plane. of separation, the press- we 
+ ures due to the two columns. of heights — z 
Apo hy and hi must also be the same. But the 
ae olumes for a column of unit ‘cross-section ae 
| | are. hand h’, and. volumes s multiplied by : 
pgve masses. | Hence — PR ale 
: Me hed ue i ee eee ace pee 
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~ tnw a at that point is aerowed ie removing ae reac ting ie 
wall, while the outward pressure on the opposite wall re- 
mains uncompensated. Hence the entire vessel tends to 


move in the direction opposite to that of the stre: 


iin. 


This 


is the principle of Barker's cull, of rockets, and ot rotat- a 


ing fireworks. 


Tt is perhaps better to apply to the’ isch: arging 4 easel : 
“the third law of motion. The momentum of the stream in 
one direction equals the impulse on the vessel in the other, 
or the action and the reaction are equal. to each other. 


The same principle may be illustrated with air pressure by 
- means of a contrivance similar to a Barker’s mill screwed ee 
on the. plate of an air-pump and covered by a receivers: sae 
aoe The: air is. first exhausted. Tf it-is. then admitted at ‘ate i . 
apa ~ mospheric: pressure by means of the admit cock, the appa 


‘atus spins around with great rapidity on account of the: 


jets of air on. the walls of. the. tubes. 


S Cee : ee | 


fhe uncompensated back pressure, or the reaction of the issuing | 


i 82. ‘Total Pressure « on any - Tmméreed. ‘Surines: — ~ Le : 
oe ¢ Fig. 50) be any very. “small. surface, the distance. of 

es ! oo Awhiehs from the free surface of the liquic af 
ish. Since it is very small, the pressure is 
| sustained by it is: independent. OF its 
| position relative to the horizontal plane fe 
through it. This. pressure is ahdg, in 
which d is the dens sity of | the liguid. ae 
Be The height h must be in oms., and a mus 
be measured i in dtlare: ems. ‘The pease will then b n 
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“Then the presstire es on sce areas will be. 

oe , | ash; ly, tighaltf ash; alg, a 

2 and the t otal pres ssure on A, i 

oe P= te oe + dehy + a: Jig + PAE eee ) dg. 


pee ete Bub. by: Art. 2 the quantities: ‘sethin. the parenthesis we 
me may be put equi il to AH, where H is the depth of the: 10% 

ee. “centre of inertia of the entire » surface A, the plane of refer- 7 

oi ence bein g the surface ol the liquid. Therefore 

: : | iP = Ady. 


se “This expression is the weight ofa prismatic or aylindrioal: ae 
af goluma of the hquid, the base being the immersed surface 
A, and the height equal to the distance of its centre of 
inertia be ‘low the free surface. of the liquid. | This is. OF 
the Loins on one > side of the immersed surface : 


The pressure on, n the 


: Let he hollow cube be filled with water. ae 


a “Find he total pressure OE water: 
ewater 1 rises to. the Ops a also 
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_ static pressures against the elements of the surface. Ifthe 


area is plane all these elementary pressures are parallel, 
and the problem consists in finding the resultant of a sys- 


~ tem of parallel forces. This problem we can treat here. 


only in an elementary manner by means of a couple ‘of: 
OX amples. ‘Thus, to find the centre of pressure on a rec- 
tangle with one side in the liquid surface. divide the 


rectangle (Hig. 51) into a 


: very ee ge number n of equal 


areas a lines parallel to the 


- surface. Since the areas are. 
: equal the pressures on them 
are simply proportional to the 


ne depth, and the centre of press-_ Ds LD eee 
wre of each small area is on the line OG, which bisects. 
all of them. Hence the centre of pressure of the re actangle Be 


os on this same line. vet Be - Ge ‘To find the dis. 
tance OG. | 1 ae 


‘The pressures on the sever val areas will ee a  odtistant 


“multiplied by’ the integers 1,2, 8, ete. This constant in. 
cludes the area of each strip, the. density of the liquid, and — a 


the cosine of the angle which the: rectangle makes: with a oe 
vertical plane. oe , | 
a8 Then a the total pres assure is” 


3° ; 
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depth ‘of ihe rect aa “Heéace the centre of pressure. ig 
; the ¢ lepth of the rectangle. | | ; 


84. Centre of Pressure on an “Tmrnersed Triangle, oie 
Let the apex be at the surface . 
O_ + and the base horizontal. Divide — 
/\\====== the triangle (Fig. 52)intoalarge 
: aoa number of sections » by equidis- ee 
tant lines parallel to the surface. 
| 5 ar e Then the areas of these sections : 
a (a aoa —— will be proportional to the depths . i 
ae - : pote 
- i‘ 1. 2, 3; ee 
‘The pre essures “upon them a are ‘Hloponticial jointly to the ae 
Av sega to t their gene Sie the Seale We may 


ce e oat oe Pe P+ 
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liquid, it can be shown that the centre of pressure would — 
be half way down from the middle point of the base to the — 

apex. | - | | - a 
a PROBLEM. 


A ne whose section is a right-angled tri iangle, 3 8 metres high, | i 

built of stone of density 3. If the water reaches the top on the 

- vertical side, what must be the breadth of the base with a factor ‘of 2. 
$s safety of aa assuming that the wall may be tr eated asa eee body? 


. 85. “The Principle of apeniniedest. = When's a body is 
immersed in any fluid it apparently: loses weight. Itisin — 
_ reality partly suppor ted by the fluid, or is subje : eted to an 
_ upward pressure equal to the weight of the fluid displaced. 


This follows at once if we consider’ that the body has re- 


placed an equal volume of the fluid itself which was kept: 


in equilibrium by an upward pressure equal to its OWN 

weight. The upward pressure on the immersed body i ig: om 
- the same as that on the fluid which it replaces, : 

Let a cube of any heavy materi ial be immersed i in water ae 


Be. 58). The opposite lateral faces | a@ and } will be — 
| equally pressed in opposite e directions. T he iS ame will be 
true of the other pair of lateral) ae oe 
- faces. On d there will be a down- = 
ward pressure equal to the column 


OL ok water with base d and height = {| “> 
nde On the bottom ¢ there will be fl af 
“ean. ‘upward pressure equal. ‘to. the 

ae weight” of. the. column of water, oe 


whose base is. Cc and height ne. pecs | 
The resultant upward pressure SQIITTTT// 
nt the solid i is the difference of theo ae 
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“Since the } pr ineiple applies to gases. as well as liquids, it 


| om Ly be stated generally as follows: A body immersed i in a 


fluid j is buoy ed up by a force equal to the w olen of the 


o ue displaced by it. 


The centre af buoyancy is the name applied to the contre | 


| of mass of the d lisplaced fluid. 
‘When a body floats in a liquid it sinks to ‘quel a ae 


that the weight OF the liquid displaced just equals. its” own. aoe 
weight. If the weight of the body is more than the 


= weight of the liquid which it can displace, it will then 
- sink; . if less it will float. Thus a solid iron ball sinks in 
water, since its density is 7.8, or its own weight is. 4:3 


2 Aton. as gre eat as the water displaced by ite Ip however, _ 
- HE Bs sade in: the form of a hollow: hail, it ack ‘ieplice a 
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| spec ‘fle gravity of any “body in his sy stem are, therefore, _ 
: numerical] y identical. 7 3 | 
geo howev er, the English gravitational sy stem is employed. 
| then the density of w ater is about 62.4, since a cubic foot | 
ge On distilled water at 4° C, contains a a mass sof 62.4 lbse oe: 


97, Sbedific Gravity oP Bolla. tt "Bolles: heander s 
ee shat water. The density or specific. oY; avity of a solid 
insoluble in. water may be found by weighing the body 
- first in air and then suspended in water, . Its apparent — | 

: loss of weight 3 in water is, by the principle ot Archimedes, | ne 
the weight, of the water displaced. Hence the. quotient — ae 
of the weight in air by the loss of weight j in wateris the a 
density. If the water is at a temperature above (or below) 
the maximum, then the value found by the process” just 
described must be multiplied by the density D of the water 
a | ot me Comper niuure at which os observation was made, or. i. ' 
- Bodies iz ghter Bian. water, “Eawploy 1 ¢ Face. sae 
: dane to make the body sink in water. Counterbalance 
 awith the. body in the scale pan and the sinker suspended 
from the pan and immersed in. the: water. | ‘Transfer the 
poo body: from the scale pan to the sinker j in the water. Peo 
weight wy, which must be added to the scale pan. te Te. . 
: store the “equilibrium, is the weight of the water displaced. 
It is not necessary. to know the: weight of the. sinker. me 
7 ahen | if wis the weight of the body i in alr, the oa 
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_ determined. Let these apparent oe be w and wr, Then 
nee 8 ‘the relativ e density of the liquid i Is oe since its apparent ; 


| Toss. of weight in the two cases is the weight ee the same 
& ~ volume. of the two liquids. . TE the water. is not at °C . 
a the result must be cor rected | as s before. 


99%. ‘General Theory of Hydrometers of Variable Im- 
“ipersion. — The. approximate density of liquids may be 


ae Seale. ‘ “Then if 7 did: ee are 


since the masses. ot ihe Tiquids dnolioad are. ua a 
ie foal to the mass. of the hy drometer. | B ‘Therefore | aks Ble 
ae oe ae ae 


immersed in water and in the liquid under examination is 


. conveniently determined by means of an hydrometer, 
& which | consists of a straight stem of glass, with a bulb at. 

Oe eRe bottom, and weighted so as to float to the proper deoth (=. 
in a vertical position. — The graduation of hydrometers 
net be. made ‘experimentally. Those with equidistant 
ivi aes on Fut stem. 2 have their Soistants determined | aa os 


‘the: deoibes of ae ee 
i yuids, | and mt, my (Fig. 5 58a) the: corresponding divis- oak 
ae of ne scale. to ‘which, the instrament sinks i in ao 
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For any other liquid of density D, in which the hydrom- 
eter sinks to division JV, the a quetion of equilibrium i ig 
D @w—-V)= Ds or p= = ae 
Ar 
ae a 
Since the density of water is unity its mass is. numerk i 


cally equal. to its: volume. The volume having been _ 


: determined, a table can be made giving the angie ee 


es corresponding to the various divisions: of the scale. 4 


he 90. Baumé's Bares — The two Viquids are water 
a ‘and salt water, containing 15 per cent of salt, of de nsity 
1.11888 at 17°:8 C..° The division to which the hy drometer 


ae sinks j in the s salt water i is marked 15. ie ee att 


ps 1D « 1.11383 
bee ~ == 146.7 
‘Then v= a i (383 e 
4 : : ; - : a ae 146.78 | 
and Ah eS Gag Te 


This formula | gives the donsity corr responding, i any a 


- division Ne 


oe For! Highs, lighter than ‘water ‘the Zer0 at. the “gale > 


tee placed near the: bottom of ‘the straight stem. ‘Te. igi 

c placed. at the point to which the instrument sinks i in a Toe" : 
ves oper cent: salt. solation; the pont 4 to which it Sinks. in ee 

ewe ter i 1S marked 10. | ee Ee, 
A general formula: is s obtained : as. ‘before by reversing te bee 


signs of n and Mys and making 1 n=10 for water. ‘Then - 


and if di is athe density. of the 10 ) per ¢ cent salt solution for 
which m= 6, then 2 .c ihe HONEA a! 


POeTh eo 2) SERORANICS. 
~ For other liquids. 


oe 


- Gerlach obtained for 2, 135. 88, Hence 
5.884 


ae “91. Fundamental Phenomena of Capillary Action. — — 
oe Capillary action consists in the elev ation or depression of | 
ee liqu ids along the walls of the vessel containing them, in the 
> aseent or. depression of liquids between two plates very 
. lose together, or in tubes of such small inner diameter 
Lae that. they approach. the dimensions of a hair ; : whence the 
name gi apillarity, from. eapillus, a hair, oe 
Iti is eas By io determine Sot the free surface of a anid oo 


. 3 he ve cated, as coat in. 1 pled) the Gostaos 3 is cone a . 
: ae ater rises along the. glass 5 . on : the other hand, a bu 


the former conditions when: ‘coal tebes, ess sa 
oe ee ae two millimetres i im diameter, = 
f} are supported i in the liquid, Boe 
ee the. liquid © As. perceptibly — 
a higher j in the tube than the — 
level surface without; with — 
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‘tube, proy led this diameter does: not exceed twa milli 7 


a uate GS. 


| chien we liquid i is Se 722 
They do not depend upon the thickness of the tube, or. 


in other words the action between the liquid and the Mane ae 


is limited to insensible dist ANCES. 


The elevation or depression varies with the material Obes 


the tube and the nature of the liquid. The elevation of ce 
water in glass is greater than that of any other liquid, 
: pane. ae three times as great as for sulphuric ether 


- BZ ait the ee ne aaa depres gsion decrease Ww ith rise. of aes 

cs tenes ature. An elevation of water amounting to +182. ok 
Sam, at 0° C. is reduced to 106 mm. at 100° C. : 
Capillary action explains the diffusion of Vigil of slight ame 

viscosity through porous septa, as well as their absorption 


- . sby porous bodies. Liquids which thus pass through porous. 


diaphragms are called erystalloids; while glutinous solu- 


tions ‘of gum, starch, albumen, and the like, which. do 


not: pass through porous septa, are called colloids. They — 


are viscous, diffuse slowly, and are ‘indisposed to crystallize. 


| Physiologists attach great importance to this distinction, | 
~ inasmuch, as it explains, the interchange of liquids which | 


goes on through the tissues and: vesuels of the animal sys- _ 


| tem, as well as the absorption of water by the spongioles.. 2 
ot roots. a eas = See 


ee by capillar y action 3’ 1 also that. silver may. penetrate 


J oseph ‘Henry. aonelnded that ‘mereury passes. dveugh 


me the e pore es ol SoORer, when he: ated. | 


edt OO aonaites. 3 


too small to account for capillary phenomena. But they — 
can be explained if we assume an attraction between the _ 
le ~ molec ‘ules. The total expression for the stress between 
voc tavo molecules : m and m’ then becomes | 
iy | ymin , 
ces Gee mint (1). 


al 


oe The f cae term expr esses the attraction of gravitation ; 
the second | is the molecular attraction giving rise to capil- 
se lary phenomena. All that is known about this function of | 
ig that it is very large for insensible distances, that. it’. 
at diminishes very rapidly as 7 increases, and that it vanishes _ 
_ while x is still very smal]. The maximum value of » at 
OE ge ‘hich molecular action ceases, C called ¢, is estimated by 
ne Quineke to be 0.000005 em. or 0.000002 inch. Itiscalled 
a, : ang a or radius of. molecular action. Within this a | 
: tance & te. finst 1 term in. the "expression: for the stress = ae 


with a fore of one ane i | a ers 


4 r ied of Matter, 2217). on the palates a4 a perros 
i aad b : opaeae then the conditions of the tholoniy ee 


it the su Re any. “pout i in. Be. interior te oe 
quid, at a ita from the surface greater ‘than Bee 
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Consider a liquid bolinded by a plane surface mn (Fig. 
55), and let mn’ be a parallel plane at a distance ¢ below 
‘the surface. 
If we imagine | 
any — plane passed 
through. a& point in 
the mass of the liq- 
uid below mn’, the 
normal pressure on 
this plane, due to | 
| molecular action, is 


ee, 


teh A LUMA et RE en a, 


ne n’ 


Fig. 55. 


independent of the direction of the siihe: Ww ith esneen to oe 
the surface ; for the number of molecules acting on the nn8 
point: is the same in every direction. ie however, ie point ee, 


is at P, nearer the surface than m/’n’/, about P as a centre 


and with a radius e describe a sphere. Then the normal 
oe pressure on the plane through P perpendicular to mis 
oo “ greater than when the plane is parallel to. mn ; for t the 
upward attraction on the point varies from a maximum at _ 


ee _ mn to zero at the surface, since as a rises the Ur yper half hoe 
of the sphere described about P contains a diminishing _ : 


number 6f: molecules. From this inequality. of pre ssure 


there results a stress or tension which causes the surface _ 


ae “ to contract ; ‘ and this tendency to contr act. means that the : | 


le surface acts like a stretched membrane. — 


If the surface be enlarged by forcing molecules oat talbag © | 


oe the. plane through P normal to the surface, then work 


must be done upon them to. ‘transfer them from. the ine 


terior, ger the force pressing | ae molecules m togetbes 
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PE Nee, aeinimitoa The suitbace, ‘dhovefore, contracts to as small - 
dimensions as the conditions allow. 7 ee 
The volume enclosed by a sphere is a maximum, or ae: 
surface itself is as small as possible. ‘A mass of free 
liquid always tends therefore to assume the spherical form _ 
except as Itvis distorted by other forces. Drops of rain) 
-. and dew are spherical because of surface tension and not — 
because of gravity. So also when a stream of molten lead 
flows. from a small orifice, the surface tension causes the — 

_ detached masses to form into: spheres as the stream breaks. 
If they rotate as they descend, they remain quite spherical ee 
and strike the water at the bottom of the shot-tower as shot. 
- An ingenious method of separating the perfect. ‘shot | 
bow the imperfect ones consists in causing all together foe 
roll down a smooth inclined plane. _ Near the bottom i is a os 
ransverse slit in the. plane. ‘The perfect shot acquire 
enough: momentum to aoe ‘them taaiely. BeRORS, while he a 


ee darneter (Fig. 56), with a handle. | 
a thread so that the — 


Dae the middle “Or, the 


thread will | ‘oat. a 
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94, Further Illustrations of Surface Tension. — Float 


two bits of wood on water parallel to each other, anda 


7 few millimetres apart. Let a drop of alcohol fall on the 
water between them, and they will suddenly fly apart. — 
~The surface tension of alcohol is less than that of water. — 


. The effect of the alcohol is therefore to weaken the film oe 


between the bits of wood. The parts of the film are | 
thereby separated and carry the wood with them. — oe 
Place a thin layer of. water on a piece of clean glass, i 
: ‘and let a small drop of colored alcoho! fall on it. Oe 
The weak spot made by the alcohol causes the film to a 


break, while the tension about it draws the water away, hoes 


: : leaving the alcohol surrounded by a dry area. ee 
Make a ring of stout wire three or fou inches in 
Tie to this a \ loop OF: - 


loop may hang near 


- ring. | ‘Dip’: the ring i 
into a good soap solu- — 
tion containing glyc- 
erine, and obtain a 
plane film. The 


» ite) Break the. film TA — 

eG inside the loop aah ee os 1 2 ee 
— eee ee ee Fig 56. 
a warm pointed wire, ee ie | 
and the loop will spring “ont. dato. a cele. “The “ten | 
sion. o. f the film attached t to the ehread 4 pals it out at ety 


| MEOUANE Cs. 


: ferowiler gytations ie movements across the surface. ~The | 
camphor dissolves unequally ae different points, and thus. 
~ produces” an unequal weakening of the suriace tension of 


ee cas water in different directions. 


98. ‘Energy and Surface Tension (A. and By 93). oe ; 


2 i we call the loss of potential energy, due to a diminution ee 


in the surface of one unit, the surface energy per unit 


- area, it can be shown that this is numerically equal to the = 
oe surface tension for unit width of the film. Let a liquid film - 


ee eG ee be stretched on a frame BCD 
BO eed with the light rod A movable — 


‘Gig. 51). Let the length of the 
rod to which the film 3 ig “aitadhed: ee 8 
that is, the ‘distance. between Boe 


ee and D, be a, and let the rod bee 


- drawn toward. Oe: a distance b. 


— Then the diminution i i, 
es a anlls and if ey 


The athens: meved 1 is ve As the ‘pon? dbne De - 
mary! is ek ‘This crane the loss in potential energy, Bm 
) ie. Fab = nee ae eye 
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7 © Sarees Tension. = at h va fig. 58) be the mean elevation : 
of the liquid in the tube | | 
~ above the liquid surface - 
outside. The entire sur- | 
face tension around the — 
interior of the tube where 
the film is attached is 
_ 2nrT,r being the radius - 
of the tube. Let @ be the = 
angle of contact which the 
film makes with the wall 
of the tube. Then the as oy ty 
-vertical component of the ree pulling the liquid up chats 
“and the tube down, is 2rrZ'cos @. This force is in egies 
librium with the weight of the liquid column of height h. 
Let d be the density. of the liquid. Then the » weight of 
the column i is meine Consequently — | : 
ee | Sal cos 6 = mr" “hig. 


Therefore he = 2 cos 6 a 
ves | “rdg pel a 

‘or the lovation is inversely piopotiond to the radius on 
diameter of the tube. ae EES NOE hae 
Vo oc Tf the angle of boatact: ig more “than 90", Cos. 8 is ynega- a 
- ase: and - the. elevation becomes a depression. TE the’ 
— Tiquid wets the tube there is an elevation ; otherwise there ee 
is a depression. — ‘The curved. surface of. the Figiia | in ‘the ae 
tube is called the meniscus. ly Pe sat 

For water the angle of ‘contact ih. lenny lass we 1p= 
posed to be nearly or qu _ Hence i in this case 


Hie 1 29 ue : . ; o ; a | MECHANIOS. 


- tension i unit ‘Tenoth alone the 2 plates’ is on ond hie. 


-.- vertical component is 27 cos 0. ~The weight of the liquid 
- column of cross-section u is uhdg. Hence 


eases é= —t hd, 


Phe élovation is. therefore half as great as s for a tube: ig 


a whose diameter i is te, ae 


ov. ‘The Normal. Pisses” on. a ‘Curved. Film: — AL 


ce 7 . stretched film with a curvature must always exhibit a 


normal pressure ‘directed — 
toward the concave side, 
ea Bet’ ab. (Fig. 69). bea 
S small portion of the section KS - 
of a cylindrical film nd 
Sei represent ’ the surfa 6 ten- 
sion, stretching this film of 
unit width perpendicular. ae 
_ the plane of the paper, and , 
ae 3 Sar they are directed tangen- 
aly at a rand b. _ Compt the: bereDelogrem and. eae! 


e Cal it Pe “Then Bee 
ae = OT sin id 


7 deing the radius of curvature of 


“9 oR 
e radius of t the cylinder er. : a hotefore 


” Any pie aac muriice. may We ae deg. curva. 
| “tare expressed at any point by two principal radii of cur- ae 
* . vature, the planes of these Ccury atures being at right angles ‘aa ae 
to each other. Let their radii be R and: vine “Then she ah ee | 
~ normal aS is the pressure due to. the two curvatures _ ahs 
- conjointly, or 7 


A Ly 
Pat RB) 


- Tf fe Alm’ is plane, then both R and Ra are aniaite:, te : 
Es eae sides of the film are free and the film i is still curved, ; 
: Senn the normal pressure is necessat uy zero, and. 


ee aes 
RR 


oe This can be trie only when R= — pe that 4 is, the mdi se 
Bee : are numerically equal and the centres of curvature are ‘one 
opposite sides of the film. Such a film is saddle-shaped, fe 
ne" and if may easily be obtained by means of an oblong 1008 5 

of Swite, bent SO. that it does not lie 3 in a plane. Ce 


| For a soap bubble P= = AF since ‘there are two ‘eonen- 


‘pte. ‘spherical - gurfaces:. Henee such o “bubble > always 
_ Whrinks when the. interior | eee a gad 
oa - communicates with the outer — 

air on account of the eon 
ee sormally- The ¢ air = oan aon 
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mercury introduced into the smaller end will move toward - 
the larger. ok | 


Mee. 98, The eee of Contact (A. and Bf 95; B., 206).—. | 
Suppose the three dividing surfaces of three fluid sub- 
ae __ stances in contact to meet along. the line through O (Fig, 
ee 61), perpendicular to the plane 
of the paper. Let TZ’, be the suri’ 2. 
face tension between the media 
— gandd, 7, that between mediag 
and ¢, and %,, that between Mee : 
dia bande. Then if the three 
tensions are in. equilibrium, the | | 
oe angles a Neve enon re 


vut in a, a thin aot betwen a and. a con 
il be tween air and water. : Let a be ane | 


ime s +e e 


7 om = 36. 38 
B= 20.56 
wera ce 
i. ol = ane 56 a 36, 088). 


When’ two fluids a and 3 (Fig. 62) are in contact with | 

a plana solid c, and their surface of separa- 

tion makes an angle 6 with the solid, the 
equation of equilibrium is 


og, T= = 1, + cos 6. ae | 
But if T, be. greater than the sum of T 


and. Psy the equation gives an impossible : 
value for cos 8, the angle becomes evanes- — 
cent, and the fluid bapreads. out and wets — 


the surface c. A drop of water will in this 


Tye 


™~ 
= 
= 
oo 
ity 
-, 
oN 
Pf 
kd 
= 
Hen, 
~~ 
wo, 
Stee 
he 
Erg 6 
en, 
ey 
= 
re 
aa 
~ 
teas 
~~ 
™ 
at 


oe ~ erty of liquid films, independent of surface tension, is their 


. : - in the bounding surface of a liquid, while. superficial vis- - 
oe cosity is a sort of surface. friction which manifests. itself 


~ ficial: viscosity to a marked. degree. | “He: small magnetic - 


| oo etive: force is unable to drag the Jiquid 6 film around with AME 
vee feeds. oe : | | | een 
In most other liquids, ‘Gihier the ‘mandlé urna. b it carries oe 


ing © on n the si urface Syeopodium ae AE BC ie 
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way spread out over the surface of a clean hoe oneal i alate : a Q 
_ of glass; while a drop of mercury will gather itself tor cae 
> 8 gether till the edges make a fixed angle with the plate. eee 


99. ‘Superficial Viscosity (D., 258). - a Another prop- ws 
Bee. superficial viscosity. Surface tension is a constant stress __ i. 
- only when something acts to. rupture or otherwise disturb — : 
the surface film. - solution of saponine exhibits | super- 


: needle be floated on the quidace: of it, the needle wills 
remain in any position because the earth’s. magnetic direc- oo 


with it the whole surface. film, as may be shown by: strew- 7 


oe 126 eae : : oe : | MBCHANIOS. 


is a surface sension. tends e breate' 3 ibe ‘ douay water eee 
good bubbles, because while its. surface tension is small. 
its surface viscosity is large. A bubble rising through © : 
othe: liquid will raise a film at the surface which the a a 
face tension cannot break. _ oe OO sa 
at Pure water. has” large. surface. tension, and. “relatively — 
oe ‘small superficial viscosity. Hence it does not. froth. oe 
oc Oil has small artes, tension, but, dee surface Viscosity See 
ee or tenacity. — ae ee 
> Do this fact must be attributed the stilling of ‘the. sea a 
oo phen: ‘oil is poured on it. The new surface is ‘relatively oe teh 
tenacious, and itis not readily broken into surf by fee ce 
pressure: of the waves from beneath. ae 
: ce Phe: superficial film of a liquid is thus seen to be a seat 

f ex ngys' and. to De meson different. from the interior.” : 


W eistitle. attempted t io) ieee 
7 rain i had aight by weighing a bladder. cok ae 
hee course the. change of ee aed 
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~ elosed at one end, and filled it with mercury. Closing the 
upper end with the thumb he inverted the tube and placed | 
the lower end under mercury contained in another vessel _ 

os On removing the thumb the meroury fell in ie 

_ the tube, and came to — | | BI 

~ rest at a height of about 

76 cms. above the mer- 

the | 

leaving a fi 


(Fig. 63). 


~eury surface in 
- outer vessel, 
a vacuum in the bibs 


above it, which has since 


been known as a Torri- 
- ¢ellian vacuum. It was 
oe rightly 
_. Torricelli that the mer- 


: nal to the tube. 


concluded by 


ae  euryi is sustained in the — 
| tube by. the pressure of 
the atmosphere on the 
mercury surface | exter fs eas oh 


: Pascal porfortsed two: sus a 
“experiments: to demon-_ | 


: str ate that. the column os “g a a 


Ok mercury is supported eas 
oe Dy, atmospheric pressure. cae oe 
“To-the first the mercury. was. s téplaced by. lighter ighide.” 
: with the: result Shae, the 1 height of the sustained « column , 


Fig. 93. 
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ere mercury Joshua would fall. A fall of neasly eight cent - 


a : metres was observed. 


The apparatus: of. Toricelli, ia piovidad with: a scale | 


ee for the purpose of reading the height of the column of | 
uae Ananellty, is called a baro meter. Pi ee ae — 
_. Atmospheric pressure on a square centimetre ot surface | 
ig therefore the weight of the column of mereury one 
oe square centimetre in cross-section, and 6 centimetres : in 

ae saaiee ats a see ature of 0° C. This 3 is ie | 


Cee ae. 76 x 13.596 = 1033.3 gms., | 
oe : 1033. 3 x 980 = 1,012,630 dynes. 
) “This i is a » Tittle more than 10° dynes, a meg gadyne. 


| ~~ ‘Height of the Homogencous Zimeaphere. “ If 


| P is the p pressure of the atmosphere i in dynes per square - : 
centimetre and dis: ‘the density of the air at ue C. and a o 


pressure of 6 ems. of TereUy, “Hence. 


ok 0126: «10°. 


~ 001208 » x < 980 — =. 99 x 10° ome : 
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temperature, was discovered by Raters Boy le j in . 1660. ee 
is commonly known as Boyle’s law, though it is sometimes 
ascribed to Mariotte. The law is as follows: The volume | 
of a given mass of gas, at a constant temperature, is in- 
versely as the pressure to which it is subjected. Expressed 
in sy mbols itis | is Aires a 


| a= ae or po= pr! 
Vn, : ae 
| - According to the law die! product 2, ab one tempera 
: - ture, is a constant. — | | ee 
os _ Since volumes are inversely as densities, or 
, ee ed 


7 


cee it follows that 


oe or the densities are e directly proportional to > the pressures : 
to which the gas is subjected. ees 
- Boyle’s law is only approximately true. Such gases as 
| - gulphur. dioxide, chlorine, and carbon. dioxide, whick. are 
most easily liquefied by pressure, depart from the law most : 
widely. Near the point of Hquetaokion | the product Pus igs, 
much smaller than Boyle’s law requires. - 
ee Such gases as hydrogen, oxyg ren, and nitrogen follow the . 
ees law most closely. These gases cannot be liquefied except 
eae Dy. the combined means He great reduction of. temperature 
and great pressure. They cannot be reduced to a liquid — 
: ae ordinary temper: atures by any pressure, however great. 
| _ They show | a departure from. Boyle’s law different from 
at of th e other class of gases. For every gas. of this 
8 minimum value of (pr. has been 
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i aie simoephéres: if. bandmnes’ 0.9808 ab. 1176 Oi capeare 
Ree 0118 ; at 400 atmosphere es, 1. 1897. ~The minimum value 
of pv is at TT atmospheres. If the experiments are made 
ata higher temperature the pressure at which the mini- 
a “mun value of pu occurs is gre ater and the agreement with | 
ee the law is closer. | : be ree ea | | 
see os Nov minimum value of pe Hos hydr ogen oe been found. an 
es and this value must occur, if at all, for pressures less than 
one atmosphere. — The value of pu for hydrogen. is always 2 
7 greater than Boy le’s law requires. , | 


a 104, “The Air-Pump. gas The ; air-pump 1 ae Gcenis aa by a ‘ 
a Otto von Guericke. Its action depends upon. the elastic “ ae 
: -/ foree | of the gas by which it tends to expand indefinitely. 
. 64 shows the essential parts. of one of the best forms 
of he prveetit A A piston, P, with | a valve Si in it, works 
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is closed. The gas thus escapes above the piston, andis ~ 
forced into the open air when it is sufficiently compressed _ 
on the upward stroke to open the outward-opening valve. 
Let v be the volume of the receiver Z, and ¢ that of the 
pump cylinder. Let d and cd; be the densities of the gas 
in the receiver before and after the first stroke and d, the 
x density of the gas remaining after the. nth stroke. , Then a 
_ gince the volime v becomes uv + ¢ at ; the end of the first | 
od erp by Boy le’s slaw | 


| dy as) + ¢ 
_ Therefore after two strokes 


dy Vv \2. 
a =(-45) 


After n strokes cae 


ea \wHe, | ee 


ee This. expression can. elem. zero only nae infinite’ 
number of strokes. But the limit of exhaustion by the 
ec ‘mechanical air-pump is. re ached after a moderate number . ae 

CO of strokes for several reasons. _ Among them are. leaks at 
the valves and around. the piston, untraversed space above. 
and below the piston, and air * absorbed by the oil used for | 

: abreation PIE ARE bee: | ee 


105. ) ‘Correction to the o Weight of Bodies for x Buoyany 
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_ iD the lhody waohed 3 a pesaestion must be found depend : 
ing g upon their relative densities. | | 


- Let z be the real mass of the body i in grammes. | 
Let w be the real mass of the weights. | 
Let @ be the density of the body. 
Let 8 be the density of the weights. 
| “Let. a be the density of the air. 


oe Then the volume of the body is re aan 


i. The volume of the weights to counterbalance ig 


eee 
: “The masses of air displaced by the two are therefore 

Sn oo and ca respectively. 

A |For equilibrium the oquation i is. 


Whenee: a= 


wa the coal 1 weight § is tase fen the apparent alge Tt ad vr a 
see than 8 ihe correction is { PORHYe. ee correction is Le 


sei weight, oe 100. oms. ghen oreighed: with, “peas oe 
1 . ee ae sets 8. te The correction is | then ‘positive, ee 
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| 106. Torricelli? S Theorem for the Velocity of Aiflux. | 

_ —Let a small opening be made in the side of a vessel 

containing water, the depth of the orifice below the = 

surface being h. Torricelli’s formula for the velocity Oh 
ans as is ee : 


| | = 29h, | oak | 
mM “This 18 the velocity oft a heavy body would acquire A 
oe in falling through the heig ht Aina vacuum. 7 ee . 
If we suppose a small mass m to issue from the orifice, ae 
an equal mass must have fallen some distance a to take 
its. place. Then another equal mass must have fallen a 
~ distance a,, and so on through a series to the surface. eae 
| _ The total loss of noted energy ig 


| Mga, + Mgd,+imgda,+ . . . =mgh, 
a where his the sum of @, @, @,, etc. : Bint 
Tf the loss in potential energy is all represented by the ou 

oe energy | of motion acquired by the mass My we MAY, write SOG 


re ame = = mygh 
“From this equation we obtain _ 
Peek ota Qgh, 


| which is | Torticell’s formula, Oe a 
oo ie a square centimetres is the area at the orifics, the 
Sol number of cubic centimetres of water flowing out-int 
-. seconds should be avt, if Torricelli’s formula is right. The- 
quantity i is always smaller than this because the effective | 

area of the stream is not the area of the orifice, but the _ 

cross-section. of the smallest part. of the stream, or the _ 
“vena a contrncta, aD is 8 about 62 pee cent of ae area aH of | 
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| to projedé outwards, the fidw is ‘increased, to about 82 per 
cent of the theoretical amount. 3 


a “107. ‘Range of Jets. — Let ED (Fig. 65) be the side of - 
3 a - vessel of water, and let the surface be at E. Also let 

| | BA, AB, BC, and CD. 

be equal to one another. — 

Let v be the velocity 9 

of efflux from the ore a 

fice A. Then the range. 
a of this stream will... 


oo Oo gan 1 which. tis the time of ; oe 
falling to othe horizontal lane Shroogh Z D. Also | . 


: = gt. ee aie 

sab. it ts oe 24h Ge 2 ght}, and sent. | 

| - gh 
ubstitute this value of t 7 in the equation for and 


oR 
ae 


AM - cd Jon a= “2 oR: 


a ds follows that bit h and. G b exchange values, the ee 
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This” ie be. ee in wiothes ae “On ED ala 


| S dinineter describe a semicircle. Then the square of any 
half-chord equals the product of the two sections s of the. 


. diameter 5 | therefore 


* = Bh c or oe — Bh. 


— “Hence Joh bh will be a maximum when cis a | maximum oo 
> or at the point B. But the range a is ON Th bhy and j is pecs 7 


fore greatest for the opening at B. 


“oo Sof the liquid i in. .ghe vessel from which _ 
the discharge takes place ; and let 2 be 
: ue the height of the Same point. of the i 


surface of the liquid if the longer arm 
Be tO. atmospheric pressure. Then the. ——— 


pressure on one square centimetre of 
oo). the highest eross-section of the siphon _ Pe 


oes babwards’ isd (H- —Y)3 and the presse 4 S 
gure. inwards _ on the same area is Cee 
a d(H — 2). The: difference is _ the affective presse, or 
a head, protons 8 this: pow. A o 


| ‘The form of the parabolic streams shows whether v has ‘: 
a sSyale corresponding to Torricelli’s formula. It is found — 
ne to aitter not ; more than one per cent from Torricelli’s value 


Pagea. 108. The Sommon Siphon. — ae y Fig. 66) ba the 
- height of the highest point of the siphon above the surface oh 


x 
4 
1 
on 
oe. 
fee, 


om 2 MP a a a ig Se ih Oe Oy 


os - siphon. above its. open. end. or the- lower | : : 


hos dips” below the liquid. ‘Let H: be the = 
Le height of a column of the liquid. equal. —- 


: A oe ee ee 
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iS on y i ecossie z the liquid will not rise to ths bend of a 
- the siphon by a pee and the flow ceases. 


oe 109. Mariotte’s Flask. — Maziotte’s flask (Fig. BT) is 
an arrangement to secure uniform velocity of efflux. The ee 
pk flask has a tubulure near the bottom as an 
outlet. A glass tube passes through an air- 
tight stopper and extends down to within — 
ee distance i, of the horizontal plane through 
the outlet 0. The flow will then continue 
with a head » until the water descends to 
the lower end of the tube. — ae 
ie For the pressure at the lower end of the es 
ih tube is the pressure of one -atinosphore: be ee 
ee same. as at the opening 0. flows 
os oe air enters by the tube and: takes a 
oe _ eee $0. > that the affective free, remains ae 
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CHAPTER yh: : 
~ NATURE AND MOTION or SOUND. 


110. ‘Sound and Hearing. — In all perceptions — the 


senses it is necessary to, disting nish between the sensations 


themselves and the external cause of them — between thee 


_ subjective and the objective aspects of the phenomenon. 


bis important to remember also that the objective causes 
of our sens ations bear no resemblance to the sensations . : 
themselves, The external stimulus stands. first” in th 


‘series of energy-changes leading to a sensation, but . 
is. not lke the sensation. “Sound: should therefore be dis- 
tinguished from. hearing g in the study of sound as a branch. 
of Physics. All the external oe of sound | may be : 
; "Present without the hearing ears es 
at questions | concerning sound come 5 ultimately. foe 


: decision to the organ of hearing ; but j in referring our sen- 2 


gations of. sound. to their extemal ‘cause, we are only — 
— interpreting : signs presented to consciousness, and drawing 
: conclusions | from. them respecting outward. phenomena 
When this | process, controlled by observation, « @ 
and eee reasoning , has led to the « 


: aes Mune as /SouND. 


ae cre The § Source oP Sound a Vibrating Body. — Wes ery ao 
; ‘euxsory examination serves to show that the source from 
-. which sound proceeds i is always:a vibrating body. ‘+ Sound | S 
i: - and movement : are. so correlated that one is strong when oo 
the other is strong, one diminishes when the other “dimin- So 
: shes, and the one stops when the other stops.”! oe 

co o Any regular succession - of taps produces _ a  rsieal-1? ee 
: sound, - Th he element of regularity or. periodicity i 1s essen- = 
ae : tial. to make it musical. Otherwise iti is mere noise. | When peas 
: es a heavy toothed wheel i 1s rotated and a card is held against a 

the teeth a musical sound of definite pitch. is prod : 
2 “So. also the sound produced. by. a Cir cular saw is musical at ee : 
a distance where the hig ighly discordant, | ‘irregt lar semen i: oar 


ery a microscope, it eal be. found. in ’ motion, s oo 
ing a line backward and. forward, 80 long : as he : 
padioes musical sound. Eee ee ? 
stout dass tube, several feet in 1 Jength, m may He. Bae 
mit a mu ical, sound by grasp! ng ab: De. the middle: 


WAI TURE. : AND ‘MOTION OF “SOUND. Oran Cs eee 


Gnerpetio: 4 are the longitudinal vibiations acoied that it is: 


: not difficult to break thé tube near the hand, and on ‘the : 


side yes to the end ey into many very narrow ae 


oe rings. a : | 7 vs 
aes ‘vibr ating body. prodadiug sound may be soli, 


 lgdiad: or gaseous. Only the first. and last are used ins | 
a - musical | instruments, the first comprising. all. instruments © oo 
: _ employing strings, reeds, or bars, and. the last. including _ eo. 


7 wind instruments of various sorts. — 


a. ‘The Medium of ¢ Propagation: — - Sound: requires oo ee oo 
for transmission to the ear a continuous, pondera able, elastio.: 20 3. 
medium ; for the vibrations of a sonorous body cannot 
affect the organ of hearing without a medium of com 
- munication between them. ifthe abn ating body be isolated 


go that the required elastic medium sone not. extend tos 


othe source of vibrations, no sound will be perceived. This 0. 


is. somewhat imperfectly demonstrated, after. the manner ae) 
of Otto von Guericke, by suspending : a bell by a thread in. 

a receiver from which the air can be exhausted. ~The bell 
must not. be allowed to communicate its vibrations directly . 
to the pump plate. “The sound becomes feebler as the ex- 


haustion proceeds. - Finally, if hydrogen be admitted and cs 
8 ROALD. exhausted, the sound will cease altogether, though ve 


the hammer may still be seen to strike the. bell. When | 
the medium about. the bell is entirely removed it can no — 
longer give up its energy to. surrounding bodies, SO as to. 
set their molecules swinging with a to-andelro motion ; 3 but. 

its vegeucl energy is converted : into. ‘heat, in: ao form 


BM fo mourn, 


te ae foe serene ‘conde, fh the. aoe arent hike os 
- -s Bbats it ceases to flow. But when surrounded by an at- 
o mosphere it cools very quickly, because it gives up its” 
_ heat-energy to the surrounding gas, producing convection 
currents. The rarer the. air at the source the feebler will 
be the sound. eee nae ee 
ooo hha" transmission | ‘of ound” requires _ a = médiuen eae 
Pear elastic and ponderable — - elastic, because elasticity is the * 
oe property by means of which the motion constituting sound 
— is handed on from particle to. particle; and ponderable, ce 
coe oeuuse sound i is not. transmitted through space exhausted _ ao 
= of oo gross” matter. The ethereal medium is nob a 
cone in the transmission of sound. | pe 


3 L 0 ee “ear. ‘by means: of. a. eonuacue ‘elastia, We 
le medium. “ Acoustics: has for its object the — 
those ‘phenomena. which me be. - perceived PY, - 


: WAS “The Transmission of ound Cs and B, 354), a 
“The oscillatory motions of a sounding body are communi: — 
cated. to the air as the usual medium of transmission. — The =) 
2 vibrations are said to be lon gitudinal 3 that is, in the direc- = 
: x tion of the sound-transmission. : oy bees are @ distinguishe a in ae 
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ae the sae seta ie one pall: is allowed to. roll down oe 
groove and strike against the first one in line, the motion — 
or impulse i is handed on through the whole series, and the 
_ last ball moves up the fern The elasticity of the balls 
ioe explains the transfer of the motion through the series; 
the energy of the motion is independent. of the elasticity 
hy of the conducting medium. | It must all be supplied at the | 
origin of the motion. : ee 
was When the first ball strikes thie’ ocr: compression a Nee 
place. ‘The elasticity, called into activity by the distortion) 3... 
of the balls, tends to restore them to their unstrained form. 
. The stress of. elastic recovery is the same in both direc- ae 
tions. The: backward thrust brings the first ball to rest, ee 
while the forward one drives the "gedond ball on against : 
the third. The same operation is repeated between the oe, 
second and third balls, and so on to the end of the series. 
. But the last ball, not having any to which it can give ie Pil 
: its motion, moves off up the. incline. ; 2 
To describe the motion by which sound is tronamitted ; 
let AB Cig ig. 68) represent an elastic cylinder, and let the 
: layer a “suffer a small displacement’ + to the 2 Tight. ae 


ye 4 M42 a o : a 2 See 8 OUND. 


as aitimately be ‘communicated. 6 ‘all ne ‘other layers, ae 
because they are all tethered together as an elastic — 

a “medium, and in time each layer of ae will be execut- 

: ing vibrations similar to those of Be 2 SUES PNR ae Ege 
: Te the period of vibration of a is ‘ty and the: od of ee 
= ~ transmission iS v, then. in one complete vibration. ol a the 
disturbance will travel a distance s = vt, or to a’ in the fioure.. 
. ~ During two complete vibrations it will travel a. ‘distance oo 
2s or to a”; in three periods to a", and so on. ‘The layer foe 
Vator therefore begins its first excursion as a begins “its > - 
| second ; ml begins its first as a! begins its second, amd @ iB 8 
third, and'so on. The layer at d, midway betweenaand 
Lah. begins its first vibration as @ completes. its. first” hale 
vibration and it therefore moves forward whilea moves 
Be: This. related. movement. of particles in the .°. 
: cout 8 wave. | While as eae forward es 


les, i is called a a watedength | | 


5. ‘The Motion of ‘the. Particles: and of the Wave! 
Ear The motion of. the individual particles ‘of the medium. — 
: convey ing ¢ sound is quite. distinct. from the motion of the oe 
somidawave itself. This distinction i is characteristic of all ch 
undulations transmitted through a. medium of motion. — ae a 
sound-wave is composed of a “condensation followed bya 
rarefaction. In A phe former: ‘the Penal | of the medium oe 
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fot of that off the air elite ‘The independence of the two. renee 
motions is aptly illustrated by a field of grain across 
which waves, excited by the wind, are coursing. No con- 

fusion between the two motions is here possible, ee ae a 
_ stalk of grain is securely anchored to the ground, while = 
the wave sweeps onward. Each head of grain infrontof = = 
the crest of the wave is found to be rising, while all those 

- behind: the crest are at the same time falling. — hey 2 
alls vay forward and backward, not simultaneously, but = 

ce ‘succession, while the wave itself travels continuously 

: forward. cae : eee 

egret ieee ‘sound-wave, therefore, the motion or the. wave | 
on and the motion of the particles composing the wave are 
i. ; e not identical ; a wave in air is in no sense a current; the a 
I - motion of the condensation and of the particles composing o 
_ it are in the same direction; while the motion of the rare- 
ee - faction and of the particles i in it are in opposite dir ections. oe 
- The transmission of a wave is the transmission of energy, 
and. not the transfer of the. medium composing the wave. 
- AY series of particles along a line. marking the progress. ‘of 
oie wave are. in successively different “Vhases | of the | 


oe the + same 5 phi | in succession is a a wavelength. as 
While any element of the medium merely cade an 
“about its position of rest, there i is a continuous handing ones : 

or flow of the energy from point. to point. In the case of 
a current matter t Hows from one Bias to anotter, ¢ earning : 
pe. ry of | 


ae eerie : SOUND. 


medium is distinct from the motion of the sound-wave, 


: 7 Sound; in air and other media. 


_ monly been those of the flash and the report of a distant 
cannon. — Since light is transmitted with such rapidity, the 


coe following : are some of the most trustworthy results : 


2. Bureau des Longitudes, 1822 . eer ee o "BBL.00- ee: 


ener “Moll and ‘Van Beck,. 1898 6° 2 es es BBR OB 
4. Stampfer and Myrbach, 1823 . beta ee 00 ae ee 

5. Bravais and Hess 1844 ar - tere Uae Ee 
siones 1871. . ne oe ae z he - ne . Q 2 ice 40 os | a Se 


- 116, Experimental Detssninetiod: of the Velocity of 
_ Sound in Air. — Since the motion of the particles of the 


the two kinds of motion admit of independent treatment ge 
_ and illustration. We shall consider first the hey OF. oy 


eo The usual determination of the velocity ca eae is 
= founded upon the ‘measurement of the interval which ae 
: elapses between the observation of some phenomenon first es 

a by sight and then by hearing. The observations have com- 


interval between. "the: two observations may be regarded 
without sensible ‘error as. that which the sound actually a 
requires to traverse the distance between the two stations. — - 
‘he earlier observations. in the latter part of the sever- 
teenth century and at the beginning of the eighteenth - - 
rere not of sufficient value to report here. But beginning _ 
ith those made by the French Academy of Sciences duane a 


i Saas a Rolenoes,. 1738 ss ae S 332. 00 metres. : 
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A ibalastaa: as veld as ote perturbing effect of thar viclent iy 

disturbance near the source of the sound. Still two 

_ observers were necessary, and the reflex time in the two, 

required to perceive and to record the observation, may 
not have been the same. ee : a 

_. From 1862 to 1866 Regnault made a lone series s of obser ee 
Syalions on the transmission of a shock or pulse through : 

the water-pipes of Paris. The velocity was found to be 

somewhat less than in the open air. The disturbances at 
each station were recorded automatically by electricity. a 
es The principal conclusions may be summarized as follows: a 
1. In a cylindrical pipe the intensity of the wave does 
- not remain constant, but is enfeebled with the distance, ee 
and the more rapidly the smaller the pipe. a 
pe ods 2 Be velocity of sound diminishes at the same tie ee 
ag the intensity. In a conduit 11 metres in diameter the wos 
ies velocity. was 384.16 for a distance of 749.1. metres, and 
830. 52 for a distance of 19,851.38 metres. i 
oe Be ~The velocity tends toward a. limit, which is Taiger: : 
Cae: larger the pipe. This. fact is exhibited i in 2 the follow. 
me table : bese ee ae i : 
| "Diameter of conduit. a co Velocity at zero. a "Distance traversed. 
SOAR mh ee 6 Sg O8NBBB LS oe 4055. eo ee 
0.916 poate a BOB IR fhe EB SBB. ee 
0.800 « io ee ee 828.96  15240.0 oo 
a 100. ee ee . $30.52 os Nes eet 


“Alter all corrections shad een made e Regnault A ee 


| ue Te re eo “SOUND. 


"By “The snoed of pr Ssapution t in a gas is ihe same, what. 
ever thay: be the pressure to which the gas is subjected. 


a “117. ‘Theoretical Determination | of the Velocity cof: 
oe Sound (Phil. Trans., 18'70, 277; Maxwell’s Heat, 223). - 
Let A, A, (Fig. 69) be a tube of one square centimetre 


| feos sectional, area and of indefinite length. Tet Ay cad 


ae As be two imaginary planes travelling with the velocity of 


SS sound V.. Also let u,, wu, be the speed of the air particles = | | 
o ab Ay, Ag; > Pry pot the corresponding pressures 5 and dh, de the gees: 


densities. | Then V—w and V—w are the velocities of 


the two planes with respect to the medium ; and V- a1) diss : 
(V—uz) dy are the masses of air traversed by the two a 
planes respectively i in one second, since the cross-sectional 

3a is one square centimetre. These masses are equal; — 


for the two planes, travelling with the speed of the sound- Ee 
wave, remain in the same relative position with respect GO. 
the condensation or rarefaction of the wave which they. re 


"accompany, and there is therefore no accumulation. or. 


exhaustion. of. alr going on between. them during the mo- oo 


tion. Ns much air streams i in through A, as out through — 
Ay. - Moreover t 1e mass of air tieversed “per § second i is the - 
same as if the planes \ were travelling with a velocity V 
and there | were no sound-wave. - We Bey ey | 
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But he ae of ohiirige of momentum is aa on, | in ‘this Be 


case, difference of pressure. Therefore 


Do = Pie — (us - — th) ee ee . : 0) : : oO if 


| mM f m 
| From »@s | rs l= Us == eee ee 


"Therefore . 7 rane fot | ne 
_ oe dy Ae Be 


bag ~ Substituting i (b), 5a 


| Let the volumes containing ‘unit mass of air rat densities oe, 
ah, d,, and d be represented be $1, 8, ands... Then, since." 


- these volumes are the mecupracals of the cortesphndig 


‘ densities, we have 


- ot quotient of the stress by the strain, or the ‘quotient of 
“oe the: applied pressure: by the voluminal ‘compression ‘[pro- : 


iy 


: we cd (182) = Va (4-8). 
| Whence | ~ age yg BP 


hee ee he: the: cooiiotent: of elasticity of hee air. mo te is 


ne duced. ‘But the pressure producing the compression is 


Dg ay: and the compression in volume is the diminution — 
oe ay volume 8. — 8 : divided es the original volume s 8 /There- 


poe 


ee 


118. “_Blasticity equals Pressure. a Let P and. di rep- ae 


resent the corresponding pressure and density of the air. - 
Let the pressure be increased by a small quantity p ¢ and 
— let the volume of unit mass of air be diminished in conse-. 
quence by a small quantity s, the volume at pressure P 
being S.. Then by Royle 8 law, the temperature re remaining — 
“constant, 7 | ; 
CP : Pipioe s 
By subtraction | | 
- Pe P + pe 2: S, 


OR ce | , the co ress n. 
ce to ae Pot y mp 10 


Se pression i is 


_ Therefore the coefficient of elasticity for isothermal com- eee 


- It the distorbance: is s such a as to make a relatively small : 
ee in Senaity: P. is negligible in ‘comparison with P. er 


oh But if the ‘distasbancas are violent, p 4 Pi is no 3 lanaer ; 
- sensibly. equal to Pe The velocity for. violent explosions: & : : 
is greater than for moderate sounds. » : “Many observ vations 


confirm. this conclusion. - Captain. Parry 7 relates. that j in the a 
retic regions the report of a gun in artillery practice. was 
often heard by a distant observer. before the command to. _ 
r ; Meee found that the velocity of sound diminishes 
distance from the : source increases. | ‘The ‘same con- | 


NATURE AND MOTION OF SOUND. 149 | 


| eee by ay ear r the. apparent velocity of acute sounds i ae 
sensibly less than of grave ones. But'the observations ale 
complicated by the fact that the sensation of hearingis 
- excited more promptly by grave notes than by acute cee cue 
_ The consequence is that when a sound travels through ath 
great length of conduit it changes its quality or timbre. 
ee 1b ip a Fact of common observation, however, that within 
eee moderate: limits the velocity of sound is independent of 
pitch | and loudness. If this were not so, then music, a) 
played by several instruments at a distance, would reach _ 
the listener out of time, and hence con sased and discordant. | 


es ; 119. Newton's Form of the Aquation for ‘Veloolty: a os 
From Art. 102, P = Hdg, where # is the height of the oe 
ee homogeneous atmosphere. | a 


| Therefore re gH, and v=, : 


a og a heavy body fall in a vacuum , through a height z, | 
x ae velocity attained isv= / 29H 2 gH. as : 
pee es The speed of sound is” therefore inal to the alsa 
ae acquired by a body, falling in a vacuum. through half the 
oe height of the homogeneous atmosphere. Te. was in. this os 
S form that N ewton announced the result of his Znyeetiantion: ae 
oe : ie % 99 x 10% ems. and ie = 980. oe 
le _ Therefore Ve W/ 980 x x Tq: 99 x 7.99 x 10° = — _ OT, 97 2c coms. Ae 
ae | This j is only, 84 per cent of the observed ‘velocity. 


a 120. ‘Corrections for Temperature we, il; 52). ce 
a effects « on 1 the rece of sound in air, oe to chan es in” 


sour 


he passes ; the ‘other is that arising fiom compression and 


. rarefaction in the two complementary portions of a sound- 
wave. The former may be considered as affecting only 


Bee Phe. pressure P ; the latter aan oe elasticity inde- 
ae Pendentty, of pressure. | 


First, consider: the effect of a change of temperature 


eg pow pressure. 


Let ¢ represent the a ma a the eoaffibient of | ” 


eee expansion ofa gas. The value of a is 0.003665. 


The ite ie for velocity becomes then 


ae =V,Vita=V, /1 + 0.003665¢. 
ae “The 3 inere ase in velocity for one degree C. is therefore 


‘vais eammantrmrevretiitit inom te mime term —nestantigma mare 


BT 0.008665 — V,= 0.00188 7. - 
: a Taking Pas 832. 4 metres, the increase per degree ©. is s oe 
882.4% 0. 00188 = 0.608 metre, or 23.9 inches. eget 


periment, The cause of this Siaugreenton was” dis- | 
covered. by Laplace i in 1816. on oe 


: Second. The value of the velocity of ‘sound: alodlated. 4 
rom Newton’ S formula is} less than that furnished b by ee 


The coefficient. of elasticity aqiala, the pressure ‘applied 2 


to ) the gas” only under the condition applying to Boyle’s 
jaw that the temperature remain constant. In other 
ores i it is the coefficient + applicable & to isothermal a - oe 
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. +t is is prodaoed. the phenomenon i is subject to the formula. oe 
of Poisson, ae re | 
pl= = constant, 
‘instead of the formula of Boyle, 
re pu = constant. ae. 
; og is ‘the. ratio of the specific heat of a gas under | eons ee 
| stant pressure to its specific heat under a constant volume. ee 
The difference is that the coefficient of elasticity to be 
cs _ employed | to bring the phenomenon under Poisson’s for- 
mula is that corresponding to expansion or compression = 
. without the entrance or escape of heat. Such expansion or as 
compression is called adiabatic. — The heat effects are then 
all localized in the same masses of air where they are PLOW es 
duced. This latter coefficient of elasticity is 1.41 eae oe 
a the other. The full formula then becomes co 


= aay 141 Ute 7 me : 


oe “121. Computation of the Velocity of Sound in ake, 
- — The velocity of sound in dry air at 0° C. may be com: 
oe puted readily by the help of the formula. u 

Pressure P under standard conditions is. 1 12 630 
oe - dynes per square centimetre (101). : 
The density d under the same beard coudivions of 0° a 
: - Gand 16 centimetres ‘pressure of mercury.’ is 0. 001298. 


I 4x, LUI 680 -88 
~ 0.001298 o 


| Therefore Ve = : / 


5 280 cms. a 


122, Velocity. of: Sound | in Water: Oe es ; 


“a The general formula — ce 


ey ee ee ee ‘SOUND 


. is directly applicable; ee since “the. compression of a 
liquid produces no appreciable heating effect, i 

| increase of pressure _ mg 

~ Gompression produced =k 


a ‘Here g is the acceleration of gravity, 


~m the density of mercury, 

gee the height of the normal barotionic Peete eee 
A the coefficient of compressibility < of f the 9 Hamid 0 One. 
oe the compression. — ae 

| A pressure of one o stmosphiete produces a compression k ee ne 


| Then Paes a V= on td” 


ce d being the density of the * liquid at the temperature of the ee 


oe observation. 


Ate Cy k for v water is 0. 0000498, and its * density is - ay 


: - of 980 * “iB. 506 = 6 
Therefore I v= = “0. G 00 0 iE 9 7 = 142, 2,500 o omsy 
495, metres. aes ere 
1827 Cotladon ae Sunes yieauned with milan ¢ care e we 
he velocity of sound in the water of Lake Geneva between 
two boats | anchored at a distance apart of 18, 487 metres. 
Che mean time required for the transmission of the sound — Son 
a a bell struck under water was 9.4 seconds. ‘This gives. ee) 
é or the velocity at 8. he See 1435. metres. ee Bate See 
This. is in very close agreement. with: the ‘cllduintad Le 
| value. e ‘The uncertainty relative to the. yalue of & does. 
3 not permit of | a  Hgoroue Somtparison between theory and . 
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a copper, Young Ss modulus of clastic, @, | is. . 120 x 10", and | 
is density i is 8.8. = 
- Therefore Va. ey /- 10 


= 869, 300, oms., or 3B 3608 ee 


a Phe is ‘bolt 1. 1 times: as. ‘greats as ‘the wolocity i in-air 
pe Wertheim by. an indirect experimental method. found ae ee 
oS SEL 16T times as’ greats 06° eer 
ee For steel eerie = 202 x 10%, and dis 1. 3. 


"Therefore er : [Re = e, 508, 400 coms iF rk 


| metres. 


oe ‘124, Relations between Velocity, Wave-Length, Vi- in a 
_ bration-Frequency, and Period. —If » is the number of | 
complete oscillations of an air particle per second, that i py 
So the vyibration-frequency; Xr the wave-length or the distance 
: " vo the: sound travels during a complete. period | of vibration 
_ 1; then, since » is the length of one wave and such _ 
: “waves. proceed from the source in one second, and 1 extend 
over dl the distance vy, it follows that a ae 
pee 


Ons yon : s aS | 


| Also § since “the vibrationfrequeney i is s the i inverse sof the ae 
fee aap we have i, UO SA SG Al a 

we | 

oe vr 


ie a “128. “Simple Harmonic Motion 2 applied to Sound. — 


indicates senaeineg of b iciasietaaney. “The Sib ne 
of the fork are isochronous, like those of the pendulum. co 
- -Unless an elastic body, like a tuning-fork or a stretched rr 
ae : tring, ‘be very widely distorted, its periodic time, ONG ie 
, | eee the pitch of the sound produced by it, are inde- 20> 
pendent of the amplitude of vibration. Hooke’s law. of 
_ the proportionality of the forces of restitution to the ooo 
distortion is a fundamental law of the vibratory motions 
hia s which give rise to musical sounds. This means that ina e 
ee. - tuning-fork, for example, the dqceleration is # proportional 
te the displacement. | ne 
ee We therefore conclude that the osdillations a the parts ae 
On gt musical instruments, as well as the swing. of the air Bs 
: - particles to which they give rise, = all be studied AS SOE 
punple harmonic: motions. a Os ie eer 


126. Wave. ‘Motion as a Carve: of Sines (a and B, goes 
856 s ; Hverett’s ‘Vibratory Motion and Sound, 46). —If | 
otions: of the i ea of air in sound are simple 


a > ©: ae afb’ c!d’e’ f’. ee Ie Y min’ op Ya 


vl il i | ig | | H i , : 


es 


“Fes 70. 
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ne ropresea yen BE particles, sehich | in. tied state of equi- ee 
librium are at equal distances from one another. — ‘Suppose Po 
i, these layers. of particles are executing simple harmonie. <0. 
; motion of the same period and amplitude in a direction ab ee 
_ -vight angles to their length, and that the phase of each rs) 
bos ~ dayer ig. ‘behind: that of the: preceding layer bya fixed 
- amount depending on the distance between them 5. in ‘the: Si seedin 
ae case firured it is one-sixteenth of a period. os 
oe ‘Suppose further that the layer ais just passing through Lys 
_ its position of equilibrium. in the positive direction. We ee 
construct the circle of reference with a radius equal to the 
amplitude of motion for each layer. Then the projections oe 
: of the points a, 8, ¢, etc., on the diameter give the corre- aes 
2 sponding displacements of the layers by means of which a 
the displaced position of each layer is found, as shown in — 
the lower row of lines in the. figure. The layers are— 
~ erowded together as a condencotica: at a, a/; and .a”,and 
2 separated: as a rarefaction at ¢ and ‘The distances aay 
wa’, WW, are all the same and are senesl ¢ to one e wave-length 

OE. the sound in air, a ee 
he vibrations. of the ‘sides: ina sound’ wave. are a 
: long wgitudinal, that. is, in the direction of. the motion. of the | 
wave; but for most purposes of graphical illustration it is 
easier to represent the displacement and the velocity of a 2 
| particle by a line drawn at right angles to the direction. of 
the motion, the length of the line indicating either the — 
hose corresponding amount of displacement or the velocity, and Se 
ibs: direction above or below indicating the sign of the _ 
: quantity. A sinusoidal curve may then be constructed to. 
show. either: the displacement of successive particles | or 
shee Felocities att a esiyen. instant. hb As: ee the 
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repre asontad by its distanes above c or alow the line Ox The. ce 
points on the curve represent the displacements of succes: 
 Sive particles at the instant when the particle a is passing — 
its position of equilibrium i in the positive direction. 


Fig. has 


Seok a curve may “be ine exborncnaly by: causing 
fa large tuning fork to inscribe its vibrations on smoked. 
paper ener round a drum, which can be rotated witha 0 
uniform angular motion while a light tracing Loot attached ce 
yee BO. the fork inseribes &-BING CULVE. 2. of ye eS gee ee | 

ee To find the mathematical expression for this curve, 5 let es 
us suppose that to the first Bete a is elven a 8. H. M. : 


ee rae dike. ‘Giine: re required. for the. motion to go na 
the origin AO Say which i isa/v, if vis the velocity ¢ of Proper. : 
een | Thien. for any particle we have | | 


ye asin 2 pCa) asin de cemem 
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ey ceeilaly | recurring - values. The same galue. ne y. recurs : 


Ve with every increase of x equal to d, the wave-length. 


If various values are given to x the corresponding values 


a of 1 y will represent ihe. displacements of the particles the» - 


| distance of which from the origin is z Forz=0,y=0; = 


for c=), oes for 2=P, y=; for = 2a, yaa: 


and for =A, y=0. Laying off. the several values of x 


along a straight line, and erecting perpendiculars equal £5 oS 
_ the ‘corresponding values of y, the curve drawn through =~ 


. the extremities of all the ordinates i is a curve of ; sines. Simi: 
| larly the formula for the curve bopresching) velocities i is, 
| Qra  Qarx 
y= 0s ales 
ot dare ne 


“Bom the two equa | 


a “dons: it is evident that 
the maximum velocity 


of a particle occurs si- 


a _ multaneously with mini- — 
Sertsvie displacement and . 


ee Versa. ee 
ety ordinates at ae : 


ae upper curve in Fig. 72. represent the laplaoornenta “obs suc- 


: - gessive particles, and. those of the lower curve the corre: : 
| -apondng velocities at the same instant. | cae : 
197. Composition of Simple Harmonic ‘Motions i 


gs Same Plane (A. and B., 359). — — The curve of. sines — 
may be used to illustrate the composition of two or more 
wave: motions in the same plane. If two systems of waves | 
coexist in the same medium the displacement. at any point 
ote be the | sum tof te ieleasetortt dite to the two sys- 


- ais same period, shih ‘te » resulting curve will be a . simple 
sine curve of the same | | | 
nears period ; if the periods are 
~~ not the same, the composite 
“curve. will not be a curve 

of Sines - 
oe ie, ig. 7B the dotted - 
lids light lines represent | 
the displacements due to— 
two wave systems of the — 
same period and amplitude. 
The heavy line represents — 
oo the resulting displacement. : 
a ok In L the: two ae have. ale 
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: “En: a the aloe differ’ ty. one- a = 
ater, andi in IIL Thy 0 one-half a a period. In the last case 
| oe | the two- ‘motions feel 
“a ee completely — annul... 
7\ each other. In Mio 
| 74 the periods of 
| the two wave sys- — 
| tems are as Pte 
es The resulting 
curve isnotasinus- 


oa pice oid, whether the Ee 

4 ; component | “waves 2 i te 
Agi ave in the same, eS 
oe phase, as. yh the. 
ee lower part of the . 
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128, “Taterovencs and Réata (v.., ‘tL: 92). “tome last 
ss topic illustrates the superposition of two wave systems in : 
the same medium. In the case of two water-waves the 
~ total elevation or depr ession, relative to the primitive level, - 
- as at each point and at each instant equal to the aleobrat : a 
py sumo. the displacements due to each system separately. 
~-Jf- an elevation of the first system is superposed on an 
equal elevation of the second, the total height of the water 
_ above its primitive level will be double the elevation due 
to one system alone. If an elevation of the first system 
~ coincides. with an equal and opposite fo of the 
4 second, the primitive level will not be modified. - uta 
In sound-waves condensations and rarefactions ‘take the Bea 
te oe plas of elevations and depressions, but two sound-wave 
- systems modify each other in much the same manner as. 
- two systems of water-waves. Consider in particular two 
identical sources of sound Aand B. It is clear that at 
every point of a plane, drawn perpendicular to AB at its — 
middle point, the movements provoked by the two systems: 
of waves at each instant will be concor dant, or will reén- 
Se ~ force: each. other. Tbe, ‘yelocity, as. well. as the displace- 
ment, will be gronte than. if there were only a “mingle 
source of sound. He Peah 
cee °° But in-any: other plane, parsilel for oxatiple to AB, ie 
yelocity, and in consequence the intensity, will, Drediat 
oe Be series of fixed maxima and minima. So two sounds 
reer emanating from two identical centres reénforce each. other 
at certain points” of space, and destroy each other at ‘other 
~ points, or sound added to sound pee silence, This 
Restate is called. inter schon ee ce es 


ideo nou 


For § a few wiirauons the periods. may Be re sarded’é as. the 

— same, and the resulting vibration will be simple harmonic. — 

- But the more rapid eee will gain on the other, thus 
my changing the difference of phase on which the resultant | 
depends. For when the two systems: have the same phase 
Se they. reénforce each other; when they. have “opposite | 
a phases: they partially or wholly. annul each other. 


| _vibration-frequencies mand n, m—n being very small. 


tery ral. in seconds of - Je eo 
_ tee cant 


Let the two systems, of nearly the same amplitude, haye 


Suppose the phases to agree initially. ‘Then after an Toe 


‘the two systems | will be in He 


. x sxaeily opposite phase, one system. having gained half ae a 


motion and of sound will ensue. 


iter a further interval of “L seconds, the system 
“2 Gi m— Gao 


= A second, and a third at the end of the. first second. 


. Reperbaania ihusteating Interference of Sound- 
—T ake 1 two. tuning-forks | in, Anison, mounted on . 


: _ wavelength | on the other, and. almost total extinction of — 


te rar period will have gained a ‘complete wave-length “ae 
other, the two Sy stems will. again be in agreement ee 
phase, and an increase of. ‘sound will result. This | 
phenomenon, due to interference, i is known as ‘beats. Phe 
umber of times per second that the two systems reénforce 
each other is equal to the difference in the vibration-fre- 
quencies: of the two notes, or m—n. Thus if m is 108 OE 
and n is 100, then the first reénforcement. will occur atthe 
end of one-third of a second, a second. one at ee 
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forks ¢ are now Aonnded: together, the phenomenon of oats 
will be very pronounced. | 

_ Mount two organ pipes of the same 1@ pitch ona pallawes: or 
and sound together, If they are open pipes, a card 
gradually slipped over the open end of one of them will | 
change its pitch enough to bring out strong beats. The 
same result may be produced by slowly sliding the finger ce 
ee ACLOSs the embouchure of one pipe. — ; ae 

} ‘These two experiments illustrate juterference of two: Me 
sounds of slightly different pitch. The two sources are 
not identical. ‘The following one will serve to illustrate 
: interference’ from two idenieal sources, Viz. the two ae 
: - prongs of the same fork, | “eee 
ne Tet a and &.be the prongs. of a Treas (Fig. 1): oe 
ce is well known that the intensity of sound of a tuning- 

. fork held freely in the hand and turned on ita 1 stem. ex- ; 
hibits changes. As the “gi | ae 
two branches approach or — 
--yvecede from each other 
oi the. movements communi- 
_ eated to the air are all = 
te ‘time opposing. each oe 
| a “While the two branches, oe 
ae for. example, approach — 
each other, a- condensa- ,--~ eo 
eo Bon As: produced between 20 Fg. 75, Sa 
them, end atthe game) Oy gs ee ho oe 
time two. rarefactions start tom the ‘hacky of the robe: 
Se and be When such | a diapason i is held before’ ‘the ear, 0 
= is placed over a far serving | as” oa resonator, the: sound | is 
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‘the hyperbola. , sak io ih. | at then’ one ‘qurhs the fork ae - 
its stem one perceives a succession of reénforcements and 


of least intensity of sound, the covering of one branch by 
-@ wooden or a pasteboard tube without touching , SeTVes 
2 restore the sound to nearly: maximum 1 intensity. 


130. ‘To eomuine Two Simple Harmonic: Motions ‘at. 


arising from impressing simultaneously upon a particle two 
scRimple harmonic motions at right angles to each other. 


‘eference be a and a The. periods of the two harmonic — 
notions may have any ratio to each other, although only a ; 
few of the simpler ratios have been investigated. | 


déments i in the two. rectangular directions, if the ea a 
ro equal, will be ae oe 


| oh an Oy | 
y= ésin (Ge)... 


Aaplacements under the form vote adie Bk pe 
aaa hats g=asin 7c) zn Dy eee Le ae 
an cys = =b sin a Ee 


where Bi is s positive: if. the a component is in | advance and - 


 enfeeblements of sound. When the fork is in a position 


es Right Angles. — In this case we seek the resultant motion 


Each of the component motions may be regarded. inthe. «1°. 
Me usual, way as the apparent motion of a point moving uni- 
 formly. around a circle. Let the radii of the two circles. of es 


Making use of the method adopted in Art. 33, the dis. : | 


5 ‘hese two. harmonic. motions, are ‘entirely independent pe 
but they are to bei impre essed. upon the same particle. — iis bere 
‘/—e=6, the difference of phase, we can. | EXPTOSs: the two ee 
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i then 1 we ake aS the most general fond of the eaiods: of ea: 
ee eS | | 
gma sin cae + 8), 
-y=bsin mé. Lo 
| Tn order to obtain the equation of the path of the se 
moving point referred to rectangular axes, itis only neces. 
sary to eliminate the angle @ from the two equations and — : 
we have the curve of impression as” -pereeived by. the 2 
eye.” : | | | “ 


| “1s1. “To combine ‘Two Simple Harmonie Motions of. wee 
‘the Same Period at Right Angles. — For ae case n= m bg ae 
= =1 and the displacements are | : 
| ea sin Sey 3), | 
y=Obsin 8. 
- Expanding the first equation 


w= a Gin G cos 6 - cos @ sin dD. 


| From the second equation sin 8 ob Substitute | in nthe 


ee equation for x pand 


=F ye cos 3 + ae z sin Dy ee 


ae 


op ve ne cos Der = :@- , oy sin’ 
oer This i is an ‘equation of the ee degree ; - oe since 26 the oe 
curve returns into itself, or is a closed. curve, it must be an 
ellipse. Consider four cases. eee ete eae 
SCL) When 8=0 or ‘thers: is. ‘no ‘difference: “of phase 
Detiween the two. ‘component motions. — (‘Then COS” oe ads 


sm 8=0. Consequently — 


ee ‘SoUND. 


: ee b os 
origin, the inclination to the axis ofz being tan . » (3); 


-@ ) ‘When $= or the phase difference is a ae : 


a. of a \ period. ‘Then cog $= 03; sin 6= i ‘Therefore 
2 . | puto. ae | 
Been 
ee a | a ae 


This. is ‘the: equation of a straight line ‘through the 


ee. ‘This is the equation of an ellipse referred to its s centre 
Soe as origin and of semiaxesaandb. 
elie BO. When 8=7, or the phase difference is. half a 

| petiod. ‘Then | cos §=—1; sin d= 0. ‘Therefore | 


eb 
atgy= 20, or y= “ge 


the inclination to the « x axis being tan . © )e Sey, 


Cc 5. When s= Ls or the difference. of phase is 2 of a 


period. Then e eos s 3 03 sin 8= =— Ae | Therefore 
2 ot =F ( aC -¥ om 


This fs is the equation of the same ‘Sligas » as in case. (D, 


ie within a  pesiengle the | sides of which | are 2a and oe 


This i is also an ‘equation of a straight line through the aoe 


‘but traced. by the moving point i in the opposite direction. Pe 
All the ellipses that can. be. obtained by. varying 8 will ee 
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“189. To combine Two ‘Simple Hesonic ‘MotHons at . 

‘Right Angles with Periods as One to Two. — If we as-_ 

sume the period of the z component to be one-half that of 9 ae 

the y component, then n= 2, m = 1, and the two equa: 

tions of displacement become oe 

: a eet (20+8), 

| yobsin & | | | ae 

| Phe Seta of 6 from these equations ¢ gives in gen- eae 

eral an. equation of the fourth degree, OL which the three 
| - following cases are of most interest: | | 


a). ‘When 6=0or 1, sin 6= :Q.. Tae 


sin O= 


en 
a3 ; —= sin 20= 2 sind cos. 


eos But oi 


Therefore 


ee ae. cr Aas y (PH : yy. oe a 
coco This is: ‘ike ‘equation of a lemniscate ‘symmetrically 
oe _ placed on ‘the UY ON 
coy When Pe. Then cos 65 0; ain bab 2 
eae - Therefore gaa (sin 20 cos b+ cos 20 sin 3), 
ESE or ee wee GOs. 20 == a ce4 cos* eee Ly. Chua gen 

| "Substitute. now the value of cos sO from a and afte ot 


“reduction eo ee ee 


ee | This i is ‘the equation of | a parabola . 5 
on the @ axis, W oe aoe 


- oe i When 6 =57 a | Then cos soe 0; sin b= —1. 
-‘The equation thes becomes 


OY =F a+2), 


“denoting the same parabola reversed, its vertex being 


- ROW turned in the dire sction of the negative axis. of a. 


“183. ‘Graphical ‘Method of combining ye. ‘Bimple 
i _Eermonic Motions at Right Angles. — Draw two. con-- 
_— centric circles Big. ap. with radii i proportional to. , the 
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2 aapldes a | ane 3, of iz two nations conan, and | 
through their common centre 0 draw the rectangular a 
: diameters AB OD... ; nee 
Divide each quadrant of both circles into “the same: cone 
~ number of equal. parts; some multiple of four is tistally 2 
most convenient.’ Through the points of division of the: <0.) 
circle AB draw lines parallel to CD, and through the di-- 
visions of ('D draw lines parallel to AB. The resulting 
es rectangle of sides 2a and 26 will contain all the fipitres : : 
arising from any possible combination of two simple hare! 
- monic motions of commensurable periods; and the curves 
will, in general, be tangent to the sides of the rectangle. 
The centre of the circles corresponds to a phase difference eee 
of zero between the two components, that is,to 5=0;and 
it is taken as the starting point for tracing. ay curves: SOF 
vee difference zero or 7. : oe 
Tf as in Fig. 76, the circles pone been divided into a 
ees teen equal parts, then each point of intersection ee the: : 
diameter AB corresponds, to a. phase difference of ze 
ae ag ; , that is, to one-sixteenth of a period. ‘Hence if we start 
a to: trace a curve from a in the figure instead: of from 0, we. 
a shall Binds, the curve: corresponding to a phase differ- ee 


eb _ ence of fo This means that at the | instant when the of 


o ae the y apace therefore 2810, the 2 = omponen o 


ca 


eee x" "-Retuming toward 0, it will be seen that e also cores, 


sponds to: a difference of phase of , 4 to rT —-, @ to fe ; aod | 


at 0 to m, with larger -values for points to the left of 0. — 
ee - Suppose. now that we wish to trace the curve corre- : 
eS 0 sponding to the vibration-frequencies one to two, two for 
the horizontal and one for the vertical component, ‘and 
with no difference of igre Starting from Owe count — 
a - two points horizontally to the right ee one up and reach ; 
Ij again two to the right and one up for point ZZ; andso 
continue, numbering he: points in order until we pass 
_. through the starting point in the same direction, ag at first, 
mee Schein: careful always to. complete the motion in one diréos 
tion before beginning the retrograde motion. An excellent 
check : upon the accuracy of the location of the points ig. Soe 
und in the fact. that points equidistant from the axisof 
inet 4 AB differ | in | number ue eight in every 88: Ae 


eae 4 sak one g yertielly. 8 in tke game. interval of oe 
me, and consequently passes ‘through the corners of rec. De be 
tangles two spaces long and one space high in every case. 
The spaces themselves increase or decrease according to 
the simple harmonic law. Great diversity of figure may ee 
thus be obtained with successive differences of f phase be- oo 

ween the two component motions. 

I ne two motions of frequencies two to 0 three, va on 
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The curves Jobeaned! in his way are ae ‘beautifully : a : 
- verified experimentally by Blackburn’ Ss. pendulum, - with - - 
| adjustable periods of vibration. in two planes at. right — ids 


Pee angles ; 3 or by Lissajous’ optical method, in which a esi ee 
; OL: light is successively reflected from mirrors. on two | oe 


a ‘tuning-forks, one vibr ating horizontally, and ‘the: ‘other | ass 
ae - eeey 25 : Ay, a : 


1g4. The Brindiple of Huyghons Oo. 110: PB 5a; Th 


229; A. and B., 356). a Leta (Fig? ie be a centre eof 


. disturbance, and men the front ia 2 
spherical waye diverging from it. | The 


radius of the wave increases with the ° 


velocity of sound, and the disturbance 


now at men will a moment later be at 
mdr’. This single wave as it travels — 
es outward will disturb all. the: elements of , 
: oe the medium over which it passes. The — 


disturbance. of any one element of the 
medium may then be considered as. the i EE oe ies 
cause: of the subsequent disturbance Ci ee Gay 
all the other elements. The principle — 

Or Huyghens ; is that every point of the —— 


a -wave-surface | mn ‘becomes a new centre : 


ok: disturbance from. which waves of ‘sound j are - propag agated. 
outwards j in the. same manner as. from. the original centre 3 
and the aggregate effect at any point: outside this ‘gurface_ 
the resultant of the combined action of all the secondary 
oe] Propag gated from fhe Se new  Sentres. ~The principle 


AO momma, 


‘and. communicates motion to thein in 1 the § same manner, or be a 


becomes itself a centre of disturbance. 


The principle of Huyghens is the principle of superposi- erry 


— tion ina generalized form. The disturbance at any point Saat 
at any instant is due to the superposition | of all the dis- a 


-turbances: which reach it at that instant from ‘the: various hoor 


a par ts of the surrounding medium. 


Let the points of. the surface mn be centres on whi! 
: we ‘aves proceed for a short distance ed. Then with these 
-centresand a radius cd, describe semi-circular waves. The 


number of such waves. being indefinitely large, they wile 


ultimately coalesce to form the new surface mn’, which 
a is the. . SATO of all 1 the small eee waves nae 


wards as well a ererurdi bye chase. e Seoondaty 
, 2 Te answer : ‘is. ‘that t each. secondary wave aa : 


ave: and the Tine joining ths point to ‘the contre of ee 
ementary wave. This quantity | vanishes when O ==", or 
points d ly behind the wave. | The disturbance due 


* 
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136. Reflection « of Pitas Wave at a , Plane Surface - oe 
_ oO, 11'7). — Let. AB (Fig. 78) be a portion of the plane 
advancing wave, and let CD be the reflecting surface. | ih, 


oe AB had. met with no obstruction it would have taken the 250) 


position AB! at 
_. the’ instant when Les 
Rees arrives” at Br. | 


= But A becomes 


--anew centre of  \ 


disturbance. | 


which travels — 
backward in the — 
first medium.” 


ms ike with Aas 


ee and 


a aa -yadius 


AALS. ak to 
BB, describe a | ee rks 
circle. This circle limits: He distance to ‘wihtich: the de: e 
: turbance has. spread. In the same time the disturbance ote 
from. bo would have reached b! without obstr uction, but. it 
“travels first to H, and is then reflected. We must, there- 


fore, draw about Ba circle with. radius Eb. In the se | 


manner draw any number of circles. . as eae 
7 ‘Finally, from Bi draw a tangent to ‘the ‘Bist rele’ ; ee 


: will touch all the other circles, and. will be. the ‘reflected - 
: wave-front. ‘Draw AA” to the point of tan gency with the . 


fi rst circle.‘ Then AAUB' i is symmetrical Ww ith. respect. to: 
AA‘B ‘sand 3 since ABBA’: is a parallelogr am, the triangle. 
ae ee to AEBS : _ Therefore, s since > the: strangle 


since the lines. BA a BA are  porpondlioidat respectively a 

to. BB’ and nBs and the angle BBn isthe angle of incidence. — 

In the same way it can foe shown that the ‘angle AUB A is 

~ equal to nB’r, the angle of reflection. The angle of inci | 

— dence, therefore, ae the angle of Reflection. “Thesis 

former is the angle between the ‘incident wave-front and 

: “the reflecting surface CD; the latter is the angle between | a 

Joi the:: wave-surface after reflection and the ‘saflacting gure 

face. The reflection of sound then follows the | ordinary ge 
a lee of, the reflection of waves. : | : ae 


oe 136. “Relations of. the Cantres of the Direct and oe | 
oe flected Systems of Waves. — Let. oO Gig. 19) be “the. - 
--¢entre of the incident. ‘Spherical waves, and let them 
reflected from the surface AB. TE these waves had met a 
with | no obstruction they would have taken positions at oo 
oe successive. time-intervals. indicated by the dotted x 
| ; but they a are reflected s so, as to have the positions ane 
i. ee os the | full lines sym- : 
metrically situated 
on the other side of ae 
Loe the reflecting sur- : ; 
as face. Let. Or bea 
| -sound-ray, or the a 
direction of motion 
“\" cof any. point. of the 
| incident wave; draw ae 
it so that [Mand 
2 OL shall make equal 
Then is. Iw the: pe of ths. £ 


sale with the normal. 
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| “of the lee 6 Waves. “The: triangles 5 O1 C and OL C are 
equal. Hence OC and O’Care equal, and the centres of © 

the incident and reflected waves are on a perpendicular to 
the reflecting surface and equidistant from it. The sound- — 
centre and soundimaes p are symmetrically situated with oe, 
respect | to the reflecting surface. _ 


218". Hecho: (D., 425). — Whenever on passes. from 
~ one medium to another of different density a part of the." 
energy is transmitted and a part reflected. The one system 
of waves gives rise to two distinct systems, and the inten- 
sity of sound in either direction is weakened by the new 
“medium, . In- general the energy or intensity of the ress 
flected system increases with the difference in density of © 
: the. two media. A dry sail, for example, will transmit. a 
Se part of the sound, and will reflect a part; but if wetted 
eH becomes a better reflector, and almost, Jimperviona. be. ae 
ie sound. , 7 ee 
ae fame is known to be. a fairly Sead reflotor of subd: 
and the hot air above the flame reflects nearly as wellags 
- the flame itself. Ttigs evident from this fact that if the air - 
in clear weather has ascending and descending currents, — : 
differing i in temperature from ‘he: neighboring masses, the 
sound will be partly reflected and partly : transmitted. Mt 
intensity will then fall off with distance much: more 
-yapidly than if the air were of uniform density. Soundis 
often heard more plainly i in fogey or rainy weather than. e 
when the atmosphere i is clear, because. then the air is more _ 
uniform. | : ‘For the same reason sounds are. heard. much. : 
barter in a ie night. the by day. Hamboldé ft remarks 
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ce relate that in the. long: aight of the pole regions a ‘slight | 
sound can be heard an incredible distance. | | 
Ces The most important illustration of the eeacenan Of 
oe So ndaves occurs in the case of echoes. Assume that eee 
- the sensation of sound persists for about one-tenth a ca 
. second, during which time sound travels 38 metres. oe 
‘J then the distance of the reflecting surface exceeds 16. 5 oe 
see metres, t the observer may hear the “dikest and reflected 
— _ sounds separately. _ This repetition. of sound by reflection ~ 
is called echo. Parallel reflecting surfaces at suitable diss 0. 
tances produce multiple echoes. ‘Reflection of sound takes 
place from buildings, rocks, woods, and hills. if a person | 
ean utter five syllables a second, standing opposite alarge 
reflecting surface, at a distance of. 165. metres, he can then 
“hear the five syllables repeated. by” reflection entirely dis - 
‘inct from the. original words. For shorter distances the 
direct and reflected sounds become: confused. ‘Such is ; 


= NATURE AND MOON | OF ‘SOUND. 


| “masses of invisible v vapor rise from water they may become : 
| obstacles for the tr ansmission of sound, by creating hetero- 
- geneous layers or banks, at the limiting surfaces of which | 
sound will be partially reflected. A portion of the sound 
transmitted by one bank is then reflected by the next,  — 
2 giving - rise, to a curious prolongation | of a short. signal. i, 


_ PROBLEMS. 


oe Find the wave e-len oth in air of a note due to 128 vibrations per, : 
| second when the temperature is 20° C.. 2. a 
| An express train passes a station at a speed - of 70 kilometres. ee 
an oe and blows a whistle, the frequency of which is 750 vibrations — 
per second. What will be the difference in pitch of the note toan ae 
observer at the station as. the train opp oaches and as it recedes, a 
; ponpeestore 20° C.? | os eae 
8. A stone is dropped into: a well na is heaiid to aities’ after ks 
‘ B sesonds Determine the depth, the velocity of sound being ae oe 
mstres per second. ss oe. 
ie Ay Te the: velocity of sound is 399. metres per sécond, ‘find he. a 
ou: number of vibrations which a © fork, with a frequency of 256, will 
make before the sound i is audible ata distance of 50 metres. ere 
5, Three observers are stationed 2, 4, and 6 kilometres fesbeut 
: eel from ‘a gun, which is” fired at. noon. AL. what time will the ed 
report. be heard by the several, observers if there i is no wind and the “ 
temperature is 20° C.?- a : . oe 
eee Mae east the preceding example the wind | is blowing at + a speed of ae 
80 kilometres an hour, at what time will the report be heard by the 
he first’ observer stationed directly windward and the. second dir een 
leeward? oe Ce ee pee ee oe 
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PHYSICAL THEORY OF MUSIC. | 


188. Musical Intervals. — The pitch of a musical | 
sound is the pitch of its gravest component, or funda 
ooo imental. tone; and this depends upon the i of the eg es 
~ - fundamental vibrations of the sounding body. a 
Pitch may be defined in two ways: EES le eS mgt 
Slee Ph ysteally, as the number of. vibrations per se a 7 
the lowest tone of. the sound. ee, : | a 
2. Musically, by referring the sound to tts place in an ae 
bitrary seale of pitch in use among musicians. S of 
Vhen two. notes: are. sounded “together: ‘Orin: aeik 
| uccession, ‘the ear recognizes: a. special. relationship exist- a 
ing between ‘them, involving: a | Pereepapa) of their relative 


<8, 


2 


ae This ‘élationship is expresied-a as a “ratio ‘between, thei 2 a 
frequencies of vibration, and is. entirely independent. of the 
absolute teh of the two tones. | at is. called: a musical a 
interval. ee ke Ie An aM a aoe Ce a 
Many & ‘these. patios lage ‘definite names: in  inhaloal 
nomenclature, Thus the ratio. of one to. one Is. called ve 


sof 2. BS 8. Aes 
le an octave of 7 ous a tne of 5 ae AP: 0 of 5 ee ao 
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unity. Musical interv leas ee to enh othar when their . 
constituent notes a the same ieee vibration-rates. 


189. The Diatonio Scale or Gama: — When firs pe | 


notes, whose vibration-rates are as 4: 5: 6, are sounded 
together an effect is produced which is pleasing to the ears 


of Western nations, | as ‘distinguished from those. “OF the 
- Orient. Such a combination. of three tones is called . eae 
major triad ; and, together with the octave of the lowest 


of the three, they compose a major chord. ‘The perfect dia- oe 
: “tople scale ig derived from three sets of such triads. | 


df the three tones have vibration-frequencies as 10: 12: 


: 15, they compose a minor triad ; and with the octave of the es : 


lowest, a minor chord. eR | oo 
A single tracing point, like the graver on the dinpiape. = 


Ot a: phonograph, may be set in motion by two or. more 2 . 
_ systems of sound-waves simultaneously. TE. then the sur- os : 


-. face on which the curve is to be inscribed | is moved at — 


; right angles to the motion of the tracing point, the result- 


: motions i 2 the same Plane. ‘The AED curve | ine Mie bes | 


| a Fig, 80. 


tree simple harmoni 


2 ist the result tot combinin | in atl AY 


i ion n ‘resulting ‘rom Bh 


ing curve. will be due to the superposition of the several ee 


a é AB Oe : a ~ ee SOUND. 


ae “Phe® ‘eight. notes io ‘the ae are ‘represente ed by the 
od letters Ci “D, E, F, G, A, B, ¢. : 
_ The three major tr iads are 


Os an @ , 


ce “When the Geyer notes of the scale are ‘thus related 
a they g give the most pleasing chords. | | oo 
eae ei then. Cis due to m (about 6+) Sections per second, Sa) 
ae the vibration-rates of the other notes of the scale may be cee 
= found by simple proportion from the above pea o 


hoes ‘Thus Lee ¢ 


ae henee 4 A me O= us - oS oe 


ae 


3 she 0A=? a 2a, a (| ae 
rence ap @: “3 a Le 


“6. 
ae 
6 
2B. oe 


a oe. are found to. 5 pepeesenit the ‘lative. vibration: o : 
jeegnencine. 0 of the several notes of the gamut: oo 
Vibration No. . .64 72 80 85% 96 1063 120 128 
Name of Note + Pea Dei eB oe Ge A Boe ea 
Sean rats « oe im mn gmt im y fn “ Am 2m : oe : 
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If the above piorvalg one an successive notes of o : s 
the scale are examined, it will be seen that there are only — ee 
three different ones throughout the perfect diatonic scale. 


a The intervals 5 a and > are called whole tones, and Be 


a “half tone, or a. limma. The difference Detween the ‘two a 


80 


' whole tones is 1 ane. This is of course the : ratio a 
Ee between | 3” ‘and > If, for example, the interval from mto 


nis “ oad fron with t, 3 then the interval from n to r- 


EO BO 


ae The intervals Detweon oC and each of the thee: notes oe 
eo by succession are called a second, a major. third, a fourth, Be: 
fifth, a major sixth, a seventh, and an octave. — ‘The minor — 

a intervals are counted. backward. from the last note of the : 
oe seale. ‘Thus the interval between A and. c is. a ) minor third. 


gee 140. “Minor Chords. nae ‘Transition. - — _ The intempo 
ie Intec notes, additional to the eight of the diatonic scale, are 
rendered. necessary in order to. provide for minor chords aN 
and to be able to pass from a scale in one key to that in 

ae another, a: process which | is called. transition. — The middle 
hs a note of. a minor triad is lower : than that: of a major by an 


interval ot ‘Three interpolated notes ‘become “noces: 


24 
gary it in. the: key of ©. vite three notes: below E, Bz 4 , by 
the above interval. S | 
0 But if we suppose , the 6 gamut to be 
seven other notes must, follow witl 


. 180 is . a ue SOUND. ; 


| intervals as in thé key of OG; ‘that § is, - z° 97 iB 


aoe other words for the key of G, the three sets of major | 
oo triads are 


«: SB: ad 3 | i " 
o Sian 92 220256, 
2H: iG. | ne ? 


a ~ Comparing these with the three triads for the hey of C oe 
6 will be seen that two of them are identical, while the’ 
e third contai ns two notes, Fand A, differing from the scale 
2 a ohe key of OC. A numerical: comparison of the two. at 
ao ‘scales shows. the exact difference. > 


Se dy } ap : yf, : Paks: , qu, oy R 4" os E 
256, 288, 220, B41, 384, 4268, 480, 512, 56, 640, 6828, 768 


Key of Gg. 


256,288, 820, 360, “384, 482, 480, 612, 576, 640, 720, 768 ones 
‘The interval between. the @& 8 cof the wo seales af, “ - . 
while. ‘the interval between the f's § is aoch! larger! | ‘One a 
_ other | new note besides these two is necessary to provide eee 
_ for minor triads. Bat: other keys. are employed also, some. 9 
introducing a still larger number of extra notes; so that, 
with all the naturals as Key-notes, t} the - seale would con es : 


prise. at least 72 notes to the octave. oe 


141, Tempered Bbsles. a 390; Bhs oo 
ransition trom one key t to. another | more remote. from Co 


: Oke organ and piano is known as the system of equal tem- | 


: ue note to. note equal, and interpolates only one note in each 
oo whole. tone of the diatonic scale. Each interval of a half 
: 5 | tone equals ’ 2/9, or. Li 05946. ‘The result differs. widely 
A So from pure intonation. Ona pianoforte the thirds, three, 

of which are forced to make an octave, are too sharp,!' . 
at though their sharpness adds. somewhat to the bella dy, of. Ae 
aa the: music. — : oo 


ie from t the 2 following: table: A 


a3 ox Natural oS , 1000 1125 1250. 1838.83 1500 1666.68 1875 
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excess of nn provision in an vivapeamont ak fixed vee 
keys like the piano. Hence some system of accommoda- | 
tion must be adopted by which the number of notes shall | 
be much reduced by changing the values of the intervals. _ 
Such a modification of “the notes is. called temper ee Ae 
Every system of tempering changes slightly the piteh-of oo Sy 
each note, so as to bring together into one all the inter- 9 
~ polated notes falling Herween any two adjacent ones of the 
diatonic § scale. The intervals from EZ to F and from B to | 
6 being alre acy semitones, no others are interpolated 
there. The extra notes, therefore, oceur in groups | Oboe 
: threes. and twos, represented by the black keys on the oe ; 
piano, making thirteen notes in the scale, with twelve : 
intervals. | cote 
The system of temperament most commonly applied: to poe 


_perament introduced by Bach. It makes all intervals from | 


oe) The, difference bebeaan: the ‘eight notes: in ‘the. haan” 
stale’ of © and the equallytempered, seale of o appenTS : 


Og pee a ae ag LR ee 


pee 1000 112246 (1250. 92 1884. 84 1498.3 31 1681. 18 ‘1887. 75 oe 


represent only 18 


‘The above « fumbers 


182, oe ee SOUND. 
. « ‘ Music founded. on the tatniiered scale must be. ne | 
a sidered as imperfect music, and far below our musical : 
~ sensibility and aspirations. ‘That it 1s endured, and even 


thought beautiful, only shows that our ears have as ays 
2 tematioally falsified from infancy.” 4 . 


“avoid the practical difficulties of musical execution.” 
“142, ews of. the Pranevence Vibration of Strings _ 
io 400; A. and B., 375; , II, 166). — When a dis-_ 


“turbance | is. produced at any point of a stretched string it 


“paiisoted, and passing back on the opposite side is again : 


halt of the pulse has traversed the length of the string : 


he 


lf then ie is. the length t the string 
7 21, 


a the. gaielesple of sound in air. | 


os ee is. : the operant of the 


‘It is an incorrect scale, “born of transition in order to el 


‘runs in both. directions to the fixed ends from which itis’ * 


tested and finally arri ves at. the starting point. “Dbe: oe 
string has. then returned. to its initial condition of disturb- a : e 
ance, it has executed one complete. vibration, and each 


twice. But. the wave-length along the string is the dis : 
tance | travelled in the period of one. pele: vibration. cee 


or the vwaveleng th, for ie fundamental tone is twice the oe e 


: ‘Suppose a long, slender, ‘and petty: devin ststlie, ane 

without clasticity properly speaking, to be. strongly — . a 

stretched and to be drawn aside slightly. from. its initial 
: : of rest. Then the force tending to restore ib to a 
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| ‘restitution varies. = diesels as. ‘the displacement, and the Oe. 
motion is simple harmonic. — Ee tt 
: The coefficient of restitution therefore takes ite ae of! oo 
elasticity in the formula for the transmission of longitudi- ee 
— ae eeeaone at). We may then write | - 7 


| “dae whidh:k: is the: toner in ae per square centimetre eo. he 


one of cross-sectional area of the string, and d3 is the density. 
f 


‘Tf Lis. the tension i in grammes, then k = i being the oo 


pata of the cylindrical string. | The formula for’ the ° oe 
velocity of the pulse. along the string then becomes — Se 


ee We may Oy put t for the tension in dynes Ny, and m 
; for md, the mass per unit length of the string. “Then 


“Bat, ‘the: ‘vibration. rate n n equals 2 ~, and » equals 2 


oe - Henee, substituting, - 


ED Hig: for its daadlaiiantat or r obavest fone, is 
pine ZL ore proporioual 10: its See a 


true S iene flexible sends, analy stretched, id par- 

ticularly if they are not metallic. But if the cords are 

2eoole short, thick, and lightly stretched, the number of vibra-_ 

tions is always higher than the theoretical number, and 

it is higher the greater the rigidity of the cord (Violle, I, 
ce 188). The, rigidity acts in effect somewhat like another os os 
tension added to the stretching force Z, although the — 
assimilation of the rigidity to a constant tension is” ‘not i 

ao eneely exact". | | : a. 

fo 16 mathematicnl theory for the establishment of the 


Hons a “That the transverse ee of the cord deal be 
§0 small that it can be regarded as a 2 simple, oy) 
_ fom thread. | Aa 
2. That. the ‘cord 3 is s sufficiently stretched andi is only S052 

ightly deformed that. the vari lable forces of elasticity re- ae fae 
‘sulting from these deformations | may be sotapletely, neg oe 
: eoted relative to ) the permanent tension re ee 


/ Th 169; Be 154),. — rh string is Lope. of. pea : 
10 only: as a whole,. but. also. in equal. segments ; and the. < 
number of such segments, ' when ‘it is: made: to vibrate 
in, a single mode, depends upon. the relation between 
the. periodic time of the disturbances. applied ‘toi and a 
he | speed. with which these disturbances tre avel along be) 
string. cee esr ah) a a eS 
an ee a soft ‘hick, twisted. eotion cord, from five to ten : 
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ae of the eord, will cause it to swing through ee 


wide amplitude. — : | | 
Next, apply the transverse. ue “twice. as ae 


- keeping the cord stretched with the same tension. It will 


: now divide into two equal segments. _ If the motion of the”: . 


2 hand is ina circle, the two ‘segments of the cord will be ae 
large spindles with almost no ‘motion at the middle point. 


Then let the impulses be three times as fast as at first; the — 
cord will divide into three’ vibrating segments and will — 


have the appearance of Fig. 81. ‘The two ends and the 


| Sats: XN N, are called re “They are the pointe of lot eo 


motion. The intermediate points, 7, V; V; are called ee 
ou antinodes. Two points. on opposite sides of a node: “Bre! 


always. moving in opposite directions. TE the motion of 4 


evi ery point of he string is circular then, while two. points. : 


on. opposite sides. of. a node are e moving in the s same direc: 


tion: around their. respective circles, one is moving in. one 


a direction i in space on one side of a circle while the “other ig 2s 
moving in the other direction on the other side. Of AE 


ls eirele. “, Tn) other. x words, their motions 3 differ 3 : in a phaie Pye : 
half, a period. a ee Se : 3 

ee —~iéByi increasing. “the: frequency ‘ot the movements of ihe 

ae hand ‘the. cord may t be made 4 to 0 divide into. four, | ne six, 


ad one Airset and. the aiher roflesicd, : “The relation bebw eat 

oe the speed of transmission of the wave along the cord and : 
the number of vibrations is easily found. | on ee 
Let a transverse disturbance be started ne one. , end; : it: oe 
runs along. the cord and is reflected. at the other end with 
a change of sign of. the motion, a a protubera ance | being oes 
- transformed into a ‘depression. On. arriving» againvat the 0 
os OF GID OF free end it is again reflected with a change: Of ne 
Coo signe Ie now this pulse, which has" been twice reflected, 
agrees in phase with another pulse just. starting | from the 

. _ origin, then their motions will be added together ; and ine 
_ this way a periodic movement. applied atone endisrapidly 
a3 amplified, the wave twice reflected being identified with | ee 
re direc wave, | if the pe of the double passage of ee pe seg 


Te, p- is. unity, ‘the ‘cord is. vibrating in. a “fingles sop: sae 
ment; if p is two, the cord divides into two seg manta and. 
the aeot is half a as gre at 2 as = before. ne ‘pt is three the cord : 


PHYSICAL THEOR ¥y OF HUSIO. aa - ee Boy ene 


: ‘snails iounted on a ioe of .. thin resonant ood, with ous 

lateral apertures communicating with the external aire: 
Near the ends of the box are bridges and the WIPE: IB ee 
stretched over them. <A sonometer, as the instrument is) ° yh , 
: . often called, 1, provided with three yes 18 shown i in Fig. 82. ra 


Fig, 82, 


eS For eertate: purposes it is better to fevlce a atl piano. wire, ae ey 
about No. 22 gauge, and four metres long, and stretch it. 
- over two appropriate bridges attached to the top of a long ee 
table. With this wire ee stretched, the vibr ation. ‘ne 
: - segments may be strikingly illustrated. A thin piece | Oho: 
-----gork, about an inch in diameter with a small hole at the si 
cee entre, should slide readily along the wire. Provide little 
riders of stiff paper bent double, some white and : some red. 
Let the slip of cork be placed one metre from one end, ahd 
. let white. riders. be placed at the middle : and at. one metre — 
from. the. other end, while red. ones are mounted. ‘on: ‘the «> 
. “wire. at. inter mediate points. Now touch the cork very . 
lightly « and draw a heavy. y bow across the short division of. ue . 
the wire —the metre length at one end. If this is de tly ae 
done, the wire will ond, the red riders will be violently 
—unhorsed, while the white ones will remain in place on the — 
wire. | =: The white. riders: therefore mark the place. of the 
nee, 8 and the string: vibrates, in four segments, each a 
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| 08, the wire by the how as. 1 betone, ‘die Grdeincdinie: red: 
riders will be thrown off, while the white ones will remain. 
a sitting. This method of exhibiting nodes and antinodes 
Oe OS | fst employed apparently by Noble and Pigott at 
~.. Oxford in 1678, but the Sppsconon of it to a  monochord | 
| was made by: Sauyeur in 1701. et ee 
a “Tn this experiment impulses’ a the proper. period are 
2 obtained by the vibration of the short segment of the wire, 
‘ which must of course then be an aliquot portion of the. 
whole. ‘This segment furnishes the timed impulses for the 
-yemainder of the: wire, and the position of the cork slip 
ees ‘must be considered the origin, corresponding with the free 
end of the cotton cord held in the hand as already de- 
- seribed. The relationship between period and speed of 
transmission obtained in the last section must then clearly eae 
hold tr ue for this case of the monochord. Jobe AE ee 
‘The: origin, marked by the cork, which serves to produce i REE 
node at the point, is not a place | of no motion, butof = 
linimum motion ; the small movements transmitted. aCross eS 
tare accumulated. and amplified i in the other segments. by os hee 
‘the addition of the direct waves, to the reflected ones. | eee a 
A stretched wire or string may thus vibrate in any num- 
ber of equal seg ments. | : ‘The number of vibrations executed — e 
per. second. will be pr oportional to the number of segments 
into. which the wire divides. | ‘Thus. the vibr: ation-frequency fe 
for. three. segments will be. three times as great asfor the 
fundamental: of: one segment. for four segments, four ee 
imes a as great, etc. : ue ee ae AE SORES 


145. 2 “Melde’s ‘ecpecients 43 IL, 170; Ree 405; 552 
oO" A loi ng white silk cord i is. stretched horizontally Oe 
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the: cord, thio: end of whigh: is “aisplaved longitudinally = 
when the fork vibrates. The cord relaxes, falls to its — 
ee lowest position with the forward movement of the fork, | 
again rises to the horizontal, and then to its highest ‘posi« 
tion, when the fork is again in its most forward position. 
ae The. longitudinal. movement of the point of attachment — 
_ thus gives rise to a transverse motion of the cord, with | ee 
Poa period. double that of the fork. The entire cord will 
: oscillate then an octave below the tuning-fork. For this | 
_. purpose the tension must be carefully adjusted by w eights — 
in a seale pan hung on the cord beyond the pulley. ‘When °° 
the exact tension required has been found the cord spreads 
re out ina pearl-vhite spindle, eee appears to be per feoily ock 
fixed and stable. — ge 
Tf now the fork be turned ¢ on its axis so that it sone 
eee “Montes transverse impulses to the cord, the conditions then 
obviously require the fork and cord to vibrate in unison. 
a dhe cord will then break up. into two segments. ‘separated - 
by anode. Each half vibrates twice as fast as the entire 
gard, and so keeps in unison with the. fork. ‘This: demon- 
strates the law of lengthen ee ie on 
Next. turn the ‘fork thok into ‘its former’ posittone. By 
che ~ reducing the weights, including the pan, to one- quarter, ee 
the cord again divides into two segments. Each segment a 
me again vibrates ata rate equal to an octave below the fork. ae 
a ee a whole string it would vibrate two octaves. s below 5 3 bak 
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tatielon of. oneninth, aS eteamnle, the cord ‘divides into 
three segments, or the vibration-frequeney 1S reduced, to | 
: one-thir d, the law of tensions is thus verified. 


PROBLEMS, 


“Suppose a string , vibr ated by a taning-fork, i is ; ceatohee with oe a 
= “a cae of 270 ems. ear divides into four segments. What must 
Pe be the weight: to cause it to > divide into thr ee segments with the samc 
a fork? | | | | | : 


7 A cord cached to a, fork seit its plane of wide ation in ihe , 
a L laaceton of the string divides into two segments when stretched : 

_ with 270. gms. With the plane of vibration of the fork at right. os 

angles to the cord, what net must be pple to cause it to divide: oe 

ie into, three segments? . Cs 
oa cord vibrates apictinanously. with the altachaa’ fork. by divia: ee 
ing into three segments. If it be replaced by a similar one of the cee 
same length and four times the sectional area, what relative weight ee 
vill he required t toe cause ib to divide. into pour segments! P 


| 146. Overtones. — > _ When. a ‘ainetohied string ¢ or wire jgcon Se 
au e to. vibr: ate. it not noes gives its fundamental tone, but Ses 
divides. at the same time into one or more. sets of equal oe 
seg gments, which produce higher tones | than the funda- 
: ental ; so. that usually ‘there are several series of vibra-— - | 
tions superposed. upon the fundamental one. ‘The tones _ as 
of higher pitch associated with the fundamental are known _ ess 
by the g general name of overtones or upper partials, 
In: the case of strings” the division will be into. two, 
three, four, : five, ete, equal segments, with: vibration- . 
frequencies two, ‘three, four, five, etc., times that of the 
| undamental ‘tone. ‘ The intervals between ‘the | fle 
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ig ee the ore OS ae third &% ae fourtly el, a the fifth 
g, while the sixth overtone having a frequency of yibra- 
tion seven times the fundamental, is not represented by 
any tone in the diatonic scale or gamut. The eighth 
overtone, with nine times the frequency of the funda- — 


mental, is @”, which produces a discord with the fundamen- 


tal tone. The formation of these particular overtones is 
prevented on the pianoforte by having the hammer strike 
the wire at a distance of a little less thats” one-seventh the 


length of the string from one end. Since the point struck | 
must be an entinade for e evely sy stem of subdivision, all 
modes of segmental vibration requiring a node at the point 


2 ee thereby eliminated. 


= “44a. Distinction: bee ween Partial Tones ‘and ‘Stew a : 
> monics.'— When the vibrating parts ofa musical, ingtru- wees 
ment which is producing composite tones, such as the 
— strings of a piano or a violin, or the column of air in an 
organ pipe, divide into several series of segments at the 


oy ante. instant, all the tones: produced | by these segmental a 
a vibrations are called partial tones. But the vibr: ating parts ie 


AOE. many musical. instruments may execute a va riety Ob 
_owery” complex or imperfectly pendular motions, which are 


not made up by the superposition of several series of equal a 


subdivisions. All such vibrations, however, ‘in order to 
: produce musical sounds, must haye the char acteristic. of : 
ce periodicity ; ; that is, they must repeat themselves over and. 


over in certain. definite and. equal intervals of time. Such . 
complex. periodic motions are subject. to. the following: 
ee of: omer Bory y periodic motion whatsoever mety 


CA comm, 


resolvable into a definite number of commensurate sinyple har- 
monic motions. The frequencies of these simple harmonic 
; components of the complex periodic motion are all exact 
multiples of the fundamental ; that is, if the period of the — 
oo: fundamental tone is g, then ‘the periods of the overtones — 
e eu T vie 
. ae as io 
ee vibration-frequencies « are 2, 3, ¥ 5, etc., times that of the - 
rae gravest tone. Now the component tones due to these hig her 
oe fraquenoies, which are rigorously exact ‘multiples. of the 
- fundamental, Koenig calls harmonies. — It is true that the | oe 
word harmonic is atten applied to those partial tones which 
harmonize with the fundamental, but that is not the — 
ree meaning attached to the term. here. Koenig says: Among See 
the sounds into which the sonorous mass, which: emanates 
from a vibrating body, may be resolved, we may distin guish ee 
harmonics and ‘partial. tones. These last have their origin 
when the body i in question executes simultaneously several 
modes of vibration which it can adopt separately, as in the oe 
“case. of the string; while the harmonics are due to the a 
: resolution into simple pendular motions of the imperfectly an 
-pendular oscillations of the sounding body executing a 
2 single mode of vibration.” | Partial tones. are therefore die a 
to the. actual subdivision of the sonorous body into vibrat- | : . = 
ing segments; harmonics, on the contrary, (are. the “com He 
-mensura ate. components — of the motion | when the body a oe 
vibrates. periodically, but by only one mode, and thata 
omplex | one. _ Harmonics have: | Eeeguanoied 3 which: eo 


o definite number of pendula vibrators y motions, or ts alway 
| 


i. must, all, ‘fall in the series 5 ete. or theie a 
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sonorous body or souree . ot actiid: as he harmonies oe 
have no such physical foundation. They are the compo | 
ess nents into which mathematical analysis shows. that the 
_ imperfectly pendular motion is resolvable. - | 
ome Harmonics are always due to frequencies represented by. 
the series of exact whole numbers, while the frequencies 
CES OF partial tones approach only more or less nearly to their 
Pa eA, theoretical values. Two diapasons, whose fundamentals nas 
i are very exactly in unison, may give partial tones of the 
same order which produce loud Beatses and. which are there- eo: 
fore not i in unison. If the overtone of one of the diapasons oe 
Rast le ain exact mrultipleo of its fundamental, ‘that of the other 
oe cannot bee “ Cen eG 
vel Geo. Beastial tones then are nee fae exact multiples of 
oe the fundamental in respect to their. frequencies of vibra 
: lids tion, » The frequencies of vibration of all the seg ements. 
nto. which a string, for example, divides are. not. neces: 
i oS sarily or exactly equal: to each other. ‘The: variation from 
o uguéh equality may be due to variation in cross-section of - 
So the: wire or. string, to variation in density or hardness, i in, 
: tbe: physical : or chemical state of the carbon. present in die : 
ferent parts of the wire, etc. The wire presenting the 
greatest uniformity. in all. respects | throughout its length 
elo wa, give the best tone by: producing partial tones which 
| are. as neuely as & possible fautiples of fas fundamental. o 


nes “148. ‘The: Transverse Vibration of Rods We: Tr, 198; - - 
Be 880; Do 40D Rods vibioiing Danae m may 


7 - strings, the force of restitution is the elasticit y of, flexure. 
~The theory is complex, but the number of uaoetOnS: per 
ee second i is given m by the equation 


ie 
— zee 
as ae Ale 


oe Cia » constant which depends upon the manner of sup- | 
> Sporting: the rod. If the rod is free or clamped at both 
- ends Cis 1.78; if free at one end only it is 0.28. For the 


oe coefficient or modulus of elasticity, and d its marae 


The ; same rule. applies. to. reeds. 


“one will vibrate in half the period or with twice the free 
“quency, whatever. may be their relative widths. - 


at the other Chiadni found the following relative fre 
quencies: ee ee | oe 


Tn ie ter erse ‘ giboation of rods, unlike that Or i 


oo other terms, ¢ is the thickness of the rod, 7 its length, e its ee 


ae For. rods of the same thickness the frequency of cvibras 
Baba tion is inversely as the square of the length; butifthe 
thickness: and the length vary in the same ratio. the fre- a 
quency | is, inversely : as the length. A tuning-fork k five ems. a 
long gives a note an octave above one ‘ten ems. long. » prees oe 
vided the two. forks. have the same relative dimensions. oe 


The vibration-frequency of a rod is dhdependent of ae fe 
width, but i is. apeody proportional to its thickness. Hence 
| rods. or bars of the same material have the game 
, while one is twice as thick as the other, the thick 


The: partial: tones tow rods rise much. more “Tepldly than nee 
‘those ofy strings. — For a rod. fixed at one end and free 


from each end. The prisms are adjusted to give the notes. 


See rods free at both ends. A straight elastic bar when 
ou sounding its lowest 7 
note has: two nodes 


bob from the end of about. 


oe : tance” between. them. os : - : 
Pe As: ‘this rod is grad- ee 
ually. bent into the — og 

ae ee form of a tuning-for ke | 
AS Big. 83), the nodes’ 
_ approach each other; — 

- and: when the. eee 
is provided with a oe - 

coe stem the nodes are near the ‘bottom. of chek be nh “The | 


| itself. sensibly like a rod. free at one end. and. fixed ; at 
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monium, che ae: ob a jew’s- co omer a music box, eer 
the reeds of reed-pipes j in organs, the claque-bois or xy ee a 
3 phone, and the tuning-fork. | es ae 
- The xylophone is a primitive instrument w ith rods" free oe 
at both ends. It consists of a series of small wood prisms 
of convenient leng th and. thickness, supported by strings 
cat. the nodes, which are about one-quarter of the lerigtht. Se ee 


of the scale. They are play “ed by striking them in ‘the: 
| middle with a light hammer having: a soft elastic face. 


| 149. “The: Diapason or Tuning-Fork. —_ The rainitige - 
ao fork 3 is. one of the most important applications of vibr: ating - eae 


each at a ‘distance 


lone e-fourth the  dis- = 


ee = an ne eens cin i me TE 
4 aes se ome sine ee cs wo 
wx wo oy on ewes ain nce aan tana 
Ped Serene Sat oe an ome at gn ey ap tee wre ane go 
Soe reat Sees me we as ees way pacar m 
ons ie Pures TA AO ROE Sete MS we tine eet aig 


Be : Co Fra Z - wins one om 
Pere res Ge 5 secre nicccnsausGtentincmcaameensiah 


cre 83, 


i a: branches. then vibrate In unison, | each | ‘comporting 


other. The stem or base. of the fork has a sligh 
: wn motion, which 3 is transmitted to 
whicl it is mounted. — | 


oF The ‘ilies rodney re the fork: is independent of 
the breadth of the branches, but is directly proportional © 
to their thickness measured in the plane of vibration, and_ 
oe invewsely proportional to the square of their length, 


| ae a of tenth being “thie centimetre: . 
ae ~The partial tones succeed one another according to tho : 
_ Taw of Chladni already given, viz. 

ie 1, 6.25, 17.5, 34, 25, 56.5. 


- ‘The first partial tone of a for k, giving for its steadadht ta . 
ae . 256 vibrations per second, will be 256 x 6,25 = 1600, The) 
_. first overtone corresponds. to the presence of two nodes on 
each br anch, t the second overtone to three, etc. ; The ratio coe 
of the first overtone to the fundamental varies somewhat =~ 
on different diapasons. | ee found these values, to be ae 
comprised. between 5.8 and. 6.6. | : | . : cal 
‘he. diapason._ is the true statidard of the onatoal. Soles 
That: the pitch of the sound of a diapason: may ‘be ‘fabso- s 
Intely defipite, it is necessary that the amplitude. of the 
cillations: be very small, not exceeding > zip of the length : 
of the branches, | and. the tem perature “taust remain cote - i 
stant. Koenig. adjusts all his diapasons § at 0° Gi Wee 
E cording | to. Koenig the frequency of a steel diapason : a 
diminishes yp tg when the temperature rises 1° CQ. 
The. isochronism of. the small oscillations of a fork, at co 
constant temperature, furnishes | a very. exact chronogr: aph 
r recording small. intervals: of time. A or this - purpose the - 
bration must be: maintained with the e same ¢ amplitude as 
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150. “The ‘Dranaverse Vibration of Plates: K., 32: | 


y. II, 229; B., 237; Tyn., 189), — If a square an ae a : 
round plate of elastic material, such as glass or brass, eee 


clamped atthe centre in 
> @. horizontal . position, - 


-- and. sand be -s¢ attered = 
ypon. it, this sand will 


gather along certain — 

definite nodal lines (Fig. 
84) when the plate ne : 
made to emit sound by 


a bowing: on the edge. 7 

a ‘ These ‘sound-figure S 
“oso were | first” obtained - by oN 
oe Chladn, and are known _ 


-Chladni’s figures. : 


_ "The explanation of them 7 ie BRR 
involves many, difficulties. For certain of ithe. capler” 


_— figures, the Ree given by Wheatstone wel suffice : 


ong here. : 


Consider « a lene. narrow plates oo at both: ida: and 


inating transversely so.as to give its fundamental tone. 


= “Tt. has then two nodal lines running ACrOss it at a distance : 


of 0.224 of its length from the ends: ~The width of. this 


oe plate, which is essentially a rod or bar, does not affect its. es 
a frequency within wide limits. Let us therefore assume a 


2 width| equal to the length. | We have then a square plate co 
i with a system. of nodal tines parallel to two opposite. sides. - 
But unless the plate i 1s clamped entirely AClOSs its. surface, — 


: ee disturbance | at ay point is. aS et to et vibrations 
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ey sch atten | at a veh asi: Ave unes dics anew modeot _ 
ve vibratory motion rer by a system of nodal lines 7 
= “passing through the nodal points common to the two 
ie > systems, and through those points where the motion is zero 
because of the reciprocal action of the two superposed Pei 
ee motions. This ‘method offers certain advantages, ena spite Pe 
of its defects, for a first or approximate explanation. of the i 
en phenomena. | es 
Let the two pairs of dotted mee in Fig. 851 repre esent ‘the ae 
nodal lines for the two systems of superposed vibrations. _ 
‘These may coexist in two ways. If the two systems are ae 
oe eects as shown i in Mig. 85, where the sign + means are 
Ee oo et motion upward amid shigie 
-} motion downward, then ; ; 
| the nodal lines of the 
| resulting system willbe 
~ those of: 8, Fig. 86. For 
aes the four points of inter- 
a section of the two pairs 
oo ee : of rectangular nodal 
lines all be “poihis on ee resulting nodes; _ the middle 
point of each side will, also be on. che new nodal. lines, 
because the motions of the two systems are ‘then i in ODEO. 
site directions. — Con- for ee ee) ya oS 
‘necting these points toe aS No INCE ee ens 
e er y the: feat is the Bay emt nee an 


Ce ee ee 


ee a = Fig. 85. 
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square will be affected by motions of opposite sign in_ 
- the two component systems. The former figure, wie ‘ioe a. 
- angles rounded off, has been, obtained by clamping the 
_ plate near the middle of one i and bowing ib a: one ae 
ioe the angles. | i ee - oe ee eae 
The: “otha figure ig > readily producsd by clemping ae en 

plate at the centre, holding the finger against one corner, sand oe 

- bowing slowly at the middle point of an adjacent édgee: i 

- The two systems of superposed waves at right an ies may ee 
oe be shown by clamping a glass plate at the: middle, and. ek, 
cot lattes. carefully levelling , spreading: over it a thin layer GE Oe 

water. ~ When. the. plate is vibrated the surface of the ee 
oo water is: agitated with stationary waves in the form ofa aie: 
“square. heok, showing plainly the coexistence of the two 
rectangular systems of motion. Even a film of soapy 
iC water in a square opening will show. similar : stationary 
 fioures when thrown into vibration by any appropriate ona 
a sound. _A triangular opening, covered by a film, gives rise 
to three sets of plain waves, which, together. with: their | 
oe reflected SyRtems, produce: Stetionaty. waves OF a hexagonal - 
, pattern. oe Oe Pe ee 
When a rouid: plate’ is ; clamped ae its conte; its funds 
- mente al tone is produced by a. division into four equal seg- | 
ments by two diameters; the first. overtone is due to A ae 
division into six segments by three diameters, the second 
by eight segments “and: four diameters, ete. Adjacent — 
segments, ike: those of strings, ¢ are. oe in opposite. 
o - phases: of motion. | ee ae : 
With: eotanguler: piste: hoe aides. ‘haw ‘toll polar 
‘ tive dimensions Thal the be | wave: Seen have frequen- 


“161. ‘Resonance wy ‘Thy 279; oa 266; BL, BD. oe 

re “When vibrations come to an elastic body i in accord with 
0 those which it can itself execute, it is set vibrating as a 
whole; and, under the repeated action of the synchronous 

a impulses, it may oscillate in complete unison with the ex- 
. ee temal vibrations. ‘Thisi is resonance. ‘Resonance. depends » He 
“upon the: cumulative effect of small disturbances when _ 
See applied toa body i in such a way as to synchronize with its 
own motions. One string thus takes up the vibrations of — 
another. which has the same vibration-rate. ‘When two 
~ heavy pendulums are hung on the same stand and adjusted aa 
Sled hy swing in exactly the same period, the motion of one of: oe 
them: will be communicated to the other. One lags pene 
: slightly behind the other and absorbs its energy. til the. PUL SREES 
: first one comes nearly to rest. The process is then rever ‘ged. ney 
An’ organ will often throw windows. into loud. vibration, oe 
roducing a rattle. If two tuning-forks, mounted on 
“énforcing cases, are adjusted to exact unison, the phenom- 
i of resonance is. easily demonstr ated. ab a distance of 
several metres between them. When one has been bowed _ 
and i is then Stopped by. touching it, the other will be found — 


siting t the scobnd fork 3 in ‘motion may ¢ even fhe: “frarinttted Oe 
nae distance bye seeleiatey along a a wire > instead of sear fee 


Fel A mass OF aanenad: or. - endlosed air. haa 3 its. 
OW a period ob imation, | Hold ¢ a common A A ign 
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in the j jar diminishes the sound. ti forks ot different piteh 
are tried, each one will be found to have its own length of Peete 
air column which will reénforce its sound. This moreso. cin Seg 
in the volume of sound, due to the om enouy vibration Sgt 
~~. of another body, usually amass of ck 
ae - pardy enclosed air, is resonance. — 
The resonators of von Helm-— 
7 als (Fig. 87) are very valuable 
for researches in sound. They con- 

sist of spheres, provided with two — \\ 

opposite tubular openings; one is” 

short and straight, making free 
communication eth the outer air; — 7 aa ha a 
the other is small and bell-shaped, so as to be imtraduced Bag 
into the ear, where it is closed by the membrane of the 
tympanum. Each resonator is adjusted in dimensions to 
~ vespond as a fundamental to some particular tone; it is 
_ then practically responsive to only a single tone, and. ' 
: whenever this one is present it declares itself in the ear 
eat: a prodigious force. By this means one can. distin- oe 
: see guish the presence of a feeble sound i in the midst of many : 
oe i other loud ones. The “sound of the sea,” heard:.in'a sea 
~ shell, is a similar vretnforcement by. selective absorption OF ae 

: ae ations. anne : : 7 ae oe 


159. “The “Length: of “Orga, Pipes and the Bb Were 
Length of their Fundamental Tone. — Tf we take several — 
glass or metal. tubes: of ‘different length and about. two. 
ems. in diameter and blow sharply across the edge at one 
end, while the other end is closed, we. shall and that the i. 
different tubes: oye sounds of different pitch, the longer — 
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a) when by blowing across: the tube. a flutter i is produced at 
one end, consisting of disturbances of various frequencies i 
oe “mingled together, ‘the air column of the tube selects for 
coe te “énforcement the disturbance of its own rate and exalts 
that into a musical sound. This peer Is accom- | 
- plished by means of resonance. aa a 
ou Hor the purpose of analyzing the acne going on in “the! oo 
Sie: suppose a reed vibrating at. the middle ‘OL etubes, 2 
Conon at both ends Gig ig. 88), and that its rate corresponds S, 
: - “ | with that of the en- 
daa’ ss closed mass of air, or 
| AY that it covibrates with = 
it. Let the reed be | 
drawn aside to the po) | 
ee ae eo sition a”. Then while. °. 
th moves. from: al! to a let ‘hia: condensation. vin Front. of 20)54 
it ran from. the reed to the: end A, and after reflection 
back to the ‘reed. again. . Similarly while: the reed MOVES 
from a to alt let the condensation - run from. it: to-B and. 
back again to. the middle of the pipe. The reed. has now 
acequted one complete vibr ation, the condensation has run 
over the: length of. ‘the: ‘pipe twice, and. the two are ready. 
to epeat. the. process. : ~The condensation which has been. : y 
twice reflected. is at the middle of. the pipe and moving cua 
toward Alo lt is. thus ready ey join the second condensa-~ : 
tion produced by the reed and running toward. Aw The. 
motion of the rarefaction may be similarly traced, the Cone 
isation running in one direction. while the rarefaction 
the pther Since the disturbance traverses the _ 
oe fen besten of. the tore 
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| reedl vibrate. at the open “end, the condenention: W a a os 
into the pipe and back to the reed during the forward 
ee excursion from a” to. w, and the re will then yun’: 
oe dD and back during the return movement of the reed fro ey 
al to. a"... The initial. conditions then recur. The dis 
turbance tr avers 2g the pipe four times during : a vibration ee 
of the reed. Such a tube corresponds to a. closed organ 
pipe, which is closed. at one end only. The stopped © eee 
organ pipe is. ‘therefore one-fourth the, wave-length of A ee 
; fundamental tone in air. oe es ee ia 
If the reed be supposed to vibeste at one sad of a pipe. ben bed 
7 open at both ends (Pig. | 89), nee while the reed moves from ae Ae ‘ 
| a to a the conden- ag ER ts 


gation runs the en- aa gt 
ooitire length of the oA Boo 00 She peaks 
pipe -to-.4 and is ate etre 
“-""" theve reflected as aco" oo. le oe : 
ote rarefaction ; that ee | | | : A 
athe: condensation. ghange es sign “awhile: the auton: oe ‘the - 
ae particles, by which the rarefaction is propag gated back- 
ward, has not. changed sign. It continues in the direction. 
oo Trem: B toward. Ae “While now the rz arefaction aS a Tes 
: flected. wave runs from A toward B, the reed by its motion . 
oe from a toa sends another rarefaction | into the tube at the ae 
end B. The two meet at the middle of the. tube, pro- 
a ducing a node, and they then pass on to the two open 
ends on the pipe; so that when the reed. reaches. a’ the — 
cs ‘yarefaction has. retur ned. to that point to be reflected. with 
a change of sign as a condensation. © ‘The reed the n sends 
a another eondens ation, | and. the. ‘tivo. condens: vtio1 yng are 
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“bwide. while th ceed oe a complete doubié vibration, 

eh : or the length of. the pipe is halt the wave-length of its 

eee fundamental sound. | | RPE cine) 
e go eciles So TR constitutes an “open organ pipe. s 


closed one. 


os “of maximum ~motion and | minimum 
: change “ot: density. The node at the 


as: lowered into the pipe by means of a 


ve o where the sand ceases to be agitated. eee 


4, It has a node near its” ‘middle: for its ot 

gravest tone. If a stopped. pipe and an. ae 
open pipe give notes of the same ‘pitch, - oo 
the open pipe is twice the. length of. f the. coe 


A node is a place of minimum motion | 
| and. maximum | change of density 5 an fe 
oe antinode, on the other hand, is a. place 


i. middle of an open pipe for its funda- ) eel 
- mental tone may be shown. by means of a el 

| thin | stretched membrane on which some. Ak 
fine sand is strewn (Fig. 90). When this a 


7 thread; it will buzz, except near the middle a 


“153. “Rélation- of the Overtones a 


eS the Fundamental in, Open Pipes Wa cee ee 
os 12. - Since reflection from. the opene end? 
oe of a pipe. changes the sign of the con- 
120, dene ation but not of the motion, a wave ~ 


ee ie, reflected ail have | the. ee = 
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orsince af see pre Ba 
| Vv 
W=P x oe 
—' This formula contains all the laws relating to open organ ee 
hy pipes, which, together with those relating to stopped. pipes, 
are known as the laws of es lk were estab a 
lished by Daniell Bernoulli | in L762... ae 
2 When es Syl pole. ' ths formals becomes ote 
ae ee tease 
Or cine eae of the pipe is oad the wave-length of the - 
fundamental sound in air. ere p oa 
| When P is made successively 2, 8, a ete., : 
, heh Seah r=z baton 


Ce or the wave- lengths are represented, by the series Ly a 3° : aS 


ce . oe 5? , ete, while the ‘vibrationcrequencies are e proportional e 
to the series 1,2 2, 8, 4, 5, ety both including the fonda. 


tho meee er 
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mental. “The ee are. 6 to a , division ‘ot the pipe | 
i into. vibrating segments as shown on the left of Fig. 91. 
Ais the fondomontal with an antinode Vat each end and 
peas a node Vat the middle. | 
ee The first overtone adds another node ae anoeic: anti- 
nodes since nodes and. antinodes must. alternate and BUC. 
ceed each other at equal distances. apart. The half 
vibrating - segment in B from either open end to the. 
sa adjacent pede | is one-quarter of the length of the pipe and. 
- half.as long as for the. fundamental tone, ts frequency j ig 
there fore twice as great. | | 8 
For the second overtone, as shown in C, still other fo 
: = pede: and antinode are added, the half segment is now. 6 
reduced to one-third its primitive length, and the frequency ee 
cas three times. that of the fundamental. | ~The next over- ae 
tone would. Feat four nodes, the next t five, and so ‘OD, es 


. 154. ‘Relation of Overtones to as Fundamental ae hag a . 
Stopped Pipes WI, 128). : In the stopped pipe. the ue 
reflection at the closed end changes the sign of the motion, ae 
% while the reflection. at. the mouthpiece changes the sign Of. 
the. condensation. A wave twice reflected will have the 
sign both of its motion and its condensation reversed, and 
ae will accord. with a. new direct wave > from the origin. a ae - 


log course e traversed, 2 21, increased br yy 3 cd is equal to Pe Game ak 
a aah hoe 


oe 


gh 


“resented by the series ay a B07 ; ete., 
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When B has successive values 2, 3, rete Nee lA: 
) 3 | 

4, 4 See o 
Shen a i ete. in succession, or the wave-lengths are rep~ | 


ne 


« 


and the ‘vibration-frequencies by the series 


ese bet; etc... 


both including the fundaméntal. 


The overtones of stopped cs are due to a division into : 


“segments as represented in D, #, F, Fig. 91. ae 
The first overtone adds one ‘hod and one antinode, sO e oe 
‘that the half segment is one-third as long as for the fun- oo 
: damental, as shown in LB, and the frequency i is ; three times one 
as great. 2 


Fer the second overtone, two ee and two antiiedes ne 


ee additional to those of the fundamental are required. The ee 
os whole pipe is. therefore divided | into five half vibrating fe 
on seg ments, each is one-fifth as long as for the fundamental, ie 
: and: the frequency i is five times as. great; and goon; 2 ae 


In: the successive | internodal spaces _ the motions. are ae 


oe always in opposite directions, or of opposite sign. After 
oe half. period of the sound produced, these. motions are 7 
all again equal, but have changed sign. The motions | 
Cees are e always. of opposite sign on ‘the two. sides of a node. . 
oo Also. at. any instant “successive — nodes — are affected. by = 
alternative: condensations and rarefactions; and these all 
change their signs, or exchange. places, every. halfperiod 
eee re 
| pressure. Ady 


AL intermediate instants the” air is ab _atmospheric 
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185. en Verification. . — - The experimental 
ie verification of the order of overtones in both open. and 
oe stopped pipes is readily made by means of a series of 

sSidpesons having relative ‘Vibration-rates of 1, : 3, A ie 

: ‘Ole must also be ory ides with two long” narrow 
eS srhose fundamentals are in unison with the lowest di | 
one open and the other stopped. On such long pipes it 

ig ‘difficult £6 obtain the fundamental, but one may. be. 

assured that it is hearly in unison with the diapason. by cee. 
oe breathing into it and. sounding the fork at the same time. : " ae 
oy Faint beats may then be perceived if there is a slight dif 
oe ference | in the pitch. If the pipe is the < open. one, then by 

: blowing slightly harder and sounding the second fork ¢ 2 

octave higher than the first, audible beats will again be 
proc showing that ‘the ‘first overtone has twice the:08 

the fundamental. The second overtone will. 
> in unison or to beat slowly with the third — 
next overtone with ‘the fourth fork, and so on. a 

| tones ‘of the open pipe are thus the octave, ae 
@ plus the | fifth, | the double octave, ate of the 


pipes, ie 
apason, See 


“ @epaninenta. wed with the. stopped. pipe will es 
chow that its first overtone will, beat. slowly with the third. es 
fork of the § series, its second with the fifth, etc. ‘The par- : x Me : 
tial. tones produced by. it are. ‘therefore an octave plus Bo 
fifth, two. octaves: Bee a third, ete. e above. the funda 
mental. oe | ar 


The | position of. ‘the. aniiidilee may he. fond he bs : 
ple device of pi ein 1g the side” bf the Bipe with small 
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then affect the sound, while the pitch will change if an 
opening be made at any other point. These small open-— 
ings in the side of a narrow wood pipe can be covered by 
turning a small button. Suppose the second overtone of 
an open pipe is blown. The division into segments is 
shown in @ (Fig. 91), and there is an antinode at one- | 
third the length of the pipe from either end. Tf, then, 
| either button be turned so as to open the pipe ‘at Vino | 
change in pitch will be pr oduced. for this overtone. Tore ei 
the first overtone the hole may be at the middle without 2 
a affecting the sound. | rere 
= “With the closed pipe, on the other hand, the opening a. 
ot for the first overtone must be made at one-third the length ike 
of the pipe from the closed end, and for the second over- 8 
eo tone: one-fifth ¢ or three fifths from the closed. end, i and : 
«Fig. Oh). oF “ 
ea Phas. seupevitiont 
_ demonstrates that : 
A - there i is no changein He efey 
: pressure at the anti: © 
oo modes: Change: Of. 
| pre! ssure occurs, ho We. 
oo ewe “at all other 
cae - points, and especially — 
ak Og the nodes. — Koe && 
a ae —nig’s: oe “manometric | 
ae dames are admira-— 
ONS ple for! ‘illustrating ge 
Oo this: phase of. the ' 
phenomena of organ 
pipes. Atthe proper 
poim ts int the side 
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_ beater’s skin or ee | ‘Over this: is fastened. a er me 
chamber or capsule, into which illuminating gas is ad- 
| mitted. A small burner is attached, and the flame 
is examined by means ‘of reflection from a. rotating — 
aes mirror. The membrane takes the motion of the air in the a 
pipe and communicates it to the gas on the other side 20. 
Cot oF its ‘This change of pressure causes the gas “flame to 8 8 as 
shod vibrate in unison with the changes of pressure, and its — 
image in the rotating mirror is a serrated band (Fig. OB) oe 
which represents the fundamental tone. If the pressure is a 
- increased so as to produce the first overtone in an open 
Soo Pape,’ there are twice as many tongues of flame as before ae 
CNB. OBY-. By properly tevilating: the pressure both the — 
fundamental and the first overtone may be produced si- a 
multaneously. The appearance of the flame i in the Pron 
s the Ag represented | in, Mig. M4 = ee 


156. Kundt's s Hxpsriment wv, i, 189). _ The aes . 
: resonant ripe into segments i is most  eeutiely 


into. longitudinal vibration by friction it vibrates precisely oe 


i “fundamental. tone. The disk on the inner ‘end. comme.” ue 


“and the gaseous column tends to. divide into segments of es 
pa suely length that they will all vibrate in unison with the 
rod. “The adjustment for unison is made by moving — 
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the superposed direct and reflected systems, and the strati-_ 
fication shows the shifting of the nodes resulting from a | 
lack of covibration between the whistle and the aerial seg- 
ments. The subdivision of the pipe changes when the aoe 
pitch of the whistle changes with inorelise, of presstine: ee 
Kundt has given to this experiment avery elegant form, 
designed to compare the velocity of sound in air and other. 

a ried: His apparatus consists of a long glass tube, 
closed at one end by a cork furnished with a stem, which 
permits of slight adjustment by forcing in or withdrawing. — 

Into the other end passes a rod scoutely clamped at its 
middle and terminated in the interior of the tube by aoe: 
light disk of a diameter slightly less than the tube. The 2 4, 

interior of the tube is lightly powdered with the amorphous | ae 
silica or fine-sifted cork filings. When the rod is thrown 


like an organ pipe open at both ends, and giving its 


 micates its displacements to the air enclosed in the tube, 


ae the: stopper. till the. powder gathers | into small detached 
>< heaps, which indicate — very neatly the exactness of the ees 
a adjustment. ~The column of air is then an exact multiple — 


. : & ol half. wave-lengths, and the distance L between two) 
adjacent nodes is. the half wave- Jength of ‘the sound foo 


ae 5 air, | ‘The half wavelength in 1 the solid rod i is its lengt 


: therefore 


Ee ‘These. distances are traversed in . the » same > time, and 
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the: ratio of the gelodity : ana in che: alr and: in the me 
solid. Knowing the v elocity of sound in air at the tem- 
perature of the experiment, the ratio gives the velocity in | 
ae the solid, | and this _ is connected with its. coefficient Gi. 


laeaity by the formula VS lz d being density (117). ae 


ae Kundt has by means of his -upparatus confirmed the 
: theory of von Helmholtz that: | ee 
: LL. ‘The. velocity of sound i in ah he diminishes noe the ea fo Sa 
oe - diameter, when the diameter is less than a y quarter of the 
: ee of the sound considered. | a : 
pace De The. diminution i is gre eater r for grave sounds than fox ae 
oS “acute ones. ae | ee | ) a 
ae Kundt has also verified the law: that the velocity i is ae ene 
e yendent of the. pre ssure. between 400 att, an: 1760 mm. SS 
f meroury. aie | | —— 
Te. ‘has’ also confirmed. the law of oe vari riation of t os 


aeons nae mR 


apparatus serves” to ‘compare tho velocity of 
| different | Bees ei ee 


‘Tl, 139), 5 Rigleriments similar to: ‘those | described con- 
firm the indications of theory that the internodal distances _ : 
ae consau and geal to the half wave-length of the e oo 
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| ae ibis mean. by 141. aa ae tact by i The length of | 
the pipe was 233 ems. and its breadth 12 cms. — cn Beas 
The length of a PES open or closed, is less than the theo: cae 


: | sia length of an = * fox its fundamental cone. When ook 


a the pipe gives a supe tone, the internodal distances are 


oe “always * with the exception of the: : first and the last. cae es 


A These Varlations have been called perturbations. at the ex- 
. tremities. The more important poroutbation is the one Bt 
the mouth-piece. hee oe 

ange “At the free extremity of ‘the. open pipe, tinder: the oy 
| influence of the current of air traversing the pipe, the  __ 
vibrating column i is prolonged beyond the w alls. The re- : 
flection from the external air is not then exactly at — 
the plane through the extremity of the pipe, but a little — 
ve further, out, and. the. condense tion at this. plane of reflec- 
tion is not rigorously zero. Moreover, there are probably 
multiple reflections at the ends of the ‘pine. fro om. the Bon 
cessive layers of air, bee 
- Ttisnot, then, the lenath of they pipe itecit, bit this feng” 
augmented by a constant quantity i, which ought tobe an — 
ee ‘exact. multiple of the half wave-length for-rétnforcement _ a 
by an open organ pipe. So also. for a closed pipe the 
sounds: energetically re eénforced are those for which the 
ae length of the pipe, < augmented by a constant quantity /, 
is an uneven ‘multiple | of a. quarter of Be We ave-length. ee 
a4 Wertheim found / = 0.7468, where Ris the radius of the — 
pipe. Other. investigators have found other values anc 
ae the whole iain 2 remains to > de resolved. = 
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unison, uit between Rote aiheas interval i is approximate; y a 
an octave, a major third, a fifth, and so on. These von — 
. Helmholtz attr ibutes to the overtones associated with the | 
fundamentals. Thus if two notes have vibration-frequen- ee 
Se ahaa laa and Qn +1, then the first’ overtone of the lower ca 
will be due to 2n vibrations per second, and this will prow 
duce one beat per second with the higher note. So also... 
if two notes are due to 2n+1 and 8n Pibrations per second — ee: 
respectively, then the second overtone of the first willbe 
ae due to 62 + 8, and the first overtone of the second to 69% 
7 vibrations per second, giving three beats per second, 
_ though the interval is otherwise: indistinguishable from ae 
a fifth. Combinations of such vibrations, obtained me- | 
-  hanieally. by. Koenig, show. periodic variations of ampli- es 
tude. corresponding with. the beats. Pt Gott glee? ea, 
| Again, the interval between the fundamentals ‘may be a 
exact, but the overtones | may be partial tones, and sonot 
act: multiples of. the fundamentals. Such is” the case 
with uning-forks,. and beats are sometimes heard between 
their overtones of the s same order. a : ihe eee ea 


159. “The Quality of. Sound (a, 106 ais); By 341; eee 
Ve Thy 292)... — Two. of the essential characteristics of ie 
musical. sounds: have alre nady been considered, viz., pitch 
and loudness or intensity. But there i is a. third j im portant cae 
difference between musical sounds, known as ‘their qualit gos 
or tambre. | We easily recognize that one sound differs 
oie no not ee in : De more acute or arate 
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feo note: in  apeotl as ool as in song, even whan: 
somewhat distorted in transmission by the: ‘telephone, or 
when reproduced by the phonograph. The same musical 

instrument may emit tones with marked differences de 
pending upon the player; and even the untrained musical = 
ear can readily distinguish between the char acter of the — 
a a Eas produced. ‘by: different instruments of the same oe 
/ glass. ~The tones of a modern violin are far. inferior ton. o 
tee! those emitted by an old $ Stradivarius, for example ; ; and - ‘ 

‘different players evoke different tones from a Stradivarius. 
All these differences, not assignable to pitch or loudness, or 
a are included under the term rudd Yi oe ee 
‘Tf we seek for the physical basis of the three ‘character oes 
. | istics of musical sounds, we know that pitch depends 
oe ‘upon the wave-length, and loudness upon the amplitude —_ 
So-ot vibration ; quality must therefore depend upon the only 
other physical difference between aérial sound-waves, ‘viz., oo : 
ae eo Nhelt: vibrational form. By form is meant the law accord. 
ing to which the velocities or displacements of the air parti- 
cles chan ge. from point to point along the path of the wave. 
us - This may be expressed either graphically or by. means of — : 
Bh mathematical equation. — ‘Let the two upper curves cae 
Sa ‘Fig. 96 represent two. simple harmonic motions in the same ee 
medium with, periods as two to three; the amplitudes are 
the same. ‘Their resultant may be found by adding =~ 
together: eermaponding: ordinates with their proper sign. 
Tt is represented by the heavy line below. The complete — 
vibrational form which is. repeated over 7 and: over is. not. 
quite all shown. in the figure. - Tt recurs with three wav - 
periods” of. the first and two of ‘the: second _ component 
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2 fundamental or prime. : dinipie asmonte motion, ae ae 
monies having frequencies represented by exact multiples 


os of the prime. Any change in the vibrational form of such | 


| : a wave, not affecting so or eeenes must then be due te 


ae FACE CORSET 


NT il 
ALT IN IY. 
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| éhioas of bolls, plates, and tuning-forks are cahaemonie: But — 
the motions of the air piaticles, conveying all these sounds | 
to the ear, must be such as to represent all the component. | 
sounds, since at any point there can be at one instant only 
one definite density and a definite velocity in one direction. | 


_ Each air particle has therefore impressed upon it {hee 


motions: representing the several partial sounds, and ‘its 0. 


‘motion is the resultant of all of these. The ear possesses — 
the marvellous property of analyzing this complex motion — 
into its constituents and of thus selecting out the component. 
tones which enter into the complex melange. Now the 

vibrational form of the complex resultant wave depends 


cations upon the fundamental ; ; and the musical quality of 
the tone is in the same way determined by the presence of — 
- the overtones associated with the fundamental. The con-— 
 elusion of von Helmholtz, derived both from the analysis. 
and the synthesis of musical sounds, is. as follows : 5. The: 


2 on their differences of phase.” 


S cuiber, the order, the relative intensity , and the relative — ; 


purpose ¢ are galled w ave sirens. — | 


~ upon the presence of the overtones, which impress modifi-- 


: quality, of the musical portion of a compound tone depends a , pet 
solely « on the number and strength of the, partial tones, net he 


The vibrational form of a aa depends upon. ‘the ea 


phase of the overtones associated with the fundamental. 

-- But if the quality of a musical sound be defined by the = 
ee number and the intensity. of the simple sounds into which aes 
Opis decomposable i in accordance with Fourier’s theorem, | ee 
— the phase does not appear to be able to intervene. : Koenig eae 
has tried to show that phase difference among the overtones | aes 
does produce a change in quality. ‘His instruments for this 
coiaen ; are cenit - 
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| certainly appears to pifoune 4 a mar irked slinige in the qu ality 


| ae to these interesting phentmpni | 
: ‘ (258); D,, 438). — When two sufficiently intense sounds 


We fe vibre ation-rate of which is 
: eo = Mes nf - — 1 


e gaye to them the name of third tones. 


: obtain a distinct tone ¢ with a frequency of 768 — ~§12 | 


give as a resultant tone 640 —512 = 128, or a 


ae von Helmholtz, ae 


oY ot ther resulting sound ; but the objection is raised that 

-. Koenig’s siethed of producing the component tones does 
oo not insure such simplicity of the sounds combined as one_ 
a “requires in order to admit the spleens which - | 


or Ot: frequencies n and n’, differing less than an octave, are 
produced together, they give rise to a third sound, ‘the Pa 


oF “hess are ‘calléd resultant tones. : ‘They: were. discovered 
by Sorge in 1740, and independently by Tartini in died; 
a they are therefore often called Tartini’ 8 ‘tones. : -Tartini ages 


If we sound. together two forks ¢” and g”, whose inter: 
val is a fifth and “whose. frequencies are 512 and 768, an 


| 256. ‘So: also or and ey with frequencies — 512: and 640, ae 


ae These tones’ have. been. called differe mittal tones. 7 yon 
-“Helmbolta,: because their frequency i is the difference of the 
frequencies. of the two tones from. which they arise. Other. - 
resultant tones, called summational tones, were “discovered — . 
T heir : x Senay is the: ‘sum of the ye 


160. Resultant Tones (V., I, 253; g) 329: . 229 | ee 
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_ Summational tones are much footer han differential : 
= ‘tones — & fortunate cireumstance, since | they are mostly 
| inharmonic. nfs | 
Resultant or combinational tones may be attributed to — 
two causes. The first one is in the external air, and the 
other has its origin in the drum of the ear. 
: When two distutbanoss from separate sources are super- 
poset we have assumed that the amplitude of the resultant 
disturbance at any point is the sum of the two separate _ 
disturbances. This is true only so long as the displace- — 
ments are very small. ‘The amplitude of the compound — 
t oscillation for greater disturbances falls short of the sum 
ee of the pa lindes of the components. This is equivalent - 
_ to the introduction of another vibration whose frequency is 
that of the differential tone. Particular instruments give 
os powerful combinational tones when the same mass. a air os 
is violently agitated by two simple tones ‘simultaneously. ee 
This is the case with a siren in which two or more rows 
a of. holes are blown from the same wind-chest ; | and with — oe el 
the harmonium, in which openings, closed. and opened: ees, 
rhythmically by the tongues or reeds, . communicate With #3. 
common wind-chest. This’ objective portion. of combina. es 
Tone tones can be reénforced. by resonators. ee 
oe But the vibr: ations. corresponding to. combinational tones pecan tae 
oe may exist in the parts of the ear without any objective = 
i ce existence in the external ar. | The construction of the CXm ee 
ternal « ear is peculiarly. favor: able to the generation of com- 
a binational tones. Its external convex r: adial fibres undergo Os 
a greater change of tension when. they oscillate. witha 00) 
“moder: ate amplitude. inwards than. when the oscillation is 2 
outwards. “Under these circumstances deviations from 
the simple superposition, of vibrations: : arise for very, mue ee 
smaller Papliedes than is the case where tl rati 
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ee is symmetrically ea ee on : both ide Sounds 
is 80  Besduoed cannot be reéuforced by resonators. a 


22a “161. Base aes due to ‘Bedte (V.,. TI, 306; 2,492; 0 
ae . a 251 (2'7°7)). — The theory of von Helmholtz to explain oe 
ae ~ dissonance proceeds from the fact that beats produce i in the 
nerves of audition an intermittent excitation, and this is 
. - disagrees able as are all excitations of this kind, like that 22! 
re produced by a fluttering light. According to von Helm- 
- holtz beats become most disagre eable at 33 per s second. ne 
182 per second they cease to. te perceptible. Further, the | 
foes "distinctness of the beats and the harshness of the interval _ 
do not depend solely. on the absolute. difference in the > 
| number of vibrations ; they are dependent a also upon the 
ratio of these numbers, or, a8 we commonly, SAY, the magni- an 
tu de of 3 the interval, ‘If we could disregard their mag enitude, io 
all the following intervals, which give 33 beats each, would ee 
be equally rough: re nk A Paes 
: The: semitone | — ae ae 495 - = _¢, OB : 
‘The whole tend” eee og 264. ad, QTE ee 
‘The minor third Ce Hee ey. 165 — =, 198. BS 
‘The major third ap ne. 6 132 - — tgs TEBE oe 
‘The fourth es a 99 e, 182. Cees 
The fifth . ae eS poe - 0, 66 - = ¢, 99. a 


an oe ne scabs jihiste. tbo sfeckly | fon he ee 
oe or a ocuee s oeney of ‘bee there- 
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“ pamoa aa are an ae tones. Bal musical es are ¢ always - 
bee accompanied, by harmonic par tials, the importance of which 
ig apparent upon inspection of the several intervals with 

their partials below: ‘ ee 


Unison . eo ear 2 
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ee oe a Ws Seas er ee ee eee 
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ee Major third me i 4 8 Ww ee a 8 a2 86 Me 


Sy “B10 15. (95 80 85 40 

noon The ingest ‘the. number of pairs of upper partials i in ae a 

ee “interval - near enough to each other on the scale to produce ae 
 distinet. beats, the greater will be the dissonance of the in . 

terval. If such beating pairs are. altogether wanting, Ore 

have so. little intensity that their | effect is eee fe, 

: erie is a consonant one. yee , 

2 Four distinet # groups, on be readily dutingeiahed 
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o perfect. ‘The prime and aegals of the upper tone all coin 
cide with partials of the lower. | 

fo Oe The fifth and. the fourth. These. may also a re- 
_ ae garded as perfectly consonant, because they may be ‘used. 
et dy all parts, of the scale without any disturbance of the 
a harmony. ‘The fourth is the less perfect consonance. It _ a 
owes its superiority in musical practice simply to its 8 being Bee one 
the defect of a fifth from an octave. ie 7 ie 

it, Be ~The major sixth and. may or third. These are called” 
as ol consonances. ‘They were considered imperfect con- 

sonances by old writers on harmony. The coincidences — 

among the upper partials are few in number, and. the ey 
ee8 beating coe are more numerous than: in the preceding so 
Intervals. ‘ are oi | 
AS The minor third aa te minor . stat, “These are dm ae 
per foot, consonances. Coincident pairs of partials are almost 
or quite: wanting, and. the pairs near enough to beat are 
either the semitone 16: 15 or the semitone ‘OB : 24, These ae 
artials, on which the definition of the interval depends, ee 
re often absent, or the imperfection in the interval Pron 
duced by them j is s slight. ot shown « on preceding page.) ae 


162. “The ‘Musical ‘Importance of. ‘Resultant Tones . 
Ve, II, 256). = ~ Resultant tones. play an impor tant réle i in : fee: 
music by reason. of the influence which Bthey exert on con Oe 
- sonance.. ee ee 

Be Consider, for example, a pentbot major r chord i in which the eo ae 
ibration-frequencies have the relation — ee ee ee 
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or the double lower octave of the fundamental, the lower 
octave of the same, the octave below the fitth, and the 
fundamental sound; all of these reénforece the primary 
_ sounds and particularly the fundamental. The oe 7 
tones all strengthen the consonance. 7 
- To illustrate numerically, let the major chor d consist t of 


é,é, 9, ce. These with their differential tones ay then. eee 


be written as follows : oe ee ft ee 
OO gee a a ae? y eer 
64... 128°... 192 256 «320 384 B12 


1x64 2 2x 64 3x 64 4x64 5x 64 6 x 64 8x 64 


| The entire series consists of C with its harmonic partials : 
‘up. to the eighth in order, with the exception of 7 x 64, 


which would mar the consonance. The aes tones 
on contain no discordant elements. ee 


Th the — minor chord the frequencies are 


10, 12, AS, 20, 


CE nORS ae eas os aes 4, ae. = ae pete 


: : major third, which i is dissonant with the fifth. ‘This Sxplning: 
‘the setoontre) pathetic character of f the minor r chord. oe 


Tine. are. the doable ciotave. below: ‘the’ grave: major | 
eet third’ the double lower octave of the minor third; the ~ 
ae octave below the fundamental ; the grave major ‘third ; and .. 


; the fundamental. A new sound appears here, the. ove 


ne 163. “Musical: Pitoh @.3 
- change in the absolute pitch of ° the. : 
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a years. "A thesribs have been ae in 1 recent times to arrest 3 
this upward tendency, and with some success. 7 

_ In the time of Handel the middle A (a’) of the piano, « or 7 

ee 4 the second string of the violin, was made by 494 vibrations 
: Pog second ; while: the organ pitch i in England in the middle 


4 - - tions. — “At Paris in 1700 middle A was 405 ; later on, 4255 
ae in 1855, A403 and i in 1857, 448 vibrations per second.? 


oe Milan was 451.5, and that of the Covent Garden Theatre, — 


ee lianey to the music of orchestral instruments, but makes Oks 


larly as much modern. music is. written n upon high notes. — 


SpE VeREROE,: “and * therefore an international commission 2) 


ions ie per ‘second. ” This corre esponds with the recommen- Pag 
ation of the Paris Academy. of Sciences. oe Pe en as 


440 : as the standard pitch. “This makes e! = 528 vibra- 


gamut of O cor responding to this standard of pitch. ee 
Bor scientific purposes eis. taken’ ‘as. 256 vibri tions per : 
econd. ees Sak 18, s the Liat power of 2 2, any. jones 


gE: the eighteenth century Was as low as a’ = 388 Svilbrae: 200" 


Quite recently the pitch of the Thédtre de la Scala. i Pee 


ie London, 455. Modern concert pitch has risen as highas 
460 for a’. The sharping of the notes gives a certain pil: ae 


~ great demand upon the powers: of concert. singers, particu- Ta 
1b, was. necessary to find a remedy for so grave an in- 


_as the normal pitch a tuning-fork giving 485 vibra- 


re German Society. at Stuttg art in 1884 recommended : a: 


tions. per second. - ‘Since 528 is 22 times 24, by multiplying a 
the . Series representing the vibration-rates of the perfect — 
diatonic scale, 24, 27, 80, 82, 86, 40, 45, 48, by Lie we 
obtain the vibration-frequencies of the notes of the natur: rN ee 
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“164. ‘Limits e Pitch employed i in Music + (BL, 67: 
-243).— In the modern pianofor te of seven octaves the a 3 
A corresponds to about 27.5 vibrations per second, the 
highest. Ato 3480. Taking into account the slight vari- 
ations from standards in tuning, the notes suploved on the 


_ piano. of seven octaves range ‘between 27 and. 8500 vibrae 
tions per second. Some. pianos go as high as the seventh | a 


~ Owith 4200 vibrations per s socaad: but such high notes are 
shrill and lac king j in ‘sweetness. cee practical limits are | 


2 about 27 and 4000. 


On the organ the det note is the’ C of 16 vibrations : 
| perseoond g olven by the 83-foot open pipe. ‘Tits wave-length 


844 - 


oe in air at normal temperatures - is about ar pak 5 metres a 


Or 70.5 5 feet. The highest aan is. “the same as the highast: 


— Aof the piano, which is the third octave above a= 435. lt 


ae is made therefore by 435 x 2° = 3480 vibrations per second. Let be 


The well-dev eloped voice of a singer embraces about bwO ogi 


e octaves. The voice of woman is represented by about 
twice ag many vibrations per second ¢ as thatof man... The =. 


* lowest. note of the voice, | not including certain exceptional : 


0°” gages, is. (of 65 vibrations. The entire range is included oo 
. between this note and ce” of 1044 vibrations per second, 
the two higher octaves | belonging to woman. The nigheat 
ues ‘exceptional voice appears to be that of Bastardella, whom. 288 
Sees Moz art t heard. at Parma i in 1770. -Bastardella’s S voice had oe 


-vange of three. and. a half octaves: and went ap nearly to. 


ns : 2000 vibrations. 


_ The: limits of ‘ipatings das siddad those of the voice or bE - 


music. | They are about 16 for the lowest. note, and from 


| a 000 to 40,0 000. for the highest. The mits | are ‘some- 
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“NATURE. AND ‘PROPAGATION OF LIGHT, 


ee “165. “Nature of Light. — _ The. sensation a light i is ne oe 
on a ‘mechanical | action. upon ‘the extension of the optic — Oe 
“nerve, forming | the ‘sensitive surface of the. retina. eThe 
lulatory. theory of light, now universally accepted, ABS 
ns his Solon. to a - disturbance | _ Propagated from. Pa 


cy 


a. ee oe tr iaclitnsende- of energy. ‘Eros Yee 
and this transfer ; is. caplet ch periodic SS 


i “ ht Pics now tacos ite a loss aloha of F aloe © 
phenomena, as. + but « one of the a fom of onerey asso- fe 


d th e other” 3 ‘Ciait).. 
me xis tence of the oie a 


NATURE AND PROPAGATION. OF ign. DER UN 


oe “The ers receives energy from the sun; “anil a as ‘something 
i over eight minutes are consumed in its tr ansit across the 
intervening space, we are forced to seek for the vehicle by 
which it is conveyed. Only two methods of the propa- 
- gation of energy are known to us, and no other method | 
"seems now possible or conceivable. Energ y, according to 
- our present knowledge, is always associated with matter, eo 
so that matter has been defined as the vehicle of energy. : 
One of the. methods. by which matter conveys energy 2 : 
to a body ata distance is that of a projectile. The bullet 
carries its energy of motion from the gun to the mark 
across the intervening space. This is Newton’s S corpuscu- — 
lar theory of light. He imagined the light-giving body > 
_ projecting minute particles, or corpuscles, ‘through: space; _ one 
and that these, entering the eyes excited 1 vision n by mpage pa 
re the retina. : | te ai es 
oe The other method of propagation requires i a continuous ee 
ES, medium, and the energy is handed along from. particle to aoe 
particle as an undulation. In this way energy is conveyed _ 
Tes sound and by water-waves across the surface of the sea. 
oo In the. first method the energy remains with the. matter : 
a transmitting ae from. start to finish ; in: the second it cae 
passed signe from particle to particle. by. the series Of oe 
: _ operations which: transmit. the wave-motion. — 4 According a 
oo tor this latter. theory a luminous body is. the centre ORE OT 
. _ source of a disturbance. in the ether, which propagates. fhe oe 
im waves through space. — ‘They travel with the velocity oe 
2 light, and ente ering the eye excite the sense of vision. 
Now both of these methods involve the element of time, 
and. conversely the existence of the time element. appears 
‘ to limit the tl ansmission. to these two methods. But Now, 
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. ee 


mae remains then only, the aniulatory theory and the - 


ethereal medium. — 


_ Physical optics consists i ina study of wave-motion propa- 7 


ues 2 g gated through the ether in accordance with the principle. of eat - 
: - ‘Huyghens. — ‘It is an inquiry into the phy sical processes _ 


concerned in the transmission of light and in the phenomena ae 


OL reflection, refraction, interference, and dispersion. — So ae 


seeks to account for them entirely by the application of =~ 
nag dynamical principles. Geometrical optics, on the other — 


hand, is confined to the exposition of those facts which can 
be studied by the aid of the simple geometrical considera- 
“oo stions involved i in the laws of ‘reflection, refraction, and the — 


alee transmission through isotropic media in right lines ¢ or r rays AO o 


| without « any inquiry into the nature of. light itself. 


n this elementary treatment: of the subject it aati best | ae 


uit our ‘purpose to adhere exclusively neither to the one 2 


nor to the other, . Ree to: make use of either the : : 
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oo. words the’ wave- ies must be truly spherical abeus the. ( 


~ sour ce as a centre. In such a medium the disturbance at 


any point is due almost entirely to the motion transmitted . 
along a perpendicular dropped upon the wave-surface in 
~ some prior position. The secondary waves transmitted — 


aS from all other points of the surface, as new centres of dis- 
Lo turbance, neutralize one another along this perpendicular 


on account of the excessive minuteness of the wave-lengths ace 


of all radiations exciting vision. 7 | 
But in media of unequal speed of transmission in differ- 


ent directions the wave-surfaces are not spherical, a ray ory 
light is no longer necessarily at right angles tothe wave- 74 
surface, and light may be transmitted | in curved lines if the ee 


os properties of the media vary from point to point. — 


on a hot stove, the rising currents of heated air produce 


cue ther appearance | of images or shadows on a white. wall: ogee 
beyond. The air is irreg gularly expanded, the medium is _ 
ot homogeneous, and the light no longer moves in straight o 
ines. To this lack of homogeneity are due the phenomena pn 
f mirage, the: duplication of images of a distant. object 
geen through an atmosphere’ unequally heated above and 
below, and the twinkling of the stars. So the rectilinear aga 
propagation: of light. is. ‘Timited’ to media having uniform 
optical: properties: in al. directions and without variations 2 


ae : from. et to t porate 


dy If we look along. a hot bar or over a “heated surface cf are 
: - objects beyond appear distorted. So when the sun shines 


PO an inverted’ image of ihe source > (Fig. 97). Not only is 
oe this in image @. ET inverted, but it is ereniet By making a 

| 7 small opening 
| | in the shutter 
| of a darkened 
i room an image 

of outside ob- 

jects, brightly 
‘|| illuminated by 
{| thesun,maybe 
obtained upon 
a as es a white screen — 
oS held ait a ‘gniteble. intaneas Not only j is here’ inversion, 
- shown by. objects being depicted lower the higher they 1 
but it thei image, viewed from the side of the screen toward. oe oe 
the opening, be imagined turned round in its own plane so _ 
as to make ib erect, it will be found that the right side vig 
he. object, as we look. toward. it, corresponds. with LOS 
eft f the image. ‘If the screen is translucent. and. the 
| As. } viewed from behind, it will Shen: be | inver ted, | ee ae 


oes soled bit aot Invenio: ae ae ae 
Each point of the object (Fig. 91); is the vertex : of a cane op 
of rays passing through the aperture and forming an image ee 
i. of. iton the screen.” These’ images will be symmetrically Ee 
- placed: with reference to the points: emitting the li ght, and 
. consequently by their superposition will, form: a figure of 
the. 7 same outlines 3 as s the 1 iiattions: object. ane a smaller 
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rade tanger ab the i images of the opening iocome larger, ne 
and with a large opening their superposition no ionger cs 
produces a picture resembling the object but rather the 
| opening. The insertion of a converging lens in the open- 
- ing not only permits of a larger aperture, thus increasing 
oe the: illumination, but improves the definition of the image 
~ by causing the light emanating from any point of the me 
/ object to come to a focus at the corresponding point _ 
of the image with minimum overlapping of neighboring : 
-) ‘images.. | ! : conte 
| A particular: case of ae é tineding phenomenon | is fur- a 
_nished by the light: of the sun, sifting through the foliage | : 
of trees. and tracing circular or elliptical images on. the 
ground. . . During solar eclipses these spots | change MLO 5. 
5 crescents, which are the more ‘Pronounced ¢ as. the “eclipse Coe 
2 4 a more e coiiplete. 7 | | 


oe 168, Theory. of Shadows s(P, 26;L.,15;V. IL Bit). wae na 
a 4 . An optical : shadow is the region from which light is wholly ee 
erin part cut off by an. opaque body. Tf the body i is in the © ote 
__ yicinity of a luminous point its illuminated area is limited = 
by the curve of contact of a cone starting from the point ee 
and circumscribed about the opaque | body AB. (Big. 9830050008 
eae The portion of the space within this cone e of shadow and eS 
eS beyond the curve oF oe aye : ess 
— eontact is entirely in. 
obscurity. oe 
Vo But when the lumi- er 
nous source has sensi-- a ST 
. ble” dimensions, ‘then | ce oe Eee Ee Sel i 


. ore This j is limited by the double cone ath its apex 2 2 
= between the luminous and. the opaque bodies (Fig. 99). 
| eee ; ‘This region of. par- ~~ 
| tial ee forms the 
[7 transition from com. 
plete obse ourity to ee 
| the full light. The 
HE smaller the angular di. : | 
oe * AEE , mensions of the source a a 
ee aot, co a ~ an d the nearer the — 
a a — gereen CD tothe opaque 
roe “body, the 1 narrower ill e the penumbra. Only a portion 
of the luminous: Rody is visible to an eye poe Loe ae 
“the: penumbra: 030 eae 
Solar eclipses are. pridwed iy some “portion of the 
; th’s surface passing through the shadow of the moon. a 
Sines the) moon is smaller than, a sun its shadow, isa ae 
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élioioh, since sit: is. nelle a eee phenomenon, any one as 
observ: ation is doubtful to half a minute. ; | a : 
| In 1676 toemer, a Danish astronomer, ‘an observer at the 
.. time in the Paris Observatory, discovered that the observed 
eclipses differ systematically from the computed times. 
When the earth ij is receding from Jupiter the interval be- a 
tween two successive ‘eclipses. Ge, hee : 
longer than the mean, and the — 
more rapid the recession the / 
ae greater, the excess. The reverse 
is true as the earth approaches | 
Jupiter. Let HE (Fig. 100) 
re ‘represent _ the earth’s orbit and \- 
«the large: circle JJ’ the orbit of 
OS upiter. — Then while the earth : 
moves from E through H’ to BY, fee 
he OF from opposition to. conjunction, the ak interval 3 is. aoe 
7 longer than the mean; from H” around to opposition again 6 
Lo dtis- shorter than the mean. ~The sum of § all these excesses 8 ak 
ig 16m. 88s., or 998 seconds. 8 ee 
Roemer inferred that the speed ¢ of light j ig “Anite SO , that ae 
the longer interval between two eclipses when the earthis 
: eceding from J upiter is due to the added distance which > 
yee light must. tr avel to reach. the earth. This interval. will per a 
the g o reatest. at Et where the earth i is receding directly from a 
the planet. The sum of the excesses is the time requir ne 
“oby Heht to travel Across the e urth’s orbit. “Tf the. dias 
meter be 299,000, 000. kilometres, the speed of light ve a 


—_. 000 _ 299, 600. Kilometres. per second. 


Fig, 4100, 


_ Roemer's , ee Pree was s rejected by most as - 
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ao aon of light ee aGeied oS correctness of Roemer’s 
views -(¥oung’ Ss "Astronomy) | as 


co 170. ‘Bradley's Method Prom ‘the Aberration of Light 
oe : (T., 44; P., 10). — Aberration is the displacement in the 

ae “apparent position -of.a star: resulting from. the composition | 

e the motion of light with the motion of the earth. It 
was discovered by B radley, afterwards Astronomer Royal 
tae of I England, in 1726. If an observer carrying an umbrella — 
- walk rapidly, while the rain falls vertically , he must tilt his | 
oe umbrella. forward if he would protect himself; for to him 
the rain does not appear to come in the same direction as 
a — te: one standing still. He must incline his supbrelie forward ee 


: a angle a with the vertical 80 that tan a= “7 where V as 


5. ‘the velocity of. the falling drops and u the speed with ane 
which he is. walking. a a 3 | cates 
Suppose the wind blowing dirontly against the side of ae 
noun: g yer wi a seat a and that the vessel moye : ee 


es an apparent abitiine. Sea “of as Tp. Ceeee 
: which the wind comes by an. angle a of which the tangent — 2 


is ga as. before. oo was an ‘observation of this kind that aS 


gave Bradley the: clue to the explanation of the apparent a 

displacement which he had observed in the. position of 
stars when viewed from. opposite sides of the earth’s orbit. 
ae real Heed 0 of lig ght must bbe combined with one og 


orbital velocity w of the earths. Then will CAD 
be the angle of aberration. This angle will be g, 
eae greatest uh the motion of the eanh is at | 

pate, right angles to the direction of the star. “Then~ 


‘Dia 


OE ce pe 
~ tana= roe The angle of aberration is known 


a to. be almost exiictly 20.5. | Since. the ‘tangent 
of this angle is about sydon it follows that the 
a speed. of light j is about 10,000 times the earth’s 7 

- orbital velocity : and as the latter is about 30 Eee. - 


a 
oe 10h. 


oe second. 
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ce CA (Fg 101) repreent the velocity of light V, - 
“dnd let AB be the relative magnitude and direction of. the o. 


: a second, the speed of light | is | about 300, 000 kilometres joo 


This. exp) anation of aberration i 1s. fealty founded On. ‘the ae a 
.  poxpusoulas or projectile theory of light. In the wave- wes 
theory it presents difficulties that have: not Be et been sure - | 
- mounted. At. 1s. nevertheless true that. the ratio. between c . ee 
the speed. of light and the constant of aberration i is about ne 


Both oF ‘hues: wet t enncanioal: ibthods oF: ‘measuring the as 2 oS 
speed of light depend for their final result upon an ‘exact a 
knowle dge of the earth’s distance from. the sume: Buteit 
as: probable. that the ‘most accurate: determinations of this he 
- distance are to be made by reversing the order of compu- 


tations. Given the speed of light, ‘independently deter- ee 


nishes 2 a measure 2 of the § sun's distance. RE ESAS ene 


7 mined. by. physical processes, ‘the constant: of aberration, or | 
‘the retardation of the eclipses of J upiter’s : peeliites, fe OS 
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oo ‘His iiatliod depends. upon the: Pao of a source of ‘ugh 
by means of a rapidly rotating toothed wheel. The prine 
tte @iple, is therefore analogous to Roemer's observations on 
we edad the. satellites of Jupiter. : te ae 
A beam of light from a source 8 (Fig. 102) passes 
a S Gaoitgh a céllimator: in the side of a telescope ; and, after 
oh ~~ reflection. from a parallel plate of glass set at an angle 
oe of 45° , it comes sto a focus at B, which is the ptinicipal ea 
2 | PhS a oudiOE Ae OUR an 
. 7 ject glass of the | 
' telescope. The | 
light diverging 
from #’ emerges 
ee tac fe = from) the” “object: oe 
. phase 0 in a 4 parallel beam; and after traversing a. distance — Pas 
of three or four miles, it falls upon a lens Z, which brings it 
to a focus. on the surface of the concave mirror 2, having moe 
its centre of curvature at the lens The beam of light 
therefore ‘returns along its former path, enters the telescope _ 
nd falls. ‘Upon the inclined plate of glass ; part of it is Te 
flected and a. part. transmitted ; ae after. traversing. the — 
eyepiece B, it enters the eye of the observer, producing the : 
appearance of a bright star at Be re cae Soca 
Ae toothed wheel i is so. placed that as it rotates, the boa 
of light is. alternately intercepted. and allowed to pass 
ak between the teeth. ‘Suppose the angular breadth of the oe 
. teeth j is equal. to the width of the ‘spaces. between them. — ue 
vo TE now the e ted a of 1 light. were = infinite, the nor apris o 


Fig 102. Cae, 


to increase the star reappears, reaches its former maxi- 


first eclipse. 


speed required. to. produce a complete eclipse. 


~ star. was. faint even at. its greatest. brightness. It was 


wheel. Fizeau found the first eclipse at a speed of 12.6 
revolutions | a second. 
- divisions of the wheel. Hence the | time e Feqhired fora 


. . tooth to take the place ofa space was: 


and. the reflector was LT. 326° kilometre eS. 


Om: 


: — i= sce 814, 363. kilometres. 


Spa Cornw’s final result, for the speed of, light was 
800,330 kilometres in air. 
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What occurs in the Goren is ab ret the appearance es 
3 “of a bright star, which gradually diminishes in brightness 
as the speed of rotation increases, till at a fixed speed it is - 
| entirely extinguished ; it the speed of rotation continues . 


mum brightness, again fades out, and is eclipsed when : 
the speed of rotation is s three times that epee for the 


It was found very difficult to ‘dévide: upon the ee ae 
| The light — 
: was much weakened by successive reflections, so that the 


rendered. less distinct by the “diffused light i in the interior - - 
of the telescope, ¢ caused by re sflection tron the teeth of the - 


There were 720. teeth, or 1440 : oe 


oF DeXuo ia 
of: a second. The double. distanes: between. the telescope. mY oe 
Hence the speed 
as light as. deduced from this” edperimient is. iV. 826, x a 


In 1874 Cornu repeated Fizeau’s experiment with gisaily cee 
_ improved appa ratus, the improvements. consisting chis Aly i : 
-in better methods of recording the exact speed. an rotation ct 
of the. wheel at any observed phase of the eclipse. Now 
- difference | ain result was obtaine ed with different: sources 


“To” ‘obtain the speed in outer 
Space free: from ponderable matter, this. result must be 


ous 172. " Michelson’s Modification of Foucault's. Method : 
(A. and B., 434; Ps 409: aa 49), —In 1850 Foucault 

ma, ~ describeda method of measuring the speed of light, founded — 
2 upon the measurement of time by means of the rotating 

| mirror employed by Wheatstone in 1834 to measure ‘the 


was placed. between the source and a plane mirror hia 
a reflected. the beam to a concave mirror. The centre of the _ 
concave mirror was at the plane mirror, which was mounted - 


return passage to the eyepiece. it would pass by a slightly : 
different path. ‘The divergence of the two positions was 


a the. speed of light. Sante meee : Cer fare 
fare “But. im. ‘Foucault’s Ss. “arrangement the. ‘delleation: of. ae = 
ie beam was too | small to de measured with the a Soahiatie 


a speed” oF: electricity. | Foucault’s method was intended _ oo 
primarily to compare the speed of light through | air, and <..%: 
water as a crucial test between the emission and the ane 
a dulatory theory of transmission (188). A focusing lens | 


ss tO: rotate around an axis in its own plane. The distance oe 
= _ between the. two mirr ors was originally only £ our me tres. - - 
se Tf the plane mirror were standing still, then inacertain 
- position the light reflected to the concave mirror would S ee 
trace | its. path, ‘and could be observed by. means of an eye-_ ee - 
piece at the source after. reflection from. an. obliquely seb oe 
plate of plane g glass. But if the plane; mirror were rotated, 
then the beam of light, after travelling to the @ concave ee 
mirror a and back, would. find. the plane mirror in a. sligh tly ane 
‘: ifferent angular position, and during the remain de er Of. ee 


measured. by means ofa micrometer in the eyepiece.» Tig 3625 
: divergence, together with other constants of the apparatus ee 
and the speed of rotation of, the ATOR, gave a measure of ase 
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the. two mirrors, m a mn, NGieacen the Axed mirror, 
which was plane, was placed at a distance of 605 metres 

_ from the rotating mirror. The displacement of the beam — 

was incre ence to 183 mm., or -about 200 times that obtained : 

| aby Foucault. _ | 

An outline of Michelson’ $ arrangement is shown i in Fig. ee 


sie ie - : : : 
«gigas pier , 
te TS uf a a sowed 
oe alg . 
Oo an : 
fy” ay, 
ae ‘ 
fa. , ; 
dé 
fie 
Je 


Fle. 103, | 


os 103. At s is a narrow slit, m is the seyclvine mirror, ooo 
the lens, and m/ the fixed mirror. Light fon a source z 

behind S passes through a slit, falls on m, is reflected to 
ont whenever m ig in a suitable position, and forms an 
image at SS. Light reflected. from m/ through the Jens De 
comes. to a foeus: at S. The image of Sin the first mirror oe 
os saat S“are conjugate foci of the lens (196). oe 
Pe When. m rotates: rapidly its. position. will change while. 2 
S the: light travels from m to m/ and back, and the reflected ieee 

beam vill accordingly be displaced to some position 8” in. 
the direction” of the ‘rotation. As finally arranged the 
on revolving mirror was 8. 58 metres from the slit, and “the, dis- oe 
ware tance between. the two mirrors was 605 metres. Witha 
speed of 257 revolutions a second, the observed ee os 
was” 113. millimetres. - Pe ea pe ee ee ee ce, 
oe Michelson’ s final result for the speed. of light i in a ‘vacuum ae 


a comb i in 1882 obtained 299, 860 + 80 kilometres. 
oa. When a tube with glass ends and filled with water is 
oe interposed between LZ and m’ the displacement of the 


Baye ~ through water than through alr, as the undulatory theory oo 
ee fequires. 7 . 


"PROBLEMS. 


oe | Ae o andie and: its image made by a small opening (167) are at ee 
spi distances 50 and ou ems. re eoewvacd from the Ne dae Find their en 
7 relative size. | 


spectively from the photometer dise which they illuminate equally. _ ae 
m - Assuming the velocity of light to be. 300, 000 kilometres. ene 
‘sexo and the wave-length | of sodium light 5890 x 108 metre, a. 


; ‘eid a astanes batween the: mirrors of 3720 metres, New- i 


| image is increased, demonstrating that light travels slower _ 


7. If the intensity of hight varies inversely aS the square of ihe | 2. 
- aatanee from the source, find the relative quantities of light emitted 
-by'a gas jet and a candle when they are 5 and 1.2 metres distant Tee 
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"CHAPTER TX. 


"REFLECTION AND REFRACTION. 


“178. ‘Lew of Reflection C, 53: ae 26). - a Wien a ae | 

7 - jm of light, propaga ted in one. medium, encounters a 
ac second, a division of the light gene? ally t takes place between ae 
oo “the two media. One portion, enters the second medium, and : | 

- follows one or two new paths ; the remainder travels back-. ; “4 
Bune. ward i in the first medium, and is in general further separated Oe 
7 | te two portions, the relative intensities of which depend oe . eee 
- upon the polish « of the surface of separation between GO? oe ey . 
two media. If. this surface were perfectly polished, all the. 000 : 
reflected light would be confined to a ‘single direction, and 
. the reflecting surface itself would be. invisible. One the 6 08 
contrary, an entirely. rough, unpolished surface reflects feos 
the light irregularly i in all Girections.” | aes is. called sit. f. ee 
fused light. In gene Be eee eee 
eral both” pence 5 mL 
goon together. Non- (6 
= luminous” objects. be- ie 
come visible by the : 
a diffusely By eflected | 
light. . In one impor- : 
tant class of cases the 
oe is total. 


° defhitte. direction, BR. The fine PB is normal: to he 
reflecting surface at the point of incidence, the angle JBP_ 


a is a the, angle of incidence, and PBR is the an gfe of | repletion 
. The law of reflection is as follows: 


| ithe normal at the point of incidence. 


feet, optical density. In special cases” layers of water or on air 
of different temperatures give surfaces of separation at 


‘becomes surved in the non-homogeneous medium. 


| eqial to each other. ae 


The incident and reflected rays are in the same , plane ec 
- pbiad. to the reflecting surface, and make equal engi with we 


i: The -two- media. considered hoe are Ree necessarily eos 
: ‘different in their chemical composition, but of different 


TB which reflection and refraction take place, as in the case of © 
ee an aérial echoes in sound. When. the transition in the density os 
- Pee 5 of a substance i in: the same molecular state is gradual, the . Lt 
. ‘reflection. is. slight, and the path of the refracted re ay are 


It has been known from ancient times, and can be demon- ect 
strated mathematically (an II, 819), that if a ray pass 
from. one. point to another, after reflection. from a fixed 
‘su face, its whole path, touching the. reflecting surface, ae 
is s the. shortest. that can be tr oat from the one point tO 
the other when the angles of ineidence ¢ and. reflection are ae 


: 474. “Law of. Getlaction “ae: me 
eo lena from. the Undulatory: Phe. 
pp. jory (2, TTA} P., 66).— Let AB. 
ig. 105) be a plane wave-front, 
and AC the reflecting — surface. 
Pe _ Each portion. of this surface, as the a 
ve eaters it, becomes anew _ | 
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| ance at A has: spread iiecke ae the ities as a spherical - 
wave, whose radius is AD’ equal to BC. Its section is a 
circle drawn from A as a centre. During the same time 
- the light. from P, which would have proceeded to 2%” if — 


there ta been no obstruction, has reached Q, and has eae 
fae developed into a spherical wave of radius Q7 equal tO. 
oe OT", whose intersection with the plane of the paper is the — ane 
ot circle thro ugh T; AML the. circles which can be drawn in. 

— this manner intersect in the strai ght line OD. ‘This j 18, 


“ therefore, a section of the reflected. wave-front. ce aw 
| - The triangle ABC equals | AD'C equals ADC. ‘Thare. . 
ee fore the angle BAO, which is the angle of incidence (135), | 
is equal to ACD, the angle of reflection: Moreover, the — 


incident and refracted rays lie in the plane containing the = 


cS normal line. “The: undulatory theory, therefore, furnishes ae 
: oe adequate explanation: of. the law w reflection. . ee | 


coe “175. Images in a Plane Mirror (T., 59; 2 Us II, , 828). ee . 
es — “An object. is. rendered | visible. by: the rays diverging. Pee ae 


: from: it and entering the eye. Hence a pencil of diverg- 
“ing: ray’ Sy coming fr om a ‘point « or divergi ing as if they came 


from. a point, will convey to the eye ‘the impression of a oo 


~ luminous. source at that point. Any perception conveyed = 


through the eye is referred directly outward in the direc 
tion in which the light enters the eye. _ The eye can give ae 
aS Us information caly about the stimulus which reaches its; 
it furnishes 3 no direct evidence of the source from. ohio io 

ogee the stimulus comes, nor of the manner in which it manages 
to reach it. An tmageis therefore a point or a series of 


“4 points: from. which : a i diverging pon BE Ee, comes: 8 or 
a appears. to 6ome. 0 > (Oo oe 
. From the general. law of reflection it est : 
‘emanating from the point A (Fig. 10¢ 


ae “the a mirror. UN, have hes Gollcotion® the same 
a direction a as if they, came from the point A’, symmetri-_ | 
. cally situated with respect 
to the mirror. In conse- 
quence an eye placed at — 
DE will be. affected. by - 
these rays as if they Gattie ey he ad 
| directly from A’ The 084 
- point A’ is accordingly 
G called the image of A Brad 
_ the mirror MN. Tt: sys. Sd 
ae | moreover, called a virtual 
oS we ee er ow image to indicate that it — 
Are is formed by the concourse 
oe | of the prolongation of the 08 
rays, ae ‘net by a the rays ‘themselves. } Ani Bhage: does not foe 
ere exist at A’. one : ee ee) 


bh. 
yo 
or) 


“Fig. 106. 


Li ad ae: mirror as. ae ‘object i is in “fronts: 
po tion. is readily” demonstrated as follows: ere 
‘Since the plane of. the incident. and reflected 2 rays con- ao 
tains the normal, ‘the ray BD projected. backward. must 
intersect the normal AK i in some point: A’ ‘Then the. 
angle KAB = ABF = FBD = EAB. Hence the two Bae 
right. triangles, AKB and. At KB, are. ‘equiangular ; cand 
since the side KB § is. common to the two, they are equal oe 
to. each. other. AK ig ‘therefore equal. to. AK Bute oo 
since ABBD i is any reflected r ‘ay from A, all the rays after Sees 
: reflection will diverge. from. A, which i is as. s far » behind ‘th | 
reflecting surface as Ae is in front of ite Ge 


“This 7 | | 
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| fostea “List AB a LAC Be any two: rays ae vo “Then ae 
the two triangles ABO and A‘BC are equal to each other; 
vn for from the last. pair of equal triangles AB is equal to 
ae a AB; - in the same way AC’is equal to "AO : and. since the 
two triangles have their third side BC in common, they are 
a : equal | to. aaah other, and the angle BAC equals: the angle’ = 
BAO. But the former is the angle of divergence before A 
: reflection a and the latter the divergence after reflection. 


in 176. Path of the Rays to the ye. — : ‘The image 2 of 3 Ot 
eh object is the assemblage of the images of its points. The =a 
- _ image may therefore be found by dropping perpendiculars pee 
ee from its several points upon ls 
the mirror and producing them 

till: their length is doubled. | 
Boe Thus AB is: fhe image of AB | 
in the mirror WV (Fig. 107. Ses 
_ Let Hand # represent two _ 
different observers. To find A 
the path of the: rays entering A“ _ 
the eye at E, connect AL and Geri etd 
CEE by straight. lines. to. Bos 2 
From their intersections with — ee ‘ed 
the mirror draw. lines | ‘tothe oy Fe em en eee 

object, A and. Be Then: $e ee 
full lines in front. of the mirror. represent the path of ihe, 
-_-vays from A and B, which give the image at A’ and Be | 
Pgs Fhe, re aye for the eye at Ba are e found. i in the: same manner. Bele 


: ane 7. es se erin » by Successive Reflection - from 


ue se Mirrors. =" = Tee de 


| 26 Aa “Ligur. 


or the ray 3 successively reflected — the tro. mir 

rors at HandF (Fig. 

108): Then the de | 
_viation is the angle d. — 
We have © 
o= 180° —2 (e +1). : 
— O= 90°— (e+. — 
a Doubling the second . 
equation and sub- 
tracting from the 2 
An oe re 
$—20=0.. 


“But 0 is the angle between the two mirrors. 


: Fig. 108. 


e ‘178. ‘Images of Images cE, 63; AL and BS 410; v., oe 
e 358). — When light i is reflected. successively from two 
plane mirrors, the image in the first, becomes the object for 
the second mirror, and the second image is found in pre- aoe 
isely the same manner as the first. one. So. the se C on doc: “ 
image may serve as the object for a third i image, and so on, ones 
since in. each case the light approaches either mirror as if — = 
it came e from t the next rt preceding. virtual 1 image in the other a 
one, oO ee ee eee ee 
gs ie 0 be: a . luminous point, ‘hebiosn! Oe 
ae two. mirrors. AB and AC Gig. i ER 
oe 109). ‘The first. image in- AB: age? ‘ae ant Se , oo 
found. by drawing | the “perpendicular epee A Feo ae te 
OB and. makin; gt the distances of 0. and. a eae ae 
“10 from the mirror equal. ‘Then. bis) ONC OR 

| in front, of the mirror. AG: and ‘its. 3 eS Sct Cera 

1o'e ei is determined by the perpen- Ces 


REFLECTION AND REFRACTION, en ie 


7 “tn the same way thay be found the images c a, is by ae 
a first finding the i image of 0 in AC. | : oo 
These images all Tie on a circle of which Ais the “eotitne. | 
. and the. ie AO. For the two right triangles OAB 
oe Sand. bAB, having the two’ sides and the included angle of 
o the one equal: to the two sides and the included angle 
“of the: other, are equal. ‘Therefore 2A is equal to OA. 
In the same way it may be shown that 04 equals cA, cA. 
equals b”A, etc. . All the images are therefore equidistant — 
from A and lie on. the circle ot which a) is the centre and 
in OA. the radius... 2 8 | | ; 
When the mirrors are allel the radi us is Seite; the 2 
g: number of images is theoretically infinite, and they are all — : 
situated on a straight line drawn through the object and... “ 
oe perpendicular to the mirrors. Practically the numberof 
images is limited by the rapid decrease in 1 the thtensity Of se 
the light. je & oe: 1] 
af, the angle a between the ‘two mirrors is an 1 aliquot 


“portion of four right angles, ox gan ny ‘then when n is ee: 


the number ce images, including the object, isn; whet eee 
aves odd the number of images is n + te From. the. last. 2 : 
article ib will be : seen that for’ every pair of reflections from gs : 
the two mirrors the. ray suffers a deviation of twice the 

oe angle between the mirrors ; and when. it. has changed. ite 
-- gourse by 180° it passes out between the two mirrors with- 
oo Sout: further reflection. But at each ‘reflection animageis 
aoe formed, Therefore the number. of images for each series, 
Hp starting: first with | one mirro sand then “the > other, will be 


og * and the number for both series will ine = ne lt i is con 


2 MB. ee 7. es - “LIGHT. 


number, ae inst ino images of the nee series + tien, coin 
i ee SO that the entire number is ”, including the able a 
Ee a is odd, that j is fe 7's not an integer, then the last two 
images of the two series do “ coincide and ‘the entire | 
ce inclusive of the — is wt 1. | 


ae “tO. Path. of a ‘Ray from any. Tags. to: the ‘Bye. eS 
Se Sate the eye” to ‘be at. the point T (Fig. 110); . it is re- 
oe quired to find the path of a ray from the object to the eye 
ee for the third image 6”. Draw a line connecting 8” : and B22." 
ee ce Tt intersects the mirror AB at x. Con- eee 
oe og fee meet: zand the next preceding image 
mo an the same series by the line inter- 3 < y 
Ne  secting the mirror A@ in the point y. - ao 
RS Bron gy draw. the. line yo to. the next, ee 
os e’ preceding | image, crossing ‘the anirror oe 
/  ABats Finally j join 2 and 0... The <2. 
feo paths of the ray is. Oz yal. TE. “the 
itl | seas 3” is visible, the light enters the oe 
S eye in the ‘ditection in. which | a6 ee es 


10 a a Ne as Hi is the image SO a aud. e acts in, at hee 
respects as the true object | for bY: the light must have 
: reached: the point. a as if coming from Cm Therefore, the... 
Tine we’ is drawn. But this intersects. the other mirror in 
yy indicating the point where, the next. preceding reflec 
oe took Bee | Tes same pionees leads back finally fo, 


|" REFLECTION AND REPRACTION. ees . es ce 


- a litle: to the a ; preveding 4 image “of. ‘thie: same series ;_ 
- from the intersection of this line with the corresponding | 


mirror, draw a line to the next preceding image, and so on, 


os _ turned - through the angle é, the normal - 


: ae extensively used to indicate, bye as ee 
-. the change in direction of the reflected ray, ‘Hie’ qastion ae : 
ee) movable system of the instrument to which the mirror 
tee is attached. ~The reflecting galvanometer, for the detection — ee 
| Shor: measurement of minute currents of electricity, takes — 


% ; ti a. line i is dx awn from. the last intersection to the object. e foe 


er i The. portions: of. the lines so dra awn, lying | in front of both : oS aoe 
Oe mirrors, will be the path of the ray. ete 


oe “Te the first line drawn does not intersect the x mirror ih Ne 
= which the given image is formed, then the eye: is. not: in ao 
7 Position to view that i image. | Bar 28 


180. Deviation’ produced by the ‘Rotation of a Plane 3 oe 


: ‘Mirror. —If'a plane mirror on. which a. ray. of light falls — : 


be turned through an angle about an axis perpendicular toe 


co the: plane of incidence, the reflected ray will be turned — “ a 
through twice that angle. Let a ray of light AM be ined 
i dent norr nally on. the mirror Cig ic’. ALLY; ‘it will shee ter : oo 


fy trace. its path. If the mirror is now | 


as. turned. through the. same angle, 0 aes oe ae 
hat the angles of. incidence. and rolled 
tion are: now both: equal, to Oy: The - Bok ; 


"08 this jguineiple ¢ a plane 1 mirror. i ee 


“Fig. I. 


" its name from. the - mirror which is: attached, to the needle, 
: an d which indicates the slightest rotational movement, | 


deviation a8 then the ae AUB, Boye a ay a ce 


, 250. ee “LIGHT. 


ee ce in. docordntics with the fundaniental lav Be cohee 
woe tion. | : A beam of incident. rays gives rise ‘therefore toa 
system of reflected ays which can be goonabtvioally, o - 
eS termined. | oe ed : eee 


oe a and at the: same time the most important. a ve 
| They usually take the form of a spherical cap, ‘polished : 
oe right line joining the centre of curvature and the ee or 


< centr al point of the spherical cap. 


7 e mirror through the © principal axis AW. Let Ube a lumi-— 7 


- Among curved mirrors spherical ¢ ones are. ‘the simplest os 


ie either on the interior or the exterior. The former are’. | 
“af called. concave; the latter convex. ‘The principal axis is the 
Let AB (Fig. 112) be a section of a concave spliatioct fe 


at, nous points: Ttig tes oc) 
quired to” find the 


_ . formula connecting a ate 


the axis at. Y so that the radius OP, which is the normal — 
at the point. of. incidence, shall bisect the angle FP Vi 
Let the angle at U be represented. by A, the angles e oe 


ie triangle - aS a 0, we have ie ee ct 


— ‘its distance from the: eee 
oe mairtor with that Ob eet 
SE EO OF eee mare, Ika ray 
from. Ue mast: the mirror “at P it will be reflected - ‘actOSs 


Os incidence | ‘and reflection by i, the acute angle at O by OF es 
: and the acute angle at V by ¢. ‘Then "ecauise a igh ees 
ee external. to the triangle Pou and oe is: external to the koran 


“REFLECTION AND REFRA CrION. Bt : 


a now Pp. is very” near a the vide. o thie. mirror, the ae 
angles O. $, and A are very small, and ‘their. tangents may > 
be put equal. to the angles themselves. | Let AU be repre- 
sented by p, A V by p’, and the radius PO by r. Also let 
ge y fee PAs Then. from (¢) 


: AY Ye Tie 
Whence ie foe ook Gok’ ace 
Dp ip aa 


: - Sinee 4 y does not appear in ‘this equation, it follows that a 
the distance of V from the mirror, corre sponding Lc o/ e 
given distance of J, is independent. of the position of the | ae ee 

point P, to the extent of the approximation made that = 
the tangent of an angle i is equal to the angle itself. Dhes ses: 
physical interpretation of this fact is that for ‘small ~ 
angles of incidence all of the rays from U, incident upon — 
the: mirror, are reflected so as to pass thr ough the common 
oo point Ve Hence V is the focus of the radiant point eka 
and the two are called conju gate foci. V isa real image 
a because. the rays & actually pass, through it and may “be re ce 
- ~ eeived upon a screen. The relation Bauweon, Teand: Vig 
ee eae because if ve were the radiant point the focus ae 


sonst ce it ¢ follows: that ¢ as sp increases va decreases, and eS 


se when 1p Ddecomes infinite > p Yosuals 5. : 


“Hene ce 2 parallel nys ee . oe 


ee ae ae 


ee, nist and i image coincide at the contre of curvature. 


2: When P is less than wr and gre eater than 3 , wd is je | 


os greater ‘than rs or object and | image have anisheaged. places. ae 


2 


@ When p is less than 3 ot is greater than = > and. p! . 


re fheretors tiepative. ey image 1s then behind “the. 


mirror and eae virtual. Diane in front of the mir 6. 2 
acct POR Are considered. positive and those at the back nega- 


tive. When p is at the principal focus the i image is at an 


infinite distance Lie either dire action. As p approaches the 
irror pe also. appro oaches it from behind, and. the” two : 
gan meet at ths. surface of the. mirror. fob > he, 


. 10. Formation of Images | in Be + Concare mires. ee 


ae “is: beyond. the S . 
centre of curvae ne 
otpare Oe" a 


| Fi 3s | Re eee oe ae a 
: Tes point. of the 


ee iti is s necessary t tot trace ‘the path of t we re only, and 


or the image when ; : 
te the object AB 


Por the pas 6 © 
\J, pose of finding — & 
_ theimageofany — 


| REFLECTION AND REFRACTION. “ a i. 258 ee 


Le fdotis F; the ray AC3 is raflécted directly back. on ane own. A aie 
- path. The intersection of these two reflected rays is at a, 
and a is therefore the focus conjugate to A. In the same 
way the two rays BH and BC intersect: after reflection at : 
- §, the conjugate focus or image of B. Therefore abi is the 7 
os image of. AB. aie is inverted and d real. . : 
| ‘Fig. 114 is ve Cons 
- stration, for a virtual — 
image in a concave — 
“-mmivror... The | ray AD 
: parallel tothe principal 
agis is reflected — 
through the principal 
focus FF. “The ray CAG oo 
~ retraces its: path after 92 
ee : "reflection. The > two oe 
es rays: ‘themselves do. noe ‘meet, but if the lines representing pee 
fe ees) Bhai paths are produced behind the mirror they meet ata 
oo This is. therefore the virtual image of A. Similarly” Up eee 
the virtual 3 image of B, and a i is : the image of rice It is eee 
ae ee enlarged, and L virtual. et a ee eee 


7. Fig. 14 


Hoe 164, “Gaugiles by Reflection 4 710; Pe 90; ar 1, te S 
ee Ss 376). — - When the fangular. O00 Soc eh eee ~ 
aor opening of the mirror is lange . ot on 
Cl the : approximation made a ", 
the last. article is no. longer — Lf 
admissible. Parallel rays do [ /\ 
not all meet at the principal ,/ / \f * 
; focus” after. reflection, and a : i fone 
luminous point no longer has oe a - ae 


oe of ihe curve is faraihiae® to every | one who has. looked ab a 
cup of milk illuminated by a bright light. 7 
“ics The simplest case of a caustic by reflection is “furs 
ecg nished by parallel rays of light falling on a concave | 

i spherical mirror. Let AP (Fig. 115) be a section of the 
ice mirror thro ugh its centre 0 and let SP ee one of ah mayeem ; 

“of rays. parallel to. A 0: eo | | eo 
_ Then since all the rays are symmetrical about AO, if we. os 
find the section of the caustic in the plane of the figure, 

Be caustic surface will be generated by. revolving this curve 
ce about AO as an axis. | vo 
fee. Jom Peand.O. and, let PQ be the path on the réflected | 
rey. Bisect PO in R and on PR as a diameter draw a 

| -— direle; also with Oas a centre and. with radius OR con- 
~ gtruct. another circle RB. The two circles touch at Ro” 
‘The angle QPF equals the angle ROB. ButtheareQ@R 
‘subtends QPR at the circumference, and. the are BR sub- 
4 ends ROB at the centre of a circle of double radius. 
dence the. arcs. QR and RB are equal ; and if: the small : : 
cle | should roll on the inner one the point Q would ultie 
mately coincide with B, and would describe the epicycloid 
‘in icated byt the dotted ¢ curve. | Moreover, the point ofcon- 
act A at any. instant is fixed, and Q is therefore moving at ee 
ie right-angles to. QR or in the direction. of the reflected my 
> PQ. Hence. all the reflected. ‘Tays: touch the ‘epicycloid ; ae das 
— and ; since all the reflected | rays are tangent to the required Peete 
 eaustic, the epicycloid i is therefore | a section of the caustic | 
surface ; for the reflected rays cross everywhere | on this 
section. At B is a cusp which is the principal focus of the 
mirror. Not all parallel. rays: after reflection pass thr ough 
this : focus. | : ~The effect of this inexactness upon the image 


. REFLECTION AND REFRACTION. ee) ae 


| ‘The: cqistic is s tangent to the epeacipel axis at B and to = 
the mirror at LL | 
— This example furnishes the data for ihe’ explanation of 
the two focal lines, due to a small pencil of rays incident 
at some point P ; this pencil has no focus. Every reflected _ 
os TAY PQ passes through the axis OA. of the mirror. But 
- Q is the intersection af two successive rays in the plane of = 
~ the figure. When the caustic is made to rotate about AG 
- the point @ describes a circle at right angles to the plane 
of the paper. Hence a small pencil of rays incident about _ 

- P is reflected so as to pass through a short line at Q@, per- 
pendicular to the plane of the paper, and through ashort = 
line along the axis AO, where PQ intersects it. Between oo 
> these two mutually perpendicular focal lines is the circle 
oof: least. confusion, which is the section of the pencil, in’ ae oe 

— which the rays are most closely crowded tog ether. ee 
fcc Oi account of the spherical aberration of concave 
Bes spherical’ ‘mirrors, they cannot be used for astronomical ee 
purposes; but if they have a parabolic section, all rays oe 
falling on them parallel to the axis aa be reflected s 80 38, - 
ee Ae Poss exactly through the focus. 2 oe ee 


Sy 188. i Conves ‘Sphierioal ‘Mirrors. — he: formula. iol Lean ee 
a S Ax. 181 j is applicable to a convex mirror. In this case the 
So -eentre-of curvature and the radiant point are on opposite : 
- sides of the mirror. If distances in front of the mirror 
ee axe still: considered posttire re for this” case is. s negative. | 
es ~The: formula then becomes — a oe ae oy 


Smee cit Fig 116 the. polished s cunface is on ‘the convex - side, 
aes Cis its centre of cur- 
| eae. ED isa ray 
parallel to the princi- Le ee 
palaxis,and DH isits | 
es path» after reflection. — Ae 
Tt comes as ae front Fy 
- which is therefore the — 
principal focus midway 
Se eee on ania A and Ce ) 
eer Fi le ee Mg Soe Ad. shows the 
pe construction for. the image in. a convex mirror. AD is 
oh Taye parallel HO UROL ee Booty 

panel axis, whose di | ae : oN 
rection after. reflection, oN OMe 
passes: through the-prins (oft ei fs 
ipal fo focus. “AC ig ac Ry. oop Se PoeN cok eee le 
along the secondary axis —|_—— Seen ee ea San 
hrough A. _ These Swe Ro ae a ee 
lines meet. in a, which | 

is. then” the ‘virtual eat eee 
| nage. of AL Tn the same er oer 
W: the virtual: image ae i. AS Ae ‘a ones es 
- of. B may be found ab eee Fig t wr EN Ph oe eae 
be “The image is erect, oo ae 
smaller # than the te ond. virtnal. 


Sj So SEL SSN See SN en tial ne eae cae ES igen —— 


REFLECTION AND REFRACTION, eee ‘9st eae ae 


| ge ‘The eee of a convex mirror is 20 ems. If the linear anon ia 
ne sions of an object be twice those of the image, where must each be ci 
e pitunted ? aes a Nia, a — ot ere 


186. Refraction (P., 73: Vig ELS: 8387; L. 56). — When _ 
eae luminous ray passes from one transpar ent medium into | 
another it undergoes in general a change in direction at 
tay the surface of separation a the two media. - The portion a 
- entering the second medium is said to be refracted. ee 
a det “MN (Fig. 118) be the surface of separation, BA a ens 
“the: incident, and AC the refracted | ak ae Blane. of pee ed 
a incidence | is the plane e Me 
BAP containing the inci- 
dent ray and the normal 
< ato MN at the point: of 
_ incidence. CAG is the 
oe plane, of refraction. 
ee Le the new ‘medium into M 
ey which the light is propa- ak 
: gated AS: “isotropic, - ea 
“ plane of incidence and eo 
the plane Of. refraction — a 
: ee coincide, and the ratio. of ee = 
Oe the. sines of the an gles Pie oo ee pence 
Hes of incidence and: refraction. is @ -eonstant: lp ‘the second 
es. medium i is optically denser than the first, the refracted ray oe Sos 
jg deflected. toward the normal, as in. the figure... Ifthe). 
-vadius of the circle is unity, BF and C@ represent. the — 
i  sines of the angles of incidence and refraction respectively. a 
a Denoting the angled of. incidence and. refraction by a ate 
ue respectively, # the law of. sines in. single refraction i es : 


The constant ratio pis called the index of refraction. 
ee When light passes from a vacuum into any medium, this 
a ratio is called the absolute index of refraction ; but when | 
it passes from one medium into another, it is called the 
gelatine index. The relative index from medium a to 
medium 2 is equal to one absolute ee of } divided by ae 
. S that. of a ee yee ey © ba ae tt 


neat ae saat 


is a “4817. “Law of ‘Refraction: acdused from the Undue. a 
a “atory ‘Theory a, 175; P., 74; B., 426).—Let AB 

z (Fig. 119) be the trace of the 
incident plane wave, and AQ 
that of the surface of separae 
i. - tion, both. planes being perpen: — Loe 
“dicular to. the plane of the: . - 

7 “paper. Let v be the speed Of 
light in the first medium ando’ 
: o ‘that j in the second. ‘Then if t is. ee 

ue ea _ the time required | for. light too. 

buch the Gntante B C, vt equals BC equals AD. aes 
here had. been no change of medium the wav e-front at ‘the yi gong 
; nd. of the time t would } have had the patton? D C, parallel ee 


‘ : But the distarbands & in the seoond medion ‘tals with | eae 
oe speed. wv. Therefore. a. sphere drawn, withavadius AD= 2 
ve will limit the spread. of the wave from. Ain the second © Les 
medium. En the same way the: disturbance from. the point. oe, 
Ew travel to Q, which then becomes a new centreof 
pomoein and this will extend into the e second medium at : 


es absolute index of b divided byt that of ce oF: “fe 


“REFLECTION AND ‘REFRACTION. fin, Oboe 


“drawn through C tangent to the first aie with radius 


AD. LD is therefore the trace of the new wave- -surface | 


in the second medium. 


The angles of incidence and refraction are ae, to. 


BAC and ACD respectively. Hence 
_sing_sin BAO BC _ vt = Cre 


1 genset nce seeemmmenter 


“gin sin ACD AD vio 


| “The dee of coir hione is therefore equal to the. ratio of co 
the speed of light in the first medium to its speed in the 
second. The undulatory theory thus gives a satisfactory 
explanation of the law of single refraction: Ifthe speedof 
light in a vacuum be taken as the unit, the absolute index , 
Ee a refraction for any medium will be the Tolprocel of the oe cas 
ae speed 5 inthat medium. Te fe. * on eS 

os - Michelson obtained for the ee of he speeds | in air r arid ie 

agi weer the value 1.33, and for air and carbon disulphide 
ae 758. These values are a close approximation to the tel: eee 
es ative indices of refraction in the two cases. Se are ge ; 
tf the speed of light in medium ais Va and in medium oe 


2 an is SOs ‘then. the absolute index for a ieee and for b, es But : 


“a. OM 


oe the relative index from a to bi is = te and this is equal to the aoe 


oe 
be 


@ ae 


eae “188. ' Newionian, ‘Explanation of. - Refraction, — The 
a Newtonian theory | of lig ht. ascribes. the change i in the die 

ie rection which a ray ‘undergoes at the surface. of separati on. : 
ee between two. media. to the gre eater. attraction of. the denser — 

_— medium. for the. corpuscles. of light. , The resultant of 3 all 


| this attr ay tion. 


tay 


tg a 


AE Pi pce a mas ind bcc NS ESET a ae ac pea oa asprin get bg Ean T Ri Pen Tn “Senet ST BY Be Bett) oo let ee ieee RR Lay eit CL 


5 ROD. Lent. 


ioe must be along: a nortials “therefore the domponent of the 
e me motion parallel to the surface of the new mediumavill be 
nag unaffected. Let vy and v’ be the speed 4 

of light in the two media, denoted by 
ved avid IF in Fig. 120, and let é and + wos 
be the angles of ineidenca and refraction, > 
Then the component of Us parallel to. the Pa Ve 4 
_ surface DG, will ‘be vsin?d, and of v it — 
will be w sinr. The normal component oe 

OED oF BI, equal to IF, will be increased — 
by some quantity FG, due to the ae 
traction of the denser matter for the | 
i — corpuscle. Therefore, completing the 26 
ee age parallelogram DG, its” diagonal LE reps aa 
: resents the nape of Hep in the new medium, | Te a ce 


B: b bre the vundulatory theory the index of t refract , n is 
23 “45.4 and v is greater ‘than. we ~The emission theory, theres | 


| ‘a fore, requires that light feavel faster in \ the. denser medium, e ee. 
like. water. or. “glass, than in the rarer; the. undulatory oe 
theory | leads to the. opposite conclusion. Foucault’ giex- | 
periment. showed. conclusively that. the emission. theory is iS 
untenable, for Tight travels slower i in water than i in din... 


“REFLECTION: “AND REFRA ACTION, aa 


- “ gavface, and: ist IB i an emerg ent ray Fo: om. “the luminous | 


point @. Project the emergent ray down- 


e ‘the angle of refra ction. 


wards till it. intersects the normal at L- 
_ Then BIA is the angle of incidence (the 
angle in the less danse medium) and BOA | 


ao Hence - 
| gin BIA. 


ete pn inane eeemeninnaatte 


ee ~ sin BOA” : et 2 ies 

“Bate sin iit = = sin BI O, since tliesé per a et ee 
: ‘nialae are sppliiaitary and as the snes. pe 

SOL: le angles of a triangle are proportional | to the sides 

| ppnasite, Ss G oa 


Sop < When: BO: is neatly Honal, ‘and ‘the ponetl” of rays. is oe ~ _ 
SS “aly. slightly diverg ent, Bois ultimately equal to AO, and ere 
- BE to AL. But lis the position. of the image of O. Look- BS 


‘ing: along” a normal line. an object at. 0 will. therefore 


: _ appear to be at. For water wis about 4, and for glass 3 3. fo 
_ An object in water cannot appear lower than 2 its. real 
| ~ depth, and one in glass not further than 2 of fis: real. dige cy 


ee _ tance from the surface. To an eye under water an. object: ann 
fe a air appears 4 of its real distance from. the surface. — foe ge PEAS A 


“Viewed obliquely: the. depth. of. water ¢ appears still less a 


a Sha of the actual. ‘depth. . Hence the. shoaling appear- oe 
: ance of still water in- which. the bottom is visible. “The 
- images of an object: under water will lie ona caustic sur- 
ee mg face. with the cusp at. 2: the real. distance. of the object : 

~ beneath the surface. The. cusp will be on a. line drawn 2 
‘normal t to the surface and thro ugh the object. ea: 


eee WE “find the angle of refraction. 


a a a ee ee B : * 


TTT NTT 
N 


Fis | 122. ae - agent ae a e 


| the: refracted. ray. 


| a The triangles BA and BAP « are ,similax. e 


PROBLEMS. 


. ie straight rod. is j. partially finmarsed ine water. ‘The image, — 
~ viewed normally, is inclined 45° to the surface. If the index of re- — 
Ee fraction i is 4, what i is the inclination of the stick ? - | 8 

as ‘Tf the angle of incidence is 60°, and the index of refraction j iss 


: Ole the index of refraction from air to ater’ is 4 and from air to : 
ee glass § a what i is the relative index from water to glass? : 


| 490. Construction fort the e Refracted Ray. - — ae MN be: 

oe the surface separating the two media, as air and water — 

aes (Fig. 122). Let BA be — 
incident on the second 20, 
| medium ab Ax With Avs asks. 
as a centre draw taro es 
concentric circles” with page 
e radii proportional to the“? 
|watee ‘Speed of light in the ‘two 7 
[hee cmadige Their. ratio is 
then the index of refr: ace : 
oe tone: Produce the. line oy 
| BA till it. intersects the oe 
: oo ccois poss /dnner: cree: in and — ae 
oe beoneh BE dove E He parallel to the normal DA. Tt inter- ens 
mae sects ‘the: outer cirele in, ON Draw AQ; : ‘ibs is the beth ie ae 


“Therefore 


_ corresponding: ray in the rarer 


oo. sme dium | makes’ a greater angle : 
ae with the normal than LOW itean’ “SN 
Oe ho: longer emerge into the second ee - 
medium, but undergoes total in- ae - Fg na. 
ae ternal reflection. Thus the tay ee be 
as O is totally reflected. in the ‘divection: or. ‘ LON’ is ie oes 
oe critical angle. For a smaller. incident angle. part. of thes 
light 3 is. ‘reflected and | part refracted ; for manger angles of oe 
a - incidence it-is-all reflected.) 0006 32> ew 
Bo: determine the ouitioal angle for any % mediuin whose vs 


REFLECTION AND REFRACTION. Page 268, Se) 


When the. ray aces into a ie dense medhin, through | 
a “the intersection of the ray. produced with the larger binle - 
draw a parallel to the normal, cutting the smaller circle. 


The line through this intersection and the point of inci- 


ie : denee i is the refracted ay 


ce “to... “The: “Critical Angie t., 86; x 76). me When. = 

| 4 light passes: from one medium into another of smaller _ 

- optical density, as from water into air, the ray is refracted Ss 
away from the normal, and the angle i in the first medium 
is less than in. the second. When the angle in the | 

| second medium becomes a right angle and. the ray just 
- grazes the. surface, the angle i in the first medium is is a max-_ 

| imum and is called the critical an gle. See 


vice Phas © the ray RO in.water® 0.0. NW 
f ° e: 123). emerges in airin the ~~ 
oe direction Os ; for the ray LO the ee 


: : medium is along the surface OB. : tows = 
If the incident ray in the denser E== 


relative index i is iy we have - 


| Whenoe eo, he sings 


or the. sine 1e of ie critical angle & is : the reciprocal of the inden 
ee a of refraction. — ao ne | os ) . 
| For water the critical angle i is + a — s 48° ot : 4g" a 
For crown glass. about : . | . tes ATS 10" - 
For chromate of lead . Be oe 19° 49" a) 


ee “The total internal ashen of light; is ‘peantifully ie ct 
ae by focusing a » beam of light by means of a lens L (Fig. 

; ~~: 124) on the interior of a smooth jet 
at the point of issue O from the side 
4 of the vessel. The angle of incidence... | 
on the interior sortace’ of. the jete © 
: ~ then: exceeds. the critical angle, and : 
~ the beam is: reflected from side to 
\\ side along the stream. like sound in 
ee speaking-tube. Tf colored. glass igs. 
OR EE Ae interposed the stream is colored and 
presents | a ; beautiful ‘appearance. — Tt becomes: visible by 
means of the diffused light: irregularly reflected from a fine me 
matter suspended is in \ the water. ee 


"PROBLEMS. 


Sas 4 In desiaad ‘spar. - there: are. two. ‘eotated rays (295). he 
: Indices of refraction - for the two are 1. 658. and 1. 486. Find the Berl hes 
teal angle for each. . Mes foes | Eats aren 

ee a Bor chroma ute. of Toad ‘the: saat index of refraction { is 52.5% he: 
greatest, 2.95. To which index does. the above critical ang gle 2 C0! r= 
me ae What } is te other critical single? 


“REFLECTION AND ‘REFRACTION. oe OBR ee 


“192. ‘General Construction on Refraction. at: a Single ie 
oe 4 ‘gunrtace (De, 125). ee Let. AB (Fig. 125) be an advancing | 
a. _-wave-fr ont and CD the bounding surface of the pees _ 
ooo Medium, - Through a number of points of AB draw nor- 

~ mals AH, BF, ete. Make all these normals equal to one 


| Fig. 125, 7 


another and nonHeet: thate ‘axinemities by. a plane ¢ curve. ites 
Tf ¢ is the time required. to traverse these normals with the 
2 speed. vin the first. medium, then this plane curve BaF he 

: would have been. the wave-front at the end of the interval : 2 Sine 
pat ne denser medium had intervened. cs a 
Po find: the wave-front i in the second medial, take a any 7 eee 
point. ‘a where. the normal from a intersects the bounding — hie 
_ surface of the denser medium asacentre,and with aradius 
| dal’, which bears to da the. same ratio. that v, the speed — iF | 
in the second medium, bears to v, the speed in the first, 
draw an are of a circle. ‘This. defines the limit to which | 
the. disturbance. from. a@ has. penetr ated into” ‘the denser — 
medium at the end of. ‘the time t.. Draw circles in the © 
same. way” from all ‘the other intersections of the normals _ 


: ‘enveloping all tie gincles  represénting ihe secondary waves, 
will be the wave-front in the new medium. pa © 
From the centres. of the secondary waves normals may “e 


ee ‘ha drawn: to this new wave-front. They will not in gen-— 

: eral” coincide with aa! and its fellows, but. will show by 
ee their deviation from them the amount of refraction at each 
eee es point . the BUlEfAo. ne 


“193. * Gonateiction for the ‘Refraction of a Spherical _ 


= wave at a Plane Surface (D., 126; P., 83). — Let a : 


“spherical wave from a centre. Oo (Big 126) fall upon. the — 


plane surface AB of a transparent medium After a short 
- interval ¢ with the same medium this wave would have | 


ee aken the @ position ADB, a sphere of radius. OD and centre 
7 costae Seg Oe: Bubs the speed in th 

BO Se cond’ medium is re- 
a duced along each | normal 


in the ratio of vf to -¢ 


: - Therefore with C as a 
centre and. radius. Cd 
such that. CD = = Od, de- 
ae ~ scribe a: small circle. In 
_ the same way any other 
fe ~ point of. the surface AB: 
willbe the centre of a cor- 

. The spltaeted 5 wave @ will he 


"REFLECTION AND REFRACTION. 267 ee 


Pode. m Ghd ee dendte ‘the radiiy OD and Od, of the incident | 


s and refracted waves eee 
oe AG = CD= os'0d  nenaly: 

A Baboon = rds 

iE —_—- gar Me = Lr, 


or the radius of the rete noted: wave is approximately wos 
i ed that of the incident wave. The true. “wave- surface x 


an the second medium i is bype Dolce 


“194, ‘Refraction. daroneh. a Paism: (r., 96: Pp, BO. 2 
“Diy 490). eee prism for optical BUEDOSS, consists of a ; 


: transparent. medium bounded by 

_ two planes enclosing an angle 
which is less than twice the criti- 
eal angle for the substance. This atte hon 
angle. A (Fig. 127) is called the: ee as 
refracting angle of the prism. : 
- Since light is bent toward the 


normal on entering a medium of | : 


higher refrangibility, and away. frou it whee: passiig: inte: ae 
one of lower refr angibility, the path. of a ray of homoge- 2 
neous, light through ¢ the y prem may: be such as DEHO, 2 
| . ig the point of te oe 


ra ~ didence: and ae (Ob e: 
Cane etneTgeneG: ie Pe 
The precise Saath oe 
ees of the ray through 
“H the prism and after 
| emergence may be 
: _ bes creed in-- 


LI GHt T. 


a ratio of 1 to fe “Through the. intersection. of the cident i 


oy ray with the inner arc draw the dotted line parallel to 
Sees the ‘normal - through E. Through its intersection with | 
oe the outer arc. draw a line to # nad produce through the 
: prism. — This is EF, the path through the prism. Ina 


similar w way: the two arcs about # serve to draw the emer- 
© cogent ray, Tt will be observed. that the construction line 


ae drawn. parallel to any normal must intersect. the are. of. - 
smaller radius at the same point as the ray. in the rarer a 


Me medium, and the are of larger radius at ‘the § same SS as on 


Pn the, ray in the denser medium. 


The: deviation at the first surface. of the prism (Fig 


ey 127) § ist—r; at the second surface, ¢ i , Therefore the . : 


mB total ¢ deviation | eral reece 

: “ Dainrt oar sit: re Gy De ae 

ahs angle of the prism . A equals 3 the. angle pateroan "the _ 
and since this is the angle external to the triangle be 


TPE: at P, it equals the sum of. the t two interior opposite — 
ngles rand nm ‘Therefore oe SP 


aa now “the path of the ray +, theotiph i prism s 2 eymnet: 
rical with respect to the two ices: of the prism, which is— 
. the condition of. minimum deviation # 198), then : D =v and 
ee ‘Therefore A=? ar. and: eee 


"REFLECTION AND ‘REFRACTION. ee eee 


“$7hen the angle of the prism. is very Semel an Vapereee " 
mate formula may be found by making the angles A and 
~ D equal # to their sines. Then 
_A +D_ D 
and ee — ie = AQu—t). ee ae 
a ae)  ponbendigaine be dropped. from A upon mn eae : 
yer, each half of the angle A is equal to the angle of — 
refraction 7. TE A were ‘equal to or greater than twice — 
the critical angle | for the transparent substance, yr would — 
be equal to or greater than this critical angle, and the ray 
would suffer total internal reflection instead of refraction. 2 ea 
Therefore the angle of the prism must be less than double eG 
the critical angle. a ae re i 
For crown glass the critical angle: iB one 
- about Ps eae 10’. Hence if a prism Of es 
-erown. glass hayes a ‘section ‘perpen- 
dicular to its refracting edge of a right 
angled isosceles triangle BAC (Fig. 
129) the refracting angle will be more Pio 
than twice the critical angle, and Be ; ie 
“ray” DE incident “normally - on either “a Fe 8. oe 
ae face adjacent to the right angle will have ne ere eee 
an internal angle ae jneidenes: greater than ‘the: ‘aritioal: ee 
- angle, and. ae be totally reflected at EL For flint ea 
- the critical Uaoae | is ssa smaller. Pe ga Ae a . 


195. ‘Construction. for ‘Deviation - a ‘and. a By 408; 
peri! A008). — ~The paid geometrical constru . 


: 2) ae ; ; : | oe LIGHT. 


= 0 Ws 180), the ratio of ide radii iaing the iidex: of. 


refraction. Draw OA for the direction ca 


intersection with the inner are draw 
- WA for the normal. Then the angle 

n’ NAO is the angle of incidence i, Pro~ 

~ duce WA till it intersects the outer arc : 
in B and connect B and 0. Then OBN 

: is the angle 0 of refraction and the devia- | 

tion is AOB. “For hae ao a | “ae 

gin OAN _ sina. OB 
sin sin OBN ‘sin n OBN OA eo 


Fig 130. 


a ‘Therefore OBN: is the angle of refraction, ahd A OB: is the ane : 


ly ta OAN and OBN, or he. devi ation. 


of the incident ray and through jigs ee 


: $ a before. Then through B ‘anew Bw’ Me : o oy oe ae geo 


Gig. 1b) to represent the normal alee gD 
the second surface. — Then 0 Bi is the ce 


Hireation eae the eee of the ne Pee oS Cae 
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oes thes anole A OAN is measured by che circular are AAG “To whe 
Lee - find the: conditions under which this shall be a minimum, | 
«we must ascertain what position of the constant angle 
ABA’ will give the shortest are ea; 
AA’. Let ABA! and aBa' Cig. 
182) be two consecutive posi- 
tions, BA’ and Ba’ being greater | 
phan BA and Ba. Then the 
are aa’ is greater than AA’, both — 
because A is farther from B 
than A and because A/a’ cuts 
across the angle more obliquely 
than Aa; and A/a’— Aa is the 
ae increase in the length of the arc 29 cA 
which measures the deviation. The eens is thenatses cece 
vs increased by changing the position in such a way as to 
make BA and BA’ depart further from equality. ‘It ae 
then a minimum when BA and BA’ are equal, or when 
the incident and. emergent rays make equal. angles. with 2 
ee normals: at the: two surfaces: of the prim fie 


Fig. 132. 


ee 196. ‘Refraction at ‘Spbseloat Surfaces a, 107; Bo 
a a 84), oe Leb, 0. Cig. 188) be the centre of curvature, of me aes 
ae spherical. surface | ic ee oe ee 
ae AB of the denser => 2 ae os 
ee. mediums Det! Goof @ ae 
= ee Der the point.” oe 
22 csouree- of homo) / 0 *. 
geneous — Mobty eo ieee 
“Seo thats 18; light ‘Of Se oe ee 
one color, whose aidex ab pefrastion | ig pe Tet UP be. the 
incident ray. Produce it. backward | | after refraction to 
_ meet the principal axis in ae : 


Fie! 133, 


: ae Cos LIGHT. 


on “Then | since , UP 0 is ie angle of incidence and VPO oe 

the angle of refraction, = | . | a 

| sing _sin UPO _ Cl yy. UU | PV. 

sinr sin VPO PU“ PV VV" Po" 

wea es UP ou 

ae A ae OV 

pe pa ais a when Pi is very 1 near A. | 

eee Tf we use the same notation as in Art. 181, putting : 
ee ri for AU, np for AY, and r for AO, then x | a 


“But from the figure - Substituting, 


Reducing, : ae aoa eae .ci8 @ - S ae 


If weet this becomes the ‘fool, oe | the « concave ee 
ares mirror. For, reflection Be must have the value oe 


a gate. Toca: thom: ‘the ‘sesoad snttage, ne ee Yor ers As 
adius of curvature ot this iaulriaos, ¢ we elias) 6 since eA 3 Te ae : 


"REFLECTION AND ‘REFRACTION. Paes TB ees 


"Adding equations (a) and O) and 


This is the appreciate formula for a very thin lens, a 
transparent body bounded by two curved surfaces, orone@. te. 
-eurved and one plane. - The distances. Be and ¥ are the con he 
a jugate Socal ¢ distances, ae ae 


| 197. “The Principal Hogue. “tf “ve source hig is “ait an : es 
. infinite distance, pis infinity, and the formula becomes _ a 
feed) 
ie “Tf, ve this particular case, we oe I for the distance % ce aes 
OS ean eo oe 


ihe: distance f is called the focal length. | ‘The rays ae 
~ oi coming from an infinite distance are at and. they. ea - 
vise verge after refraction. to the principal focus. 
eyo She: curvature of ‘the two faces i is the: same, and r is | 
ee negatives = an Be a Se 


A 
oa ag for babe conver 2 ones oe 
Tf a is negative, | oe ae : aa 


Tee for double. concave Tenses. ere es ae ee ered 


ee 198. “The , sigh of the. Quanttty f iy ihe: sense , in 
oti ch we have used the quantity , - it is is always greater 
| than unity. ‘Therefore the a shows that f follows 


a 


— the sign of a(t ne 2 4 “the: difference of the curvatures of 


i lenses. thinner at the. centre ha at the eae or a prin- 
- eipal focus lies on the same side of the lens as the source 
Se o light; such lenses produce a divergence of the beam. 


re “tion in which the light traverses it are regarded as posi- hy 
ee tive. | Consider the “three forms of Fig. 134, in 1, ” "1B. ss 


e ne WE 


positive and 7 al negative. Therefore - hy becomes ! a +5 1 


Distances measured from the lens opposite to the dir ec- | 


@ posi ive | ‘quantity. In2 By the fati f # ‘is negative and r Soe i 


8 infinite. "Therefore tA fie positive. In 3, doth , and oe 


re past but a is s smaller than 3 therefore ots Sn 
‘ ae ae | 


an aoe “REFLECTION AND ‘REFRACTION. see eas rae 


ee oo coals In 2 Ay shen: r ig nerative. aud. yi is s infinite, 
or # is infinite and r’ is positive, sooording to the direction 


Fig. 135. 


‘toward which the curved side of the lens is turned ; : but in, 


both cases - ——— 18 negative, In °, is ‘positive and re 
a greater than x", which is also positive, Henool, >t 1 and re 


ee aoe is negative. ‘For all thre ee forms the prinoipal tous! we 


> Sone and. the source are on. opposite sides of the lens. : They 
Se are > then all conver engin I lenses. — gb ea ae : bat 


“199. “Images | in Lenses. - — ‘Sines’ the ‘quantity & e yo 


ae fy ‘is equal both to sa and fe these latter r quan ti cee 


OR 


es. thes may be suatod giving 
: | re co ce 


a Ge Pe ar Beer ee ee 
Se, An the Test article's we ie seen ‘that for: naiverstng Tonses as 
ee ¢ is. always positive. . Now since Prt the distance. of. the 
Ce object, is. necessarily positive, q must be positive and | 
ae smaller than p. The image is therefore on the same side 
a a oe lens ¢ as sbhe. bless id | virtual and nearer the 


Soe dian’ the abjebt- Thus j in Fig. 136, A’ is ee Source, “and the. : 
ray AB, after passing: through the lens, diverges from the 
oo BIS as if it came from Ale A and A’ are on the same side 

a of the lens, and At is nearer the lens a than A. | 


Fie. 136. 


REFLECTION AND REFRA orr0N. OTD es 


| “which: the. conjugate foci A and A’ are on spposie sides of < 
the double convex lens. Fig. 138 illustrates the second ae 
ease. A and. A’ are both on the same side of the lens. ee 


Ei ig. 138, : 


For real images g is. negative. “The fous fon con- 
ee verging lenses may then be written after changing all the 
oc signa oo 


3 as cs 
When p ‘P= qe have ho at 
9 


Fi Les or p =y 


sen “Object and i image are then equidistant orn: the tens: m : 
ae Sand the distance hetioot them is af. nase cannot a ae 
Q ree nearer than ths for a eal page Coe eu 


200, Image and Ohject at a Fixed Distance.— When 
los “te object, such as an incandescent. lamp filament, and the 
----gereen on which the. image is received are at a fixed. dis- a 

tance, which must. be. greater than four times the focal. os 
length, there are two positions of the lens which will give 
an image. Tn the first the lens is nearer. the object and. 
the image is enlarged; ; in the second the two. conjugate 
focal. distances are exchanged, and the lens is nearer the 
: uae which i is s then. ‘amaller, than the object. 


i : 8 oo. oe a : «LIGHT. ont 


changing the focus from one image to the other. 


ke Phen 0 ge pak 
Bee ete SAMBO Oe os Gop ae 


ore Adding these equations and we have | 


aes Subtracting eae 
ae ie a ee 
st ira sae Poa? 


ae and hence f= ei af 


: Therefore 


arest¢ distance oF: E objects and i image. ao : oS 2 


the lens as if through a 


‘There | As. 


ee Sides. 


This. formula futnishiod: a very | aatiatagloty tasthod of walk 
neasuring the focal. length of: a converging dens. df the eke . 
‘distance 7 be such as to make: the two positions ofthe lens 
for the two images coincide, then. a=0, and Te nH Ae : 


S01. ‘Optical ( Centrs' of ¢ a Tena. — ee C ‘nd: o Rig. oc 
39). be the centres. of. the two spherical. surfaces. of the 205 
dens. - Draw ¢ any two parallel radii. as AC and BO. Then One 
the Bert planes ¢ at taal and Bare e also. parallel, and ABO 
— incident at A passes through oe 


_ plate with | plane parallel es Q 


7 Let 1 be the We between ie 0 object fad. the screen, we 
oA ae let a be the distance moved over by the lens in- 


| REFLECTION AND ‘REFRACTION. a , 279 Se 


and so ihe external angles af angidents and refraction ave 
also equal. Let AB be the path of such a ray through the ~. = 
lens. It cuts the axis of the lensin 0. Then since ACG Oe 
and BOC O are similar triangles, 
OO CAT 
: | CO CB | an 
“‘Gines ‘the’ ‘yadii are constant in eae CO nd lo O are = 
‘also constant, the points C’and 0 being fixed. Ois there. 
fore a fixed point; and all such rays as AB, whose inci-. 
dent and emergent portions are parallel, pass through it. 
0 is called the optical centre of the lens. Its distances. 
from the two surfaces are directly as their radii. For the 
“ prepereoy may be written — oe 
| 02 OBS : C0: OA. 
Bys subtraction 
OB C0: OR : : OA- 00: in 
a OB CO. CAC) 
ES ORT ET GE 
en Bat the. numerators are the distances of 0 froma the two. ne 
surfaces. having: centres Of and respectively, and these 
ae distances, are proportional to the radii of these surfaces. 
one plano-convex ore plano-concave- lenses: the. ‘eptical era. 
centre is on the convex or concave side. Forifone ofthe = 
-yadii, as. O"B, becomes infinite so that the corre esponding 
| surface i is plane, the first member of the last equation: be 
comes zero, the denominator being infinity. The second 
- member is also : Zer0 but its denominator. is not infinity; oe 
_. therefore its. numerator is zero, or CA. and CO. are equal 
to each other. This can be true only when O lies on the — 
| convex surface of which. Cis the centre. In lenses having: 
- curvatures of both sides in. the same direction, tl : 
centre lies without the lens. 


‘PROBLEMS. 


ty Find ¢ the weometrical focus of a small panel: of rays refracted | 
) : through a. doubis convex lens, the radii of whose surfaces are 10 and . ; Aes 
Se 15 ems. and the refractive index 2, when the point-source of the © 
Joa Met it is 15 ems. from the optical centre. 
cL ee The focal length of a lens is 20 ems., and the distance between i 
oe she object and the screen 100 ems. Ww here must the lens be Placed: - 
oom give a clear image ?_ : sf tb | . 
: . The focal length ofa snes oa in air is sd0cms. If the indices ok 
oe “of eitwetion of glass and water are $ and ; 4 j respectively, wh at i is the oe 
oe focal length of the lens i in water ? : : 3 


es 208. Gonstraation: for ‘Triages: in a Converging Lens. — 
a : — (a) When the object is farther from the lens than. the oe 
a al focal distance. — The image is then real. Let AB (Fig. we 
2b be. the g objet a and MN a double convex. pnts of which a 


Fig. 40. en a 


Oe the optical ¢ centre. 2 “Rist daw adoondaty i axes AO. 
and BO. Since these pass ’ through the optical centre, the — 
rays: along them. undergo no deviation. Next draw AD — 

Bb to the prin ipal, axis KO, which passes 


: | REFLECTION AND REFRACTION, — a 28 oo 


| rays pass through the principal focus F. It may ie con: 

venient to oe that if the index of refraction is $ and 
p=r’, the principal focus is at the centre of curvature. 
Then the two rays drawn from A meet after refraction. at 
a, and those from Bat’. Hence ab is the real image of 


ce ABS Conversely, if ab were the object AB would be the 


image. The image is inverted because the secondary aces 


~ eross between object and image. The size » of the image 


ee is to that of the object as 00 to KO. ne 
ee () When. the object is nearer the lens faite the focal 1 | 
c cnee The image is then virtual, erect, and larger 

than the object. Let F be the principal foous and AB 


- , sae object (M8 oe Proceed as goes ays drawing the a 


- ath of two rays A 0, BO stones sncondarr i axes, aaa AD, oe ae 


BE parallel to the principal axis, and through J’ after re- ue : 
fraction at both surfaces of the lens. - The two rays. from ae 
A diverge after emerging from the lens, but if their direc- ce 


tions be “projected backwards they will meet at a.” 80. also. ae ; 


the two. corresponding rays from B emerge from the lens © 
as if they. came from 6. Hence a and 6 are virtual foci 
and. ab. is the virtual, image of AB. In this case | 
L image | are on. the same side ‘of the optical centr 


= Ag Ces omnes. 


208. “Construction for the Toes in a 2 Diverging Lene. male! 
Ss ‘The images formed by. concave lenses are alwé ays | 

oes virtual, “erect and smaller than the object. They may be 
ae drawn Mm the 3 same manner as those for conver ging lenses. 7 . 
f es AB is Sse is the ba aed The mays ea to the 


= ae ae 


" prineipal a axis. ‘utter emerging oth the: Tens diverge oon dah 
the axis as if they came from the principal . focus F. Their 
directions produced. backwards” intersect the other two) 
rays. along the secondary axis in a and b b rempeitrely: ae 
Hence ab is ‘the virtual | image > of AB. ee 


204, “Spherical ‘Aberration. ‘and | Distortion of image a 
Bi, 44; PB, 85). Te must not be overlooked that the : 
formula. which we. have. used to. connect the. object. and oe 
the image with the. focal length of. a lens is ‘only an 
proximate one. It was. ‘deduced by assuming | the point 38 
f incidence on the lens very near the principal axis, and oe 
the point-source of light was. supposed to be on the axis. 
Hf the Shanti ae made in Heese the forma 
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ees on a lens the focus for the peripheral rays is 

nearer the lens than for the central rays. This distribu- 

tion of the focus along the axis is called spherical aber- 

ration. Between the two foci for the outer and the inner 
- “rays the refracted beam will have a minimum cross-section, 
which is called the cirele of least confusion. The vays ee 

- fracted in this manner from different parts of the lens are is. 
~ tangent to a curve called a caustic by refr wetion. nk 

* "The corrections for spherical aberration are two: First, 
a the outer rays are cut off by an annular diaphrag nm. Thigh 
is partly the office of the iris of the eye. Second, the 
surfaces of the lens are so shaped that a spherical wave 
ae before refraction remains spherical after refraction. The. sa 
ne surfaces of the lens are then only approximately spherical. gaa : 
Perea A surface which refracts to one point the light diverg- oe 
PL ing from another is called an aplanatic surface. | ee - 
ee The formule and discussions to which this i inquiry leads Pe 
ae | are tedious and ‘intricate, and do not come within. ee | oe 7 
“Mimnits prescribed for this books< ¢.0-0 000 056 Yee 
Besides the indistinctness or confusion of. ‘the’ image “eg 
which sphet ical aberration leads, there is a distortion with - 
spherical lens surfaces. It has been assumed. thata straight 
object will have ‘a. straight image. But with ‘spherical. ae 
aoe lenses the image of ab straight line ab one side of the axis fs 
ne is. a ‘curved Aine and the image of a plane” surface js : 
Ve convex. : ‘From: ‘the equation — any Bee a 


wea obtain ee oa: ri 2 


ge and P “that of the 
‘both measured. 


oy aibhg sodcnidaiy axes, for pointe of a str aight object further 
- and further ftom the principal axis, yet it “does not increase 


in the same ratio, since FZ diminishes as Pp increases. 
: : P 


ga This: means that the image ab (Fig. 141), for example, i ig. UK 
concave toward the lens, the distance of its outer parts,a@ 
_ and 8, from O bearing a smaller ratio to the cor responding - ee 

| ‘distances. ‘of A: and 3 than those of points. near the axig 
to the corresponding points of the one coo 
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; 208. The Complexity. of White Light wv. I, 475). | 

= When a thin beam of sunlight is passed through a — 
prism ib not only suffers daviation; as already éxplained, got 
but it is resolved into a number of colors of different ree S oe 

-frangibility. | This phenomenon i is known as dispersion. eee ce 

_ The production of colors in this way was certainly known we 
: bb Seneca, and Kepler made use of an equilateral glass 
7 prism for the study of the subject. But Newton was the 
_. first to recognize the true import of the phenomenon, and 
Se BO refer the: colors to, the heterogerisity” 6 of white light, oe 
i. This was in 1666. : ee oe 
- Admit a “horizontal ican of sunlight, fato- a dereaned: : 
oe room through a narrow vertical slit. and: focus by means of 
ne long-focus lens on a screen ata suitable distance. , ‘Then oe 
oe interpose: in the path of the: beam a glass prism (or, better, oe 
one: with. plane glass faces filled with carbon. disulphide) oe 
> with ite ‘refracting edge vertical. The beam of light will 
oe undergo. deviation and dispersion, and. the screen should Boe 
be: roved to receive it, keeping its distance from. the Jens” ae 
a the: same. - ‘The order of. colors” is. red, orange, yellow, 
green, blue, violet. Another color, indigo, is sometimes 
; ~ distinguished between. blue and. violet. Red is. the. least ; 
_— refrangible, # and violet the most. “Each color has ¢ a : differ- a 


: ; nar eres art Doin st ence et dane qrsae 


‘ “ Suati a succession 1 of colors j in nthe onder of refrangibility, 
a obtained from any source of light, is called a spectrum. 
‘The index of refraction for “Tedd is less than for violet; 


| and since the relative index is inversely as the speed _o. Cider 


SUNT MTSE LOTT AT, a Tremere a eet MT IaT pas ator Pa Toe sent 


| ght in the medium, it follows that red light i is tr ansmit- 
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ee through the prism with a gre eater speed. than violet; “the? 


ther colors are GanSTer” throvgh tre ansparent 1 media. ae 


with intermediate speeds. The phenomenon of dispersion 


pcre therefore due to the unequal retardation i in the speed of — 


a transmission of the different colors th rough + transparent ae 


_ media. Violet suffers a greater retardation ¢ or tray els more . 


slowly than’ red on entering an optically denser medium. — 


= Measurements of wavelength show that the ethereal fans 
o  dulations. producing extreme violet are the shortest of all 
those coming within the visible spectrum. It follows that 
disturbances. of short wave-length undergo greater. dim. une 
es inution of speed. on entering "dense ‘transparent. media, than eee 


those of longer period. 


ent wavelength travel with different speeds i in | the ether 


: conclusion. that refrastion. dee not: ee “iN . ‘poles: See : 


‘There is no evidence that ethereal shdnlatioas of differ eed 


serves oe to Saban: ‘those oe mingled in . wits es 
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 omed in a pecs: diteotion. Gig. 148), where 8 is 
the incident beam which is re- | 
solved into the spectral colors 
by the first prism and recom- — 
bined into an emergent beam ae 
of white light. 


907. Dispersive. Power. 21k two. prisms of. different | 
| materials are made with such angles that they give the 

game minimum deviation for the brightest part of the SPeCr 
trum, it will be found that the lengtha of the two spectra 
_ will not be the same. The nan separation of the eyes 
~ colors varies with the transparent medium employed. ees 
dg Md represent the two extreme and. the mean. devia-_ Se 
ae tions: in the spectrum and Ki, Bs. ts: the corresponding = 
indices of. refraction, then d/— d’ is the angular separation 
of the two extreme colors of the spectrum, or the. disper 7 
ah SEO But. by. “Art. 194, when the ‘Teiracting ange . Eee 

analy the deviation i is A ¢ p—1). ‘Therefore a ok 


dad _ AWA) ed Caren) ae ha 
oe oe Ae A @-) Dy oY eh eal. =r 


. Sand” this ratio is ‘called the dibinston power of the sub- 
stance. It is the ratio of the difference of deviations. Of 

- two selected rays of. the spectrum to the mean deviation. a 
‘This ratio is constant for the same substance solong as 
oe the refracting angle of the prism is small, but it is differen 
Mor: different: substances. Thus: i or crown glass the disper- ne 
ce sive Bowe : is 0. 0434, while. for. Ci arbon.. disulphide a £ is : 

my e For the ‘Si me 5 levator therein b a hollow prism: 


: 208, “Gheomatio ‘Aberration’ (Tg us; ee TI: 668), — ; 
oS Since the homogeneous colors of white light have different 
: indices of —— it follows from the formals 


prerG-2) 


Soe that a single ieee has different focal lengths ie different i 
noe colors, and that f ig less : as wis greater. Hence violet te 
7 light. comes to a. focus nearer the lens than red. Thus in 


. Fig. 144 v is the principal focus 
6. for violet 1 ys and rfor red. The — 
— other colors have foci lying be-_ 
~ tween these two. If, therefore, a | 
2 goreen be placed at or near v, as 
at a, the image will be: bordered 


Fie Ma, 


ne red ; if at. y near » the focus r, it will be fringed with “ 
violet. The image: with least color, will be obtained ee cone 


Asoontne- +6 hin, the Giaportion b being proportional t to: see a 
refraction, the one could not be ‘suppressed without | - 
iooeeaie te gther : Bat Euler observed. Bab the aye ee 
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of ‘deviation: a little later (1757) he Gaeeied in 
making an achromatic lens me) a combination of crown 
and flint glass. | 


=T 209. Conditions of Achromatism (T., 114; Ves oe 
669; D., 492; B., 452), — [t will be evident from a con- 

- sideration of Art. 207 that by varying the refracting angle 
of two thin prisms of different materials, such as crown 
and: flint glass, and. by combining them with their sharp 7 

edges turned in opposite directions: itis possible to secure ae 
ae deviation without dispersion, or disper sion without deviation. oe. 
The conditions governing the first are. those required i 
-gecure an ee image with two lenses; 3 those of the Ce 
second apply to a direct-visiow. spectroscope. | es 
‘The expression for dispersion is Adu Suppose we halve a 
Se second. prism for which the dispersion is A’dy'.. Then Ee 
| the image is to be colorless the dispersion of the colors in 
vee One direction. must equal the dispersion in the other ; that. 2 
is, the angles of the prisms must be such that the disper. 
sion shall be the. same tor: both. Then eee oe 
Ade Abe =0, 
ae " Henee. the gndition of sebomaeasl fo the two prisms - 
3 le that their refracting angles must be. inversely propor; 
fs tional to the differences between the indices of refraction 
> of the two- pairs: of selected Oye near r the limits: of ‘the eS 
spectrum. ee ae ee ee 
-. But since these. two prisms, “which are 5 aseumed i have 
: diferent dispersive : powers, produce the same dispersion, the | 
_ deviations: ee ee them cannot. be the same. | 


oo ao 


For while | 2 


| 290 | : oe | : : enn. 


tae and the niimeratord: are ‘etal | fs follows that the devia ae 


a tions, represented | by. the denominators, are. unequal. | 
There will, therefore, be deviation without dispersion, and - 


moe the deviation will be. due to the material having” a ae 
ee. smaller ‘dispersive: power. ie iz 
Bat an spohpomatig combination of two lenses, as well as a 


ek given alors: -Supposa the sy stem qin a two very 


oe fe sat: lenses placed in contact. The conditions of approxi- 


mate achromatism, are not difficult to find. . The: power of | 
a lens is the reciprocal of its focal | length, and the re- - 


~ fracting } power of a system. of two lenses of focal length 


me, a I and f yang. very near together, i is’ given by the equation: a 


curvature of the four surfaces. eet Due a 
‘or the. other simple light, wtolet for mani the. Le 
dices for the two. lenses being ee Ap and pe ob. 2 ul, the 


AF must be zero. : Obviously. this will be the « case > when 


here: ue and we are > the indices of refraction of the to. De 
Is of glass. composing the two lenses fora » definite ray” Choe 
of one gglor: as, for example, red. ~The: rs 8 are th er radii 5 fo a 


focal | distance of the “system Becomes: BAR ON ow. te 
order that the foci of the two selected colors may coine ide Sohne 
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a lenses i 1s convergent, the Se is dieu “The. system 
as a whole will be convergent. if the converging lens. is : 
- composed of glass of the smaller dispersive power. — 
From the Biot for Ti ep | isd | 


we have a =. ae “a sa = Ee has a similar value. 
. ry Pe we ee | 
Substituting i in “ths Sanation of condition above and 
Ae z+ 3 Ay A =0. 
oe ee ot ap a1" na | ree 
From this equation we see ner in an ‘achromatic ayateni Sa 
my ‘ot two lenses their focal lengths. are * proportional. 4 to their SRE 
mad dispersive powers. — , , | Rene 
aie ee The above equations may aa stud to. determing the four: 
cS radii, Generally r;is made equal to —7, and the other two _ 
are arranged to make the spherical . aberration as small, as ie 
: possible. | ‘Fig. 145 shows | a combination Of e - 
flint and crown glass for achromatism. & 
ae - Since the dispersive power of crown glass _ 
“oes 4s only: about. half that of flint ©. 043 4 and | Au os 
0.0753) the converging | lens is of crown - = 
| glass | and. the diverging of flint for a converging eon 
ee tion. | The outer: satace of the flint. glass. is: not usually 
oes. plane, 1 nor are the radii of curvature of. the two surfaces of. 
ee ahe'e crown n glass equal to each other for the best definition : 


‘PROBLEMS. 
CES FOR THE p FRAUNHOFER 1 Laws. oe 


ee Find the alspersive power of crown 1 glass and. flint ginss for 
sy es lines A, H, and D. 
Bei A onQs TE the refracting angle of a ocown-gleis prism, is 20°, what 
a ae be that of a flint-plass prism to produce achromatism, and = 
ee what, will be the resulting deviation for A, H, and HE? 1, 
OLB e Suppose we wish to reunite the colors represented by the B 
Ce aad ¢ lines in. crown and. flint glass; what must. be the relative - 
ee focal lengths of the two lenses of the > combination £ for the: & line ? 


La 


ae 210. “ frrationality of Dispersion (B., 452; P., 101; D., 
oe 408).—If the dispersion or angular separation of two 


dispersion. for the other colors of the spectrum will not in 
general be the same. While the order of the colors in the 


3 of the same. This is known as the irrationality ay of 


- golors be made the same for prisms of any two media, the 


two spectra. is the same, except fora few abnormal cases, ae 
yet. the. relative. spaces occupied by the several colors are | a me 
| | ‘dis- : : an — : 
Thus the spectra. produced by prisms of crown 


aad ‘flint p glass m may be made. of. the same length. by prop- ZN oon 


bi ses two. lenses must be Of an a eiperteet: Hind. 


Ansting t the refracting g angles but the lengths en a 


raonslist heretics, aia auhnoination, nosed: ad by com- ue ao 
_Cor- : } , : a . oe 


a and there. remains, therefore, a isle hee 
= Only two ale see ‘Be Se ef ee 


oodaes of a succession of colored i images of the slit, TE. 
this slit is not extremely narrow the several i images will 
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gu ‘can Linas in the Solar Spackram: — 7 spectrum . 


overlap, giving what is called an impure spectrum. To 


_ obtain a pure spectrum the slit must be narrow andan = oe. 
ae achromatic lens must be placed at a distance from the slit > 
equal to. its focal length, so that the light emerging from Soa 
al may consist of parallel rays. These parallel : raysmay 
be received upon a prism adjusted for minimum deviation, 
| The resulting pure spectrum should then be viewed with : oe 
an achromatic telescope. A piece of apparatus for obtains 
ing and. viewing a pure spectr um is called a spectroscope. _ ce 
. Whar it is provided with a divided circle for measuring oe : 
~ deviations it is called a spectrometer. A simple formof = 42) 
oe spectrometer is shown in Hig. 146. At the leftisanad- 
 justable slit placed at the ‘principal focus of the Tens 
aiietes: contained - in the > ee ee ae 
other end of the _ 
same tube. Paral- Qe 
helen Tek rays” pass. from, 
oso.” thas tibete then co 0° 6 
eo opriem: and are there ee 
_ -gefracted so.as to. 
pass into the ob- 
» serving telescope =. s) 
oS on the right. . Big ee cee RP 
Rese ‘movable’ $0. as to take s successive © parts 0 of ihe spectrum 7: 
oe the field of view. : | | 


: Fig. 146, . LBs ee ae Oar Se 


ee) ee eee 7 7 | LIGHT. 


"e ineldoting lee parallel: to: the elite “The rays” ae 
the prism were then nearly parallel. Fraunhofer studied 
eos them inl 1814-15, counted about 600 of them, and marked 
yo cthe: places of 354 on a map of the spectrum. They are 

-. therefore often. called Fraunhofer’s lines. The solar — 


~ spectrum. is. discontinuous, or is. characterized by the abe 


sence of numerous colored i images of the slit. These dark 


ire solar spectrum. — : These have their origin in the sun itself. 
Pres Others. are. greatly str engthened or appear only as the | 
: sun nears: the horizon. These variable lines have. their . 


lines represent the places of rays of definite refrangibility oe 
or wave-length. Some of them are always pre esent inthe. °~ 


origin in the earth’s atmosphere, and are: called atmos- ee 


- —pheric or telluric lines. 


a or is the yellow line pers De on a be 2 ADE With a 


‘raunhofer. designated. the chief Hines mapped’ iby. him aoe 
i, B, C, D, BE, F, @ AL He afterwards added the linea 
‘the red: and the line bi in’ the: green, These dark. lines eee 
n from. A: in _ the, extreme fed 4 to Et: in the extreme | 


212. Three Kinds of ‘Spectra, ‘ace _ When - the. peetrn a 
2 different sources of light are classified they fall ante" 
2 groups, each of which: may have several subdivisions: 
(a) Bri ghiline spectra. ‘The spectra. of incandescent ne 
gases and vy vapors consist of a limited number Of bright i 
Z each of. which i isa anonochromatie. image of the. SiGe Ss 
1image in one color. Thus the spectrum of sodimm - : 
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@ Gonitinvisus spectra. N ext i in vie clon of complexity: : 
| es the continuous spectra of incandescent or white-hot — 
solids and liquids. They exhibit a perfectly continuous: 
- guecession of colors. from one extremity of the spectrum — Pee 
to the other without any interruptions or gaps. The == 
; “spectra. of lights used for artificial illumination, such ass OND 
those of. panties. & gas flames, or the electric. light, are con- SS 
tinuous. Their light is due chiefly to white-hot carbon, 
an incandescent Pott The extension of these spectra a 
aes toward the more refrangible or violet end depends. vee Pe 
ve ‘the temperature of the source. eee | Be tan 
—. (¢) Absorption spectra. These are 5 doowanuene like a 
the solar. spectrum, and they are rendered such by losses _ pe 
eae to. absorption in the passage of. light through trang ie 
parent media. The absorption producing the dark lines of 
the solar spectrum takes place chiefly in the outer envelope : 
of the solar atmosphere. The incandescent mass of the 
gun, which would by itself. present. a continuous spectrum, — 
| is surrounded by an atmosphere of gases and Vapors at a 
a high. temperature, traversing which are the rays emitted by 
eS the: photosphere. — “Absorption takes place i in this reversing 
layer; and the dark rays produced, which are only rela 
os s ealy: dark in comparison with the adjacent bright portions 
of the spectrum, are the inversion of those luminous rays 
which form the emission spectra 0 of ‘these § gases and SaDORS ; 
te in the outer envelope ofthe. sues) 0 | oe 
Go he: principle of absorption is ‘dhe’ game as. 5 that ot “Tes0- : 
ee ance 0 or Hcowvibranion § in sound. rey BA 0 or z vapory whe 


- coincidence been ‘established between the Fraunhofer D 


line and the yellow line of sodium vapor, but the reversal 


of this yellow line by sodium vapor as the absorbing agent 
has been accomplished. These results laid the foundation. 
for the science of spectrum analysis by which the approxi- 


mate chemical composition of sel luminous celestial bodies 


ee has been made out. 


Kirchhoff i in 1860 established the following law of spec: : 


a trum analysis: 


— The relation between the emissive 2 power and the absorbing g 


oe power, relative to any definite radiation, is the same for all — 


_ bodies at the same temperature. If light from | a Vi apor at a 


- higher temperature traverses: the same vapor | at a lower 
temperature, the. light. absor bed i in. the latter j 1s, greater than. 7 a 
ithe ight emitted, A by i it. : The result i is s relatively iy dar lines iene 


reversal, 
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CHAPTER XI 


INTERFEREN CE AND DIFFRACTION. 


ais. “Interference of Light from two Similar Sources a 
: a, 185 ; B., 488; P., 119). —.The 3 phenomena resulting eee 
from the superposition of two systems of waves of home” af 
| geneous light, travelling in nearly the same direction, Bree oe 
- called interf erence. ‘Similan Sens have already been : Pelee ets 
o - discussed i in ‘sound. | | oa ; ee 
When the ether at any point is “affected simmltaneously ee 
oe ty tio waves. it is thrown into vibration by both, and the... 
0 Beant. isa compound motion. into which each vibration eS 
: enters independently. ‘If the two vibrations are in the 
Bee ame direction, their amplitudes are added and the result- _ 
ing < amplitude is the sum of the two. components ; ; but if. 
a othey- are of. opposite | sign the resultant. amplitude i is equal 
“tothe. difference of the constituent amplitudes. : Hi in this 
latter case the amplitudes of the two vibrations are equal 
ee - the | two motions should completely annul each other. 
oe We: know. already that two systems of sound-waves hay 
ot : interfere | SO as to. produce silence, and two -water-waves : 
eo may be superposed so as to leave. the surface undisturbed. 
| Tf the ‘Enditlatony theoty 0 of light i is true it should be. pos . 


od gs. “This satnally 0 occurs in many. cases. : ‘The limits | 
set t to this boy will epoble t us to explain. only, 2 few of the 


398 ee HIGHT... 


ae doviséd by ‘Bheandl: BOD (ie. 147) j isan. oa a 
glass: pr ism with the angle at ( nearly 180°. Let O be a 

ou -gsouree-of homogeneous lioht3 in a plane through the | angle 0 | 

va on of the Dee perpendicular t to BD _ The light passing . 


Fig. 147, 


Bore through ihe] prism a, cons ‘at two parts a iverging fh rom 
the rl ‘sources 0, and Ose Since the point Ai is equle 08 
distant from these sources, the two systems willarrive at 40) 

Be an: the same phase and will reénforce each other. Hence See 

on the sereen at A there will: appear # a bright bend 8 pacalel oe 
to the refracting edge of the Brats: we | ee 


ee >. he by half a vavelensth foe ihe Hommuenola light a 
aie the. afew of sodim, fi for ex ample: | ‘Then. ce ae 


. oD. : where” P, 2 Os 2 i keds | P, 3 40; yi an Poe ae 
Jength: there will, bea bright band again ; and still, further 04 
ut will be found. Be ‘second. dark and, and. 80 on. | ; ome mee io 


herefore conclude t that ip OP Sade aa a whe 
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and the distance Ao it is possible to compas. he differ. 
ence P ,O, — i; Oy and so to measure the. wave-length OL 
| the light. OA measurement of this kind shows that the 
ee wavelength of yellow sodium light is only 5.89x107-" 
em. Hence the vibration-frequeney, which is the ‘quotient 00 
ne eG OE the speed. by the ee is popes 500 millions. of i 
millions a second. | | Bie Oa 
| Particular. attention ghoul be. given £6. ae ee ‘that i 
there is no loss of energy in interferé ence, but only a redis- — 
tribution of it among ‘the dar k and light b ands. : 


- 914. Tnterferencé produced by Tha Films 5(T.,195: Ds! ace 
| 508: P., 138; B., 492). — Interference phenomena are Cee 
os produced. by thin transparent films. The iridescence of: ae oO 
ee ancient glass, of a thin film of oil on we ater, of oxide on the 20 
surface of polished or molten metal, and of the soap. bubble See 
are familiar examples. — These colors are the residuum of 
wo white light left after some portions: have been cut out by ee 
nate interference between the two wave ayatcinn reflected fom fe 
2, allel surfaces of the film. | no SEE hee 
| (Fig. 148) be one sur- 
coe ft: the film and BB the. A 
eh ~ other. 7 Light incident on the 
me _ upper Q surface is partly trans gutta Ee nag 
mitted and partly reflected. The sontiin ‘peteten tig ee ee 
first surface is in part reflected from the second, and 
emerges again from. the first surface along with light which — 
. has. undergone reflection only. | If now the. thickness Ofer 
ant - be such that, the itersaly 5 reflected | System falls 


Fig. 148. | ie a : ae 


ie ee eee LIGHT. 


only on difference of ob eee Wher this difference : 
~ yanishes with a. film of infinitesimal thickness the two_ 
pencils should be in the same phase and the illumination a 
en maximum. But the fact is when a film is made as thin as 
possible it becomes black, All the light reflected is ex- 
tinguished by interference. The difference of phase there- 


Os under. different conditions, one in the rare medium next 


_ quence loses half an undulation Colne to the other i in the 


but not of the condensation. ¥ 8 
end of. an | ope Pipes there | is no ) change of sign. vat pe — 


‘turbances 
| caer ; 


; girumee sy a whole ) number. of wave-lengths, 


ce : ~ fore depends on something besides difference of path. ‘This. . 
is found in the fact that the two reflections take place — 


oo the dense, and. the other in the dense medium next BO. ei 
oe the. rare. One of the two interfering systems in conse: a 


mere act of reflection. This is analogous to the change in — 
a phase « of. a sound-wave reflected from the end of an open = © 
organ f pipe. | When a condensation ig reflected from the | ae 
losed end of a pipe there is a chan ge of sign of the motion, me 
hen iti ig reflected from the fae 


I rought together ‘after | Nelnation: one Som, ‘the. ‘lossd and oe 
of a ‘pipe. and: the other. from an open. end, the two dis. 
would | be found in: opposite phases” and would ae 
So. two pent of oe reflected under. His foot 


"hen tharetos the. ‘Bienes of the film ‘and the ‘stile 28 
fs incidence are such. that one pencil falls behind the other 
ge inter 300" 
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| nictierene: eee aolotad Bibest lt is AG aes cluerved ns 


| that the thickness of film that would produce a relative — 
retardation of the internally reflected pencil of one wave-— 
length for violet would be a retardation of only about half 


8 wave-length for red (217). Therefore extinction of both 
- colors cannot take place at the same part of the film. If — 


the violet is cut out the red remains. Similar re asoning 


applies to the intermediate colors. ‘The reflected light is oo 
ce therefore fringed with color. : ees | 


| 815. ie a Narrow Aperture 
CA. and B., 448; P1755 B., 501). When a beam of oe 
~ sunlight i is | admitted through a very” narrow slit into a a 
darkened | room, and is received ‘upon a screen at some 


= distance, there. will, be seen a central band. of white lig ht : 


in the direct path of the beam, bordered with ‘colored 


- fringes. Through so. small an opening light passes not | 
merely as a definite. pencil, but it also diverges i in 2 all 
: directions from all. points of the Se ae 


opening as new ‘centres of disturb- “AS a Ob Bo 
ance. This phenomenon | is called a Ne 


diffraction. The waves of light = - (N\Y\ 
thus bend around an obstruction,  =—--« | Ni 
er like the edge of. the slit, in. then ee TENA 
> same | manner as cwater-waves Wan! se ee 
around an obstruction. The colors ssf WY 
will be intensified if, instead. of a. Ne 
single narrow opening, a series OE oe N 


equidistant | fine lines — ruled on “a i | i: : . Be a | are 
moked, glass. be employed. This eas 
. as | it is called, ‘should be See 


: all extraneous “Tight should be cut t of by properly ar 
_Tanged screens... 


cS Caghich is perpendicular to the plane. of the paper; and let 
MN be the screen. Then 7 in the direction of the pencil _ 
oe nearly equidistant from every. point between a anda, 


points between a and 6 as centres, arrive at 7 in nearly ~ 
the same phase. There is, therefore, maximum illumina- 


- distance as shall exceed bs by one wave elength »% for — 
some color, as red. Then. red will suffer extinction by in- _ 
es _ terference at. Se For if ab be divided into two equal parts 

othe: difference in distance of a and d from s igs halfan — 


Let ab (Fig. 149) be a -asetion a the slit, the eens of ss 


and all the secondary waves, ‘starting from the several ce 


tion at this: ‘point. Let s bea point so situated that the — 2 


undulation, or one-half A; the secondary waves froma | 
nd d meet at s in opposite phases ;_ and — every wave = 
from a a point between a and d meets at s a wave of opposite 
phas frome a x Scinevponding. Lie between ad cand: b ee 


| ee sooeaey ‘waves: fom ave of thee part S ae eee 3 
ab the : screen as ry while ‘those from a the third ae oe 
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by the equation | ee ; 
2” 


- where » is even for the dark and odd for a bright ee 

: . 

With white light, in which \ is different for the differ. 

i ent colors, extinction for different colors will take place at 
ees different distances of s from ae and hence colored fringes oe 
| oe : will apEees on. the screen. : ae 

| 


“216. “Spectrum by a Diffraction Grating (A. and Bes 

| 446; ‘Pi, 186). - — A system of very narrow, equal, and... | 
equidistant: rectangular apertures is called a diffraction Bis 

grating. These may be made by cutting with adiamond 
point. by means of a dividing engine a nitiber. oe parallel _ ee 
“equidistant lines on & glass plate. — The light then DassES | “ 
a through the transparent spaces between the lines. eae ae 
oats Det a plane wave approach the grating ine the direction - o | 
ook the arrow (Fig. 150). Let a, ¢, ete. bet the: 2 Parallel oe 
apertures, _ and. let. parallel lines re eee i 
ab, ed, etc., be so. drawn that ‘the eS eo) eee 
distance: ae to the foot. of. the per- soe 
oe pendicular: from ¢on aé shall equal _ — 
ee cme definite wave-length of light YN 
oo | Then an- will be. “al. exact | : a ONO 
: damian of wave-lengths. mr, co will 4 BS 
a ber Ga 1) Yes. and so one The line oe ee 
- mn will therefore touch the front oe es 
ook. a series. of secondary. waves: from. thie successive i 
parent : openings, | all in the same phase ; and if this new : 
nk ware t tbe m eeiies onal a Tens ' with its” axis: 


oS 504 ae ae ‘LIGHT. 


rae “Set g be: the angle ‘between ab and the dis eotion of the 
: light incident | on “AB. Then | 


aé=rA= = d sin 8, 


where a is “the Aadaics ae from centre. to ere of the 
- openings. The disturbance at the focus of the lens will — 
oe be the resultant of all the disturbances coming from. the. 
ES ae “numerous. apertures of the grating, and all those of wave- a 
7 length dsin @ will arvive in the same phase. | 
: For disturbances of any other wave-length this coinci- 
pa dence in phase will not exist. If, for example, the differ- ; 
ence between A and d sin 6 is Too, then the light from 


ss fifty-first, that from the second will be in opposition to - 


J the first opening ° will be opposite in. phase to that from the 20 


oe that from. the fifty-second, ete. Hence all the light from 


on their wave-length. | 


to 


oe the first fifty. openings will exactly neutr aline that From: the. ae 
| een ce in the direction a. Since the number of ee oe 


eed separation ‘oe the “diferent. coloxs depend voaly ee 


From the formula hE We sin 8 ie is ‘gbvions: ‘tha the > 
ngest waves are found at the , greatest. deviations; for 
the : first spectrum the wavelengths are nearly proportional | eee 
to the deviations, for 0, is. ‘small. ‘Hence there can she.) nO. 
ee af dispersion i in a diffraction n spectram. Chee a 
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2 | Bu = dsind, 
aid i the nth spectrum 


Mr = d sin 2. 


These spectra are all violet at the inner edge nearest 
the normal to the grating and red at the outer. Over- 
lapping of spectra will occur when the deviation for the. 7 
violet of any order i is less than. that of the preceding red. — 
_. Moreover, since the deviation is approximately propor- — 
| tional to wave-length, and the wave-length of red is some- - 
| ‘ what. less than twice that of. violet, the red of the second os 
a spectrum will overlap the violet of the third. ‘The separa- | 
tion of the eas parts may be effected ny means of 
BAPTISM. oy ea: | ee 
os The diffraction grating furnishes an  pauntrablet mth: Sek, 
| of measuring wavelengths. ‘The distance d, which isa 
constant of the grating, must be measured, and the spec- 
~ trometer must be supplied with a graduated circle for the 
<0" ocparpose - of measuring the deflection e, corresponding to 
oe Be dark line of the or spectrum, or ‘to any ‘bright fine 
oe of an. artificial spectrum of a vapor. — ae ec ee S 
ae Spectra similar to the preceding may be. obtained ie 
2 refico tion from & gyY ating . ruled with. very. fine: parallel - 
grooves on, ‘speculum ‘metal. The surface must first be 
oo finely polished. ~The: pencils reflected from. the polished 
intervals _ between the rulings come as. Ag from virtual 
oe images — of the source. thr ough - the intervals - of the 
coe i rating. The exquisite colors of mother-of-pearl | and 
other striated surfaces, of the feathers of certain birds, 
and of. E shenertie § silk are. instances: of the same method 


aoe “et7. “Wavelengths sad Vibration-frequencies. — _The 

“ « unit employed in measuring wave- lengths of light i is the 
Oe - tenth-metre, of which 10° are ‘required to make a metre. 
cote “The. following are the values for the’ principal Fraunhofer | 
ae lines in air at 20° C. and 160 1 mm. Be cactus pe 


BR ur ger. Gee td | Maeve a Yo ety go peOded «5 le 

OO a eee cOoOe Oia Puta a i al BO 

le Dip Sas UES eB SOO NBG ee SY ah wa SABOR. 
Babi Ge a er eae eee ae EU ar 2 tig Uae oa 


ee “Taking the speed of light as 300 aallion metres: a eeoand: : | 
™ 800 x ‘toe tenth-metre es, the vibration- frequencies | corre- m3 


* oe eee | : 5 : : ae vee at ; | By ” oe ‘ sn : e ‘é | - : o — a 5270.52: The 


sponding to. the above ‘spectral lines. may be found by oe 
USO this s speed by. oe ‘Several wavelengths, since re 


Ay “68 8 eo “| ae. “603” ae fae ne : 


eg 508.8 ale. a os 
: . oe = ORS. 3 e fate ca oe 


ey ABT ed ae Sy ae forts 617. i 2 oe 


oo hus the light: gntouing ths, eye and pidueine the -iglat cae 
olor represented. by Ba is. due to. 7 56. inillipns of fee = 


pat 
: 
: 
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The vail eae lies re a ce of shone vo 
p00 and § 3900 tenth-metres. Rowland has rhenstired them 

from 7714.657 to 3094.736 tenth-metres, and has photo- : 
graphed them from about 7000 to 3000. Langley has 
~ measured lunar radiations with wave-lengths of 170,000. Soe 
aS tenth-metres,, or nearly twenty-three times aslong asthe 
longest waves exciting vision. The invisible ‘spectram. ea paeas 
extends’ several times ‘the length of the visible spectrum = 
beyond the extreme violet; so that the entire invisible 
: spectrum actu ually explored is perhaps thirty times as. long - te 
_as the visible one. ‘Physically the only difference existing yo. 
oe among these radiations i 18 one of wave-length. | All of them : 7 ee 
a, represent energy which is converted into. heat when | pe 
oe . absorbed by the ‘proper surfaces ; and perhaps all, may be i 
| able to excite or precipitate chemical. changes if the. proper. Pe 
--- gensitive substances are found for different. parts of the. 
spectrum. The mechanism of the eye limits its receptivity — 
.f 2 to the: visible spectrum. The. differences formerly sup- a 
o posed to exist between the so-called light, heat, and actinic 
ae faye 4 are ¢ therefore differences i in the » Feesitive apparsins 


808. | i: | ore LIGHT. — 
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COLOR. 


: 218. ‘Modes of producing Calor. _— “Calor ie no > ob 
jective existence, but is the physiological. character as-— 


Sac ease 


corresponding to different colors are differences in wave- 
4 cee length. Color i in light corresponds to pitch 1 il sound, with 
Fee ‘this difference, that an indefinite number of color mixtures 
analyzes. a complex. tone into. its elements. and recognizes — 


duces. its. own effect. 


The production of. colors from — 


signed to light. by sensation. | The only physical differences : | 


- may produce the same effect on the eyes. while the ear 
intervals. _ Hence each combination of sounds “Pres ee 


Red is. due to the longest ethiciswaven. eng yisioay: aes 


° igh Savolves therefore, some ‘process, of. isolating ao Hee 


: | These processes are. S oles 


or less depths within them. If all: the’ oibiponents of ho 
white light are reflected in the same proportion | the body | 
appears: By hite-ot gray. Such is the case with a sheet of => 
white paper or a white screen on which the solar spectrum fe ae 

is projected. ‘These surfaces reflect diffused light in. all oe a 
directions and without preference for light of ‘particular oo. 
wavelengths. _ Hence all the colors of ‘the spectrum on oe 
_ such a screen appear the same as. when they : are received — 
directly into the eye placed in the path of the diverging eet 

- beam from a prism. But if the body exhibits any inequal- aoe 

_ ity in its relative absorbing and reflecting. power for light | on 
_ of different wave-lengths lying within the visible spectr Whi Pee 
then it will appear ‘colored when white light is incident 
2 BON it, the color being the result of mixing those color 
. a ‘components: of white light which the body reflects. “The? 
other spectral colors are absorbed. A mixture of these 
eee would produce a color complementary to that of the reflected . 
.. eomponents. Complementary colors are those which, added as 

5 dogethery produce the impression of white light. 
The colors of natural. objects are therefore chiefly resid 
2h vals left after absorption, - ee AOE Ro 

eo lt As: easy to justify this abaelusion by appropriate” ex- 
Hee bebdecta,, Leta solar spectrum, ’ with rather wide slit, be 
meee projected ona white screen by means of a carbon disulphid 
ee hee prism. Take a flower which shows rich red petals i in large 
masses, such as a tulip, or certain geraniums. Hold it in 
Es the spectrum. and pass it through the different. i ors. In 
| sal: red iis flower shines, w with | its = anal fie 5 red cc 


| ee body & can ‘eahibite no eater’ riot already. nieeent in the - 
light which illuminates it. A piece of red flannel is 
oS Oe 7 brilliantly. red i in the less refrangible end of the spectrum, — 
but suddenly turns to a dirty ons and then a dead black, 

when moved out of the red toward the violet. Ribbons of 
| various. colors carried along through the spectrum give 


power of selective absorption possessed by theme ne 
‘The essential nature of the colors of objects may be: 
“Sudicated by saying that they are the residue of the light, 
by which they are illuminated, atter abstraction of the rs mye 
a extinguished by absorption. | | : - oo 
_«. With homogeneous illumination dithered ces of olor are 
ie longer possible. This fact is strikingly exhibited by 
viewing objects of: various colors - in a room lighted. only — 


ane very instructive results, which are readily explained by the ‘ 


with - buming: sodium. - | ‘The ‘most healthful face. presents. “y oe 
1 ashen hue, and brilli ant flowers. are reduced toafaded 
yw. “Were the sun a sphere of. glowing Vapor GE oes. 


AUHI, all terrestrial nature. would present this. monoto- oe 


| 220. 


1 1 gloomy aspect. Te requires the white light ofthe ve 
sun, i in: which innumerable colors : are blended, to: ee. a: 
to our eyes the variegated tints of natural bias, eR ae 


220. Color of Transparent Bodies a, 161; a 3179; "01 is mee 
ars Tae oe ~ TE a Shea faare absorbs all 1 pcietions ae 


: COLOR. Uy as STE ae 


> Plants: owe their color to the ahlorophg rl. contained: i oe 

* their cells. An alkaline solution of this coloring matter, : 

me placed in the prismatic beam, produces a deep black band 

in the middle of the red, only feeble’ absorption strie in 
the yellow and green, while the entire indigo-violet. part. 2 
3 of the spectrum from about the middle onward is entirely. one 
absent. The light transmitted | by —: is. pe Phere 

fore red and predominantly ¢ green. | ee 

Ifa piece of blue cobalt glass be. interposed i in 2 the ne . : 
tenia, the spectrum will. consist of a small amount of the pee a 
ei extreme red and all of the Andigo-violet part which the ee 
a chlorophyll absorbs. ee 
rh A piece of glass, colored red vith the sub-oxide of copper, we 
oe allows only the red. and orange-red yays as. far. as the 
coh’ dine. to pass through. — AML the rest of the spectrum is 
a ~ completely stopped by this glass. “TE: now the light be — 
se ~ passed through the eobalt-blue and the copper- red ‘wlages 
In succession, the only part of the spectrum surviving the 
c double absorption. Process: is. + the extreme dark ted trai , 
mitted By both ey a oe ee Ne 
A solution of potassium. ‘bichtomate transinits: het ‘Te 
ref angible part of the spectrum only. lts spectrum saa 
aan) the “F raunhofer line boo A solution of. the ammoniated 
" Sv oxide: of copper. tr ansmits. only. the more refrangible part : 
eS of the: spectrum from the & line. on. : “These two colors, 
7 ieee fone all, the | tpeette al Gls, and | are = eels 


Rd eee 


ae raixtare of colofs or vadlobad lights. Far from it! It illus. 
oe trates successive absorption by transparent bodies. | 
_-Jf the blue ammoniated copper oxide solution be placed 
ee Ag front of the yellows solution of normal potassium chromate 

of the proper density, the light transmitted by the two will 


be found that both solutions transmit green. ‘Hence green 
is the only color common to the two, wand 8 therefore the | 
only one which is not stopped by absorption’ in the one 
eos : Solution. or t the other. : . | 
fel Phe. same explanation applies to die: green lee » obtained 

- be mixing yellow and blue pigments. ~The light penetrates a 
below the surtace of thin. layers of such pigments. and suf- 
oe fers absorption during transit: through them. ‘Hence green ee 


: meoeption the resulting color is the residue. Ape 


we Nisnal: impressions. 5 enit: fora 


ae be green. If their separate spectra be. examined, ‘itewill. 


is the only color which survives the double process Of. oe 
absorption. — AS mixture of: pigments is. not a mixture oo 
colored, lights. alk: is. rather a process. of successive es 


“guiall fete of a , meooudy and, if one remains till the 
arrival of another, ‘Poth. _ finpressions, are : : Senos ee 


Colo, ae 


two dises will be white or gray 4 with thd proper or density a 
of the two solutions. When their colored. images are 
added they cannot in any way be made to produce green. 

$0 the cobalt blue and the oxide of copper red glasses. 
will give beams of light which by addition produce white. 
ce Tf a dise of Gadbonnl colored in sections, be rapidly Se 

. rotated, the result is a mixture or superposition of visual. 

impressions. But very different mixtures may produce ce 
the same visual impression. The eye has no power of 
| analyzing light into its constituents. “ Any one of the 
elementary colors, from the extreme red to a certain point : 
in the yellowish green, can be combined with another 

- elementary color on the other side of the green in. guGh cso: 

ae bropartion - as to yield a perfect imitation of ordinary . 

white.” The unaided eye can tell nothing about the com- 

a position of colored light; it must ‘be. studied by means of 

nee penton, armed: with a “prism or a » diffraction 


Fe 909, ophines. ‘Primary | olor. Bendatians B., 479 b De 
‘ - 529), ~The: Young-Helmholtz theory of color sensations 
: ~ supposes. that each element of the retina, broad enough. to 
--pereeive: light, consists of three ultimate nerve-ends, each 
- of which serves to give perception . of one of three physio: 
logically primary colors. All other’ color. perceptions are. 
due to the simultaneous ‘excitation of these. three sets of 
See nerrenans m Many 2 reletive, 2 desea : ‘The three. primary 


ae the + same. “time ‘the ‘entire “absanes: ‘2 the: Sen Tiles ae 


_ Yellow a as a y sensation _ may. therefore | be e proceed, . 


nu ( oresponding’ © to Sal aid 3 gre een, eccfane “ahe two . Oe 
-nerve-ends: eualeieotely. | “Bo. green. and a lt ae 


The oer of the eye to very ovig and . - 


a he energ By : at a : 
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293, “Subjective Gbicre The theory, iu primary color a 

| Nona ations furnishes a ready explanation. of colors due. to 

fatigue of the retina. It is well known that objects are 
quite invisible to one entering a faintly lighted room after 
exposure of the eyes for a little time toa bright light. .After:: 00005 
| - being subje cted to a strong stimulus the eye loses its sen- eee 

_ sitiveness to a weak one. This liability to fatigue is char- 

ee acteristic not only of the retina as a whole, but of any portion a 
of Tt giving one of the primar ¥ color sensations. Fatigue of Q oe 
the retina causes it to lose the power of. responding to the a ae 
a stimulus of ¢ any color long looked at; and when the eye is ae 
_ then, directed towar da moderately illuminated white sur- ce 
—. face it appears ofa tint complementar ytotheone which has 
| produced : the fatigue. This is one form of subjective colors. ue 
TE the eye be fixed for half a minute on a colored picture, — 
C "red, for example, in a strong light, and be. then: divected 
tO ess ney ituminated ugees well an image por ee 


sti ill Thatitalnn its | pénsilivencis’ toe “ green. Bakes. “the 
selptivsly. faint white light | as sufficient to _ stimulate for 


ce a5 abe the gota : Hicnetore | serves fo. abalvack from Swi 
light. a sensation due. to a port tion. of ‘its © component. vad 
ation, leaving the rest. This is a fourth method of color — 
ee Be odachon, but, unlike : the other cae iti is ei chee 


ee ee ee «LIGHT. _ 


ao Abie uleinesustcoler contrasts are another form of sub- — 
= jective colors. These are well displayed by laying thin 
tissue paper over black letters printed on a ground colored 

green. The letters in a strong light are ae by contrast. 


ae ‘The tissue paper furnishes a faint illumination in contrast _ 
with the strong green, and the unfatigued nerve terminals. | 


giving red cause the letters to appear red or pink in con- 
trast with the complementary g green. Hence certain colors 


a are heightened by contrast, particularly complementar ve : 


Las ones. 
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| CHAPTER | XT, 
‘POLARIZED LIGHT. 


924. Polarization (P., 232; D., 476; re 1: oe 293). 

= ih the study of light up to this point there has been no — 

oceasion to inquire respecting the direction of vibration in — 

‘a wave of light. In sound the particles of the atmosphere 
have a longitudinal. motion, and many of the phenomena 
of wave-motion in sound are helpful in the study of 
7 analogous. phenomena in the theory of light, ‘irrespective 
of any differences growing out of longitudinal as. opposed } 
: to transverse vibrations. - | _ 
... But we now approach a Blass’ . optical shenciisi of 
hanes ‘the highest interest, to which the theory of sound. furnishes 
2 “no parallels. | Such _Ebpmomnn bins to what i is s known 
oe polarized light. oe eae. nee we 
ae TE: a plate of red, brown, or green tocrmaliie. cut ‘ peraie | 
e to its optic axis, is held so. ‘that a beam of light falls Upon 
a it normally, the transmitted beam will be found. to. have 
undergone a most remarkable. change. To the unaided 
eye the transmitted light differs _ in no respect from the 
coe tcident Meaty exce eat that it ‘has. S deawene a slight | 


SS BEBO ep rae 


cae ans the light iSfonnd to vary in 1 intensity; awa in one posi: 
tion the reflected light vanishes entirely. The light trans- 


ee all angles, but in the plane at right angles to this it is im- 
not: reflected at all. 


ee tourmaline be. examined by a second parallel plate, cut i in 
the same way, it will be found that in one position of the 


ee mitted by the tourmaline can be reflected i in one plane at 
Bee: perfectly reflected, and at a certain angle of incidence i 1S 
Further, if the beam urananiithad: through: one aia of : - 
second. plate the light is freely transmitted, while it be- 


moo comes f feebler and feobler if either plate be turned around Po 
in its own plane; and when the two parallel plates have 


- ~ their longer dimensions at right angles, no light what- 


sever” passes through | them. The light. is. completely ’ 
xtinguished by crossing two. transparent | and neatly 7 
olorless- corystals. - The beam of light tr. ansmitted by 


‘the first plate possesses a kind of two-sidedness, analogous 
to. the twoendediness ae a “magnet 5 (henee: the e sanoae a : 


Blas teflestor, : or the” second: coutinalinas the: ‘nab sae iE a 
‘The one brings, the light into the condition of. polarization ie 
and the other | serves to examine it. There are many 
. rocesses, & some nature al and others antifie al > bye means ao ae 


POLARIZED LIGHT. ee : te = 4 


- completely aed by the second. N DW; ‘gf ae vibre: ta 
tions were longitudinal, it is. impossible to. conceive how 
the crossing of the plates could stop the light, since the 
 yotation of aha second plate could not affect them. Theo: 

phenomenon of extinction is therefore held to demonstrate 

that the vibrations of the ether constituting light ae a 

radiant energy in general) are transverse. eS 
lay plane polarized light the vibrations are confined to oe 
fs nee plane. Light may also be cz ireularle y polar ized. ‘The: =: 

i motions of the ether particles are then confined to. circles oy 

about the ray as an axis, successive e particles having eatiel : | 
oe difference of phase. i oe 

If the ether particles rotate i in  elitpses aboitt the ray as ap 

pees an axis, the light i is said to be elliptically polaré ie zed. ee 
a dhe: pelndion. of circular and elliptical. polarization too 
egies ~ two systems of plane vibrations, at right angles to ‘each ee 
oe other, will be. readily understood when: the composition : 
reengel ger OF simple harmonic motions at right. angles 2 and: of the | 
oe same peed] is recalled oe 130). Se ee a 


Say Res 905, ‘Double Refraction i in Teeland 4 Spar ( @. 509; ne 

eae P., 236; 8., 17; L., 282; T., 205). —In the oats 
of refraction up to ‘this point it as been assumed that 
LON light tr avels with one velocity i in the denser ¢ transparent 
es, medium, and that there is consequently. but one refracted 
oe beam for each incident one. But all crystalline substances, ae 
except those whose fund: amental form is the cube, possess 
Bs athe: property A protects | two ref: neted Same e pe is 
property is called 
- unimal and vegeta bie subst anc 


: “ealeium) be laid ona a printed y page, the letters will in gen- | 


- oa through a small round | opening in the shutter and focused Be: 
_ on asereen, and if a crystal of Iceland spar be placed in the _ 
path of the beam so that the beam is incident normally on 
gate surface, two equally illuminated discs will appear on the 
- ‘screen. The incident beam is divided into two oy the De | 
“cogs OF double refraction. | | : 
eae One of these beams as it emerges oki the spar follows | 
ae pitadinaly the same course as if it had traversed a piece of © 
2 glass, and. is therefore called the ordinary ray. : 


ae 8 , direction depending on the position of the crystal ; and | 


This | lirection. is called ¢ an ea ais s of the rye 


; a perpaudionla o “ie. ape & axis. 


| eral appear. deavle. or if a beam of sunlight be admitted — 


“The other beam, on the contrary, is laterally displaced ne oS 


if the crystal be rotated, keeping the angle of incidence 
- constant, the spot belonging to the ordinary ray willremain 
fixed, while the other one will describe a circle aroundite 4.00 
Further, if the angle of incidence be changed, the refrac 
at the second beam ¢ does not. follow Be. daw of ee age 


: lirection in. whieh no. , bifureation of ihe 3 ray. ako: a plese: a : 
hs ee 


i hn eclaud: spar. he oe 
delay ray, which follows the jaw of single refraction, 
has an index of refraction for. the D line of 4. 6585. Ther 38 
eens e eels does 3 not in as meet lie in the Blane < of oe ee 
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a equal angles with the plsties of these obtuse ee is called 
~ the optic axis of the crystal. Iceland spar, has but one 
-guch axis, and is therefore called uniaxial. Any plane | 
normal to a refracting face of the crystal and parallel tO". tog 
the optic axis is called a principal plane. If the two solid 
i angles. bounded by the three obtuse. angles sare cut away . 
os by planes perpendicular to the optic axis, a beam incident es, 
normally on either of these surfaces passes thro ugh i in the en 
‘direction of the optic axis W ithout bifurcation. — tdi papa 
o. He the plane OL: incidence i is perpendicular to the plies oe 
axis, both rays follow the ordinary law of refraction, and 27h 
the index of refraction for the extracniinary: ay is then ees 
. 1 4865. for sodium light. lee canes a 
A prism may be cut from: Teeland ‘spar, with its reba Se 
ing edge parallel to the optic axis. A ray traversing. it. 
ce da the: direction of minimum deviation is perpendicular to 
the optic axis, and the two — have the maximum: : 
Separation, go0.: : ed peaks og esi ekg Ee 
. Crystals: like. Tebland « spar, in which: ie eplnionts sae 
index is smaller. than the ordinary, are called ne gative uni 
axial | crystals, _ Quar i also. produces: double refraction ; : 
but ine quartz the angular separation of the two rays is. 
os smaller than in the apne, and. the indices of refraction are 
for sodium light 1.544 for the ordinary. ray, and 1.553 for — 
ae othe” extr aordinary. | ‘Such’ crystals, in which ‘the index 
scot the: ordinary ry is the smaller of the > two are | 
oo ositive uniaxial aa Os 


ee eo \ Brat | 


~ “speed i is the came i in 1 every dinection; while for the ae | 
_ dinary ray the speed varies with the direction of the 
ray between limits proportional to 1.486 and 1.658. at, 
has been found for Iceland spar that the phenomena can 
Pe he! completely represented by supposing that a ‘disturbance, 
oe started. in the interior of a crystal, gives rise to two con- 


oo tened: ellipsoid, with its polar diameter parallel t0 the optic oe 
en axis, and equal to the diameter of the sphere. The polar. 
and: equatorial diameters are as 1. 486 to 1. 658, or as 0.608 
to 0.676. The two wave surfaces therefore touch at the 


ee of the: ordinary. ray lies wholly within the ellipsoid of 
ee revolution. | Aor rstal.j in: which the wave surfaces are thus | 


related. isa negative uniaxial crystal. “Gt. the sphere en- 


ellipsoid, the cerystal i isa positive ‘uniacial’ crystal. 


oe centric wave surfaces, one spherical “ands the other a flat- | 


7S extremities of the polar diameter, and the spherical surface: 


oses- the ellipsoid, the two touching at. the ‘poles 0 of the hee 


From these two wave surfaces the path of the two. rays oy age 
@ determined by the method _alreedy: employed Dyes) 
eo T8Te thm Bet 

oo te (Fig. : A 151) be the 2 
ee direction of. the Ane) 
= oident: Tay per 
: - pendicular “to. ther 
optic axis ad, and ees 


| KES let the plane of ee ee 
Ne - cidence - be. a prin a 


— * ane plane. “ With ee 
¢ as a cone, and ee 
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| sivele in a faditis eae to. ae distance light will ‘travel 
‘ ‘in air while the ordinary ray travels over the radius of the 
_ small circle in the ée spar. Then if nm is tangent to the outer oe 
o vi eivele’ at the point of intersection with ze produced, it is 
parallel to the incident wave; dr aw tangents from m ee Se 
the inner circle and to. the ellipse; the lines C0, Ce, cone oe 
necting e with the points. of tangency, g cive the dir ection ee 
: of the. ordinary and extraor dinary rz “aS respectively. ee 
hood Tb 48 ev ident that if the optic axis were perpendicalat Hoots 
| to the plane of the paper through ¢, the section of the ellip- 
os soid made by the plane of incide ence would also be a circle. 
_ the extraordinary ray would lie in the plane of incidence so 
oe for. all angles: of incidence, and. would have its least Be 
Lares fractive index aoe its | gr eatest t peed of ‘transmission. Petar 


. : 927. “ Bélarization el Double Refraction’ cA AS an id By : 
| #I8s Dy B13: Bo BLT. aan The examination ‘of light” 
or ransmitted ee Teeland Spats. either: ae seni arya or. 


sey yet Be - “Tf now. aa une! of Theldenos  abineiden 
biran the Prine bees of the epee | the light: will ea ie 


ome 


ot otation is ¢ con- 
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me and 180°, “Both rays are sf teretors he polarized, the. _ 
ordinary in’ the plane of the principal section, and the ex. 
o traordinary i in a plane at right angles thereto. The vibra- 


tions composing the ordinary ray are considered to be at és 
eae right. angles ‘to the Optic axis, while those of the extraor- 
ae oinany ray are ina plane containing the optic axis and. the — 


incident ray, and may make any angle with | the optic 2 
axis from: 0°. to. ONS 


ihe The plane of inoidened in 1 whieh ihe light 
me “reflected is called the plane of polarization, The vibra- 


od 7 tions composing the reflected: ray, are Parallel to the Te oo 
ae ome surface. oe el des 


1 ig ‘inost frasly 


mye 298, Polarization t by Ratlestion a, 218; ce and. B., oe 
480; P. 284), — - When light has been reflected from 
such surfaces as. water, glass, polished wood, ete. até foes 
finite angle depending ‘upon the nature of each sub. ‘ge 
sti nee, it is found to possess all the properties of light | 
polari Por glass 


ized by Iceland s Spar or tourm naline, sthere 

8 a particular angle of incidence at which the reflectec 
light is completely. polarized, and this is called the angle | 
Of. polarization. - _ Brewster discovered. that for this angle — 
the reflected. and refracted rays are at right angles to. each. 
ther. The tangent of the angle of incidence: then equalg oe 
- index of refraction. - For if the reflected and refracted gee 
r ys are at 1 malt angles the P pornesponding 
llementary, 0 or ages 


angles ¢ are © com. 7 


| * | , that tor ® ovary h 
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“ap to a maximum and igh eee again, after passing es 
the angle of maximum polarization. This maximum is 
called the polarizing g angle of the substance. Only a few 
substances, with a refractive index of about 1.46, polarize - ee 

light completely by reflection. | If the substance is trans 

parent the refracted ray is also. polarized, and in a plane. 7 
= perpendicular to that of the reflected ray. The plane (0) Serre ge 

_ polarization for the latter is the plane of meldence, and eee 
: as are parallel to the reflecting surface. | 


| 229. ‘Nicol’ prism ca and B., 481; RP. 254: 8., 22). os 
ooer single beam of. plane polarized light may be pro- 
: duced by tr ansmission. through a bundle ae parallel plates Aon 
at an angle of incidence of about oT, the polarizing angle uefa. 
for glass; also by the p assage through a plate of tourmaline — 


oe out parallel to its, sophie = axis. ‘Tourmaline isa a doubly Te : 


re eee of the figure j is a griaaipat Alain’: ~The rhomb is then 
cub through by | a plane, the trace of which is AB, making | 
oa the ne ABC 22°. The two faces of | the section are 
me “polished and cemented together with Canada balsam, which | 
has an index of réftaotion intermediate between those of 7 
- the ordinary. and the extraordinary rays. | oF 
fe When therefore a ray of light ab enters the prism iti ise 
we divided: into two rays, bo the ordinary, and be the extraor- _ 
dinary. But 60 meets the Canada balsam at an angle 
somewhat greater than. 68°, while the critical angle for the 
ordinary ray is 67° 81’. The relative index of “refraction 


“for the. ordinary ray. from Canada balsam to Iceland spar is 
| (1,658 658 | 


rel ative index, or - a — 0, 924, ‘This j is ‘the sine eof for" 8 


- yf 1.532. (At rt. 187), 1. 53 32 being the index of the balsam from ace 


ir. But the sine of the critical angle i is the reciprocal of the - gs 
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7 “gibrations to traverse it which are in. ite: principal plang, 
while it is completely opaque to vibrations at right angles . 
‘to its gies ee 


280. ‘Hxtinction of Light oy two. Grosena: Nicol’s 
: Pr isms. — W hen the light which has passed. through ee oe 
- Nicol’s prism falls upon a second, the amount tr: ansmitted ee 
will depend upon the relation of the principal. planes of) 
the two. The first prism is called the polarizer, and thes 
second the analy yzer. If their shorter diagonals are parallel, = 
then the plane polarized hight from the polari zer. will com- oe 
pose the extraordinary ray in the analyzer, and will pass , 
on on through unaffected. But. aE the analyzer be. turned) 
around the beam of light as an axis, the tr ansmitted beam — a 
wl, dee: rease in brightness, and will disappear. entirely — 
when the rotation | has: reached 90°. The Nicol’s prisms | 
oO are: then said to be “ero ssed ’ ” ; the light from the polarizer 
now forms the ordinary ray for the analyzer, and islost by 
internal - reflection. Tn intermediate . ‘positions the: recti- 
linear: vibrations of the plane polar ized. extraordin. ary ray 
are resolved into two rectangular components in directions: 
corresponding with. the two. planes” pf. vibration in the 
analyzer. This resolution. takes place. in: accordance with 
the usual mechanical law for the resolution of a | motion 
a into two. rectangular components. — Be Po 
ae ‘The meng ¢ of the ieipernted light is. s proportional ti 


* Sromadls no light are pass through, ae | “Supposs now a 
ees thin doubly refracting plate of mica or selenite to be ins 
~-gerted between them. It will be found that there are two 

ae “positions of the plate at right angles to each other in which | 
the field will remain dark. In on other positions of the 
: mica plate the light will be restored, reaching its maximum 

intensity when the plate has turned round i in its: own a pln a 
_ 45° from the positions of no effect. | ee 

oa The mica or selenite is a ‘doubly refracting eestene ss wo 
a “and when the plate i is ina position such that its two direc- } 
oe tons of vibration coincide with the. principal planes. Of se. 
ee the polarizer and analyzer, the extr aordinary ray from the 
ee a polarizer passes through without resolution. into tw ocompo- 

nents and is. stopped by the analyzer. ~: Bot in<any-other (0) 
position of the plate the ease is ‘different. Within it the. ee 
etilinear | vibrations of the plane polarized ray will be. 
| divided 4 into two components. — Let Ox and Oy yy (Fig. 16a) 00s 
| OR aie the two directions of vibration for LL ee 
a aia or selenite plate. Then if OA rep- 
aye resent. the amplitude of. vibration. fot the = 
pyc incident ray, it will be resolved by the 
plate into two vibrations whose amplitudes yee Gale 
(Mi are OM ‘and ON. Both of these rays 0 

_ Swill, pass” through the plate. : unchanged ~~ 
fee except that one travels faster than the 
o> other; a ‘difference: of phase. will, there- oe 
fore result, dependent upon the. thick- oy 
mess | of the plate. ~The. recombination of 
eee two » vibrations: | on" emengence | will, 
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: ee a Ali tho posible ellipacs: will be jasovibed within eye hs 
the rectangle A. A‘BB (Art. 181). The amplitudes of the 
motion parallel to Ox and Oy are not altered, but the 
| maximum displacement in one direction is no longer - 
simultaneous with that in the other, unless. the differ- 
ence of phase becomes some multiple of Qa. The light | 
emerging from the thin plate i is then in general elliptic all yo 
polarized. Tf OM equals ON and the differeitee’ of phase 
becomes an odd anne of ir, the light will be ay 7 
polaris ized. eae 7 Sak | | ee 
bee LOA must then be ‘upline ab. an ano of. “AB? with, On, : 
oan and the thickness of the plate must be such that one of 
; | the component vibrations suffers a relative retardation of eo 
one-quarter of a wave-length in traversing it; for the dis- 
 tinetive feature of double refraction is the difference of 
speed of: the ‘two rayss es eee e se a aga 
te ‘Suppose now that the elliptically polarized: light Sess 
| ‘on to the analyzer. The introduction of the mice plate in 
~ general restores: ‘the light. If the mica plate is made to 
Gere in ite own ‘plane the light vanishes for successive: 


- posit ions bs s directions af peat ion Noe fie interposed orys- 
bed coincide with the principal planes. of the Nicol’s prisms; 
nn and the light from the first prism passes unchanged — 
4 throught the orystal and i is exting ruished by: the second | ea 

s eae between ‘these positions of extineti jon the light 


a components 1 unt vite to “form: the. » onditiniy: ray, ¥ mach - is ex: 
‘tinguished; the other. pair form the ae ray, 
he a cwnich is transmitted, a ars 


282. “Colors prodised by. Polarized: Light: (Ps, 244: 7 : 
: But: interference cannot take place. between rays whose 


ae -vibre ations are at right angles to each other. ‘The office of ‘ 
the analyzer is to bring together into one e plane one com- 


B® , 87; L., 319) . — Colors produced from white light by 7 
oe means ‘of polarization are due to destructive interference. 


ae - ponent from each pair ‘hito. which it resolves the two rays 


Set from the doubly refracting plate. | Two rays. of: light. a 


a pola arized. at right angles. re not t interfere like two rays sc : 
ordinary. light. wb eh ORME Gg 1 ay Ae Seale oy 
i ae wes two > pairs sof {components of the 2 liptally po 
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| with thi istane of vibration of Both: polariter andl analy zer, eae 
the most brilliant colors are obtained with a thin filme: Tf" > / 
now the— analyzer be turned through 90° into parallelism 
with the polarizer, complementary colors of peel equal ae 
| brilliancy will appear. — | oc 
Tf the two components resolved song Ox of the analy BOP ies 
> (Fig ig. 158) annul each other, the corresponding color is wants... "de 
ing in the light vibrating in this direction; but atthesame 
‘time the components: along: Oy ave added, and the same 
~golor is found andiminiched in the light whose vibrations ee 
are confined to this plane. For other: colors “ the relative 22/02" 
~ yetardation i is different ; but for each vibration period, the as 
. ~ eomponent in the direction Ox combined with. that in’ the eee, | 
direction Oy vepresents the total light for that period ine 
the beam entering the analyzer.” : Behe! the sum of the “ 
ee represents - all ‘the | light entering the analyzer 3 and 
: therefore the light ‘stausinitted when the Nicol’s prisms are 
~ crossed must be ¢ complementary to. that. passing. when n they 
are parallel, if the incident light is white. © 0 
Thick plates of selenite do not produce: color. : ot the: 
doubly refracting plate i is thick enough to produce a rela- 
ol Be ¢ retardation. of sever al wavelengths for extreme violet, 
Oe will produce a retardation of half as. many 1 rave-llengths : 
eae for red, and an intermediate number for intermediate colors. ae 
Hence with crossed prisms extine tion of these colors wi Wd 
take place. - These losses will be distributed at about eq! ial i 
oe es ifene | the. 4 pect trum. : ‘But the: ‘transmitted Ught 


that’ ihe extraordinary’ ray “dbrongh’ ie one ds. isa the | 


oe extr aordinary ray through the other, they exhibit another | 
-eolor, which is precisely the same as that. produced by a 
plate. of double the thickness of either. But if they are 


eee superposed so that their principal planes | are per pendicular 
to each other they. produce no effect. The screen remains 


ee dark. The ray which travels the more slowly in the first’ 


lamina travels the more rapidly i in the second, and the two | 


emerge together as if a plate. of annealed glass had been _ 


interposed. ‘The two rays: which leave the compound 
ae plate have no. difference of phase, and cannot exhibit 5 ae 
interference and color. If the crossed laminze are of. 
unequal thickness, the effect is the same as that prodtoed io 


ya miele lamina a whose thickness i is s their v difference. 


: such as a “wection ‘ob. Toland: spar, in a era en ae 

conver ging g. plane polarized light. The centr: al Tay. of the — 

onverging cone should be. normal. to the plate. ae then ae 
passes through the cerystal along the optic axis. without ee 
underging eons + Folrogtion. But all softer: ar in o eee 
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ceived. as ee upon aie screen ‘around tha intersection 
with it of the axial ray of the cone. Hence a system Of os 
- eoncentric colors appears on the screen in iridescent. rings ie: 
like those of Newton’s rings, obtained by pressing the. 
- convex side of a plano-convex lens cagainst a Pee of plane oe 
: Biase , } 7 ee 
- When the polarizer and analyzer are crossed the cole: hoe 
_ rings are traversed by a black cross. Thisisexplainedas = 
follows: Since the opticaxis is perpendicular to the surface 
of the plate of spar, every, straight line drawn through the Se 

centre of the system of rings is the trace of a: ‘pringipak ae 
plane. The vibrations of the ordinary ray are perpendicu- 
lar toa prin cipal plane and. therefore tangential to all. the 
he “concentric circles; those of the extraordinary ray are in. a 
_ principal plane or radially in the circles. Hence in the 
: two diameters, representing the. planes “of vibration. of 
coe the analyzer. and polarizer, the directions of : vibration L 
the thin plate correspond with those of the polarizer ¢ Bate 
ne analyzer, and therefore in these two. directions the thin 
plate produces no. double. refraction and has no effect on 
~ the light. In. all other directions, the tangential and radial 
directions of vibration for the plate are inclined to those 
_ of the polarizer and analyzer, and therefore. double. refrac- 

tion takes place with interference and colors. oe 
OE the. analyzer is turned. so as to be parallel with the 
S polmrinet a white cross takes the place. of the black one. 
_ The reason is evident, the colored rings being then simply 
ee projected o1 ona a bright field : asa Ddackgrow 
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ie the poner ang aa. the effects: differ re ae 
those produced by Iceland spar or by selenite. Let the 
ae plane polarized light. fall on the quartz normally. Then | 
3 ith’ crossed. Nicol’s prisms, the light is restored and ig 
OS ~ unchanged - by” the rotation of fe quartz. through any 
oe aainiuth. ‘Homogeneous light will be extingtiished: by the’. 
rotation of the analyzer through a certain angle: indicating — 
oe that the effect of the quartz is to. rotate the plane of polar- 
: 2  dgation.. . ‘The amount of the rotation is the same as” the ee 
angle through which the analyzer must be turned to pro- 
oo dues: extinction. Some. specimens of quartz rotate. the. 
a plane « of  pclaration to the right, in relation 4 to the direc. — 
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. than the other; ; In ‘other aon its nened of mhotion-i in the . oo 
: circle i 18 slightly less 3 5 and since the resulting simple har- | : ee 
monic motion is in the plane of symmetry, that plan i & 
rotates in the direction of the component motion of shorter ae 
“period. — The rotation of the. plane. of polariz: ation ‘tthe 2 


resulting plane polarized light is in. the same direction as ve 
that of the plane of symmetry. | ae 


Many liquids, including a solution oe. sugar, notate the a 


_ plane of polarization. . i instrument for comparing this 


rotation with that eee by quanta is 3 called a » saccha- Tels 
| ‘timeter. ee | | | 


INDEX, 
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Activity, 52. ae 
_ Adiabatic expansion, 161. 
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oe Peauetc. surface, 253, 261. : a3 eee focal, distances, 2785 | 
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_ percussion, 96; of pressure, | 265; for deviation, 269; for ims): 
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INDEX. o | vy 889 ee 


Differential tones, 218. Film, curved, 199 lignta, 120, 12s. 
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